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Abstract

This thesis studies algebraic cycles under degenerations to snc schemes and its ap-
plication to rationality problems of algebraic varieties. Besides a chapter on some
preliminaries, the thesis consists of four parts. The results of the first three parts
appeared in the paper [LS25] as well as the preprints [Lan24] and [LZ25].

We prove in the first part that the Chow group of zero-cycles of a smooth projec-
tive variety X over the Laurent series field C((t)) is isomorphic to Z, if X admits
geometrically a decomposition of the diagonal and has a strictly semi-stable model
over C[[t]]. This provides an unconditional proof in some special cases of a result
Tian [Tia20], which uses the Tate conjecture for one-cycles on surfaces. We also
obtain a similar result in positive characteristic.

The second part consists of joint work with Stefan Schreieder. We provide a cycle-
theoretic method to disprove rationality by degenerating to snc schemes where the
obstruction to rationality lies in some lower dimensional stratum. This builds on
earlier work of Pavic–Schreieder [PS23]. We apply this method to obtain improved
bounds for the irrationality of hypersurfaces. More precisely, we show that a very
general hypersurface of degree d ≥ 4 and dimension at most (d+ 1)2d−4 over a field
of characteristic different from 2 does not admit a decomposition of the diagonal,
in particular it is not (retract) rational. This improves earlier work of Schreieder
[Sch19b] and Moe [Moe23].

In the third part, we extend in joint work with Guoyun Zhang the above result for
hypersurfaces to complete intersections and certain hypersurfaces in other rational
varieties like products of projective spaces and Grassmannians. This extends earlier
work of Chatzistamatiou–Levine [CL17] and Nicaise–Ottem [NO22]. The core of our
argument is based on some elementary commutative algebra results.

The forth part is a small observation that algebraic equivalence behaves well
under specialization in strictly semi-stable families. This might be a very first step
to provide a counterexample to a question of Voisin [Voi19], whether the Griffith
group of one-cycles is trivial for smooth projective rationally connected complex
varieties.
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1. Introduction

The majority of this thesis is based on the paper [LS25] (see Chapter 4) and the
preprints [Lan24] (see Chapter 3) and [LZ25] (see Chapter 5). These chapters are
complemented by a brief chapter on some preliminaries (Chapter 2) as well as a
small observation regarding the specialization of algebraic equivalence (Chapter 6).

Each of the main chapters contains an individual introduction; we provide here a
comprehensive introduction and overview over the thesis.

1.1. Rationality questions

The rationality question for a given smooth projective variety X over a field k asks to
decide whether X is birational to PdimX

k . Such a variety X is called rational or more
precisely k-rational. It is well known that a quadric hypersurface Q in projective
space PN+1

k , i.e. Q is the vanishing locus of a homogeneous quadratic polynomial, is
rational if and only if it contains a k-rational point q ∈ Q(k). In fact, the projection
from the k-rational point q provides a birational map from the quadric hypersurface
to a hyperplane PN ⊂ PN+1 not containing q:

Q

q

PN

In general the rationality question for a given smooth projective variety can be a
difficult problem. For instance, no example of a smooth rational hypersurface of
degree d ≥ 4 is known, see [Kol, Question 52]. It is expected that at least the very
general such hypersurface is irrational.

Birational invariants are used to distinguish irrational varieties from rational ones.

1



1. Introduction

A simple birational invariant for smooth projective varieties is the m-th plurigenus

pm(X) := dimkH
0(X,ω⊗m

X )

for m > 0. The adjunction formula shows that for a smooth hypersurface Xd of
degree d ≥ N + 2 in PN+1

k the m-th plurigenus pm(Xd) > 0, in particular Xd is
irrational. For d < N + 2, the hypersurface Xd in PN+1 is a Fano variety (its
canonical bundle is anti-ample) and all the plurigenera vanish. In characteristic 0,
Fano varieties are examples of rationally connected varieties by the work of [KMM92,
Cam92]: A variety over a field k is called rationally connected if for any algebraically
closed field extension L/k any two very general L-rational points lie on an irreducible
rational curve. For a smooth projective (separably)1 rationally connected variety all
plurigenera vanish, see [Kol96, Corollary IV.3.8] Thus rationally connected varieties
are an interesting class of varieties for rationality questions.

Several finer notions of rationality have been introduced and studied, for instance:

• stably rational: X × Pmk is rational for some m ≥ 0;

• retract rational: there exists a dominant rational map PNk 99K X with a ratio-
nal section;

• unirational: there exists a dominant rational map PNk 99K X.

The following implications are easy consequences of the above definitions:

rational =⇒ stably rational =⇒ retract rational =⇒ unirational =⇒ rationally connected.

It is known that the first and third implication are strict implications by [BCTSS85]
and [AM72]. There are (geometrically rational) examples over non-closed fields
which are retract rational but not stably rational, see for instance [EM75, Theo-
rem 1.5 and Theorem 2.3]; it is an open problem to produce such examples over
closed fields, see for instance [Sch25b]. As far as we know the strictness of the last
implication is open over any field.

Various methods have been developed and used to study the rationality problem;
we refer the reader to the survey of Schreieder [Sch25b] for an overview of recent
methods. We briefly explain two methods below, which are relevant for this thesis.

1in positive characteristic there are rationally connected (even unirational) surfaces with non-trivial
plurigenera, see [Shi74]
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1.2. Algebraic cycles and a decomposition of the diagonal

1.2. Algebraic cycles and a decomposition of the diagonal

Another (stably) birational invariant for smooth projective varieties over a field k

is the Chow group of zero-cycles CH0(X), which is the quotient of the free abelian
group generated by closed points onX modulo rational equivalence. Since rationality
is stable under field extension, we have for a smooth projective rational variety X

over a field k and any field extension L/k

CH0(XL) ≃ CH0(PdimX
L ) ≃ Z,

where XL := X×kL is the base change. In fact, this isomorphism is the degree map
for zero-cycles. A smooth projective variety X over a field k is called universally
CH0-trivial if for any field extension L/k the degree map

deg : CH0(XL) −→ Z

is an isomorphism, see [ACTP17, Section 1.2]. The property of being universally
CH0-trivial for smooth projective varieties is equivalent to having an integral de-
composition of the diagonal - a notion which goes back to Bloch–Srinivas [BS83]:

Let Λ be a commutative ring with 1. We say that a k-variety X of dimension n

admits a Λ-decomposition of the diagonal, if the diagonal ∆X ⊂ X ×k X satisfies

∆X = z ×X + Z ∈ CHn(X ×k X,Λ), (1.2.1)

where z is a zero-cycle on X and Z is an n-cycle on X×kX, which does not dominate
the second factor. If Λ = Z, we say that X admits an integral decomposition of the
diagonal. The above discussion shows that smooth projective rational varieties admit
an integral decomposition of the diagonal; in fact also retract rational varieties have
an integral decomposition of the diagonal, see for instance [Sch21b, Lemma 7.5].

Voisin [Voi15] introduced a method to disprove rationality using the notion of
the decomposition of the diagonal together with a degeneration argument to mildly
singular varieties. Voisin showed in loc. cit. that a very general quartic double
solid does not admit an integral decomposition of the diagonal, quartic double
solids are known to be unirational. Thus the integral decomposition of the diag-
onal provides an obstruction to retract rationality for rationally connected varieties.
The method via the decomposition of the diagonal have been improved by Colliot-
Thélène–Pirutka [CTP16] and Schreieder [Sch19b]. In joint work with Schreieder
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1. Introduction

(Chapter 4), we extend this method to degenerations to snc schemes, where the ob-
struction to rationality lies in some lower dimensional stratum by building on earlier
work of Pavic–Schreieder [PS23]. This extension is inspired by a motivic method.

1.3. The motivic method

A different method using the motivic volume was initiated by Nicaise–Shinder [NS19]
and Kontsevich–Tschinkel [KT19], who showed that (stable) rationality specializes
in smooth proper families over fields of characteristic 0, see also [NO21].

Let F be a field and consider the free abelian group Z[SBF ] generated by stably
birational equivalence classes of integral schemes of finite type over F ; for example
[SpecF ]sb denotes the class of stably rational varieties over F .

Let R be a (complete) discrete valuation ring whose residue field k is algebraically
closed of characteristic 0 and denote by K̄ the algebraic closure of the fraction field
of R. Nicaise–Shinder showed using the weak factorization theorem that there exists
a unique ring homomorphism called stable birational volume

Volsb : Z[SBK̄ ] −→ Z[SBk]

such that for any proper strictly semi-stable R-scheme2 X with geometric generic
fibre Xη̄ and special fibre X with irreducible components Xi for i ∈ I:

Volsb(Xη̄) =
∑

∅≠J⊆I
(−1)|J |−1 [XJ ]sb , where XJ :=

⋂
j∈J

Xj (1.3.1)

This immediately implies the following obstruction to (stable) rationality:

Theorem 1.3.1 ([NS19]). Let R be a (complete) discrete valuation ring with al-
gebraically closed residue field k of characteristic 0. Let X be a proper strictly
semi-stable R-scheme with geometric generic fibre Xη̄ and special fibre X. Denote
the irreducible components of the special fibre by Xi with i ∈ I. If

Volsb(Xη̄) =
∑

∅≠J⊆I
(−1)|J |−1 [XJ ]sb ̸= [Spec k]sb,

then Xη̄ is not stably rational.
2A strictly semi-stable R-scheme X is a separated scheme flat and of finite type over R such that

the generic fibre is smooth and the special fibre is a geometrically reduced snc scheme whose
irreducible components are Cartier divisors in X , see Definition 2.3.2.

4



1.4. Chow-theoretic analogue and applications

The method has been successfully applied using tropical geometry to rationality
problems by Nicaise–Ottem [NO22], who showed that a very general quartic fivefold
is not stably rational. The idea is to construct a strictly semi-stable family over the
dvr C[[t]] whose generic fibre is a quartic fivefold and whose special fibre consists of
two components X1 and X2 such that X1 and X2 are (stably) birational and the
intersection X12 := X1 ∩ X2 is birational to a special quartic double fourfold; X12

is known to be stably irrational by [HPT18a]. Then the stable birational volume
formula (1.3.1) of that family reads

[X1]sb + [X2]sb − [X12]sb = 2[X1]sb − [X12]sb ̸= [SpecC]sb ∈ Z[SBC].

Thus the geometric generic fibre is not stably rational by Theorem 1.3.1. Since stable
rationality specializes in smooth proper families, the very general quartic fivefold is
stably irrational.

Nicaise–Ottem construct such families via tropical geometry, which reduces the
problem to finding suitable subdivision of polytopes. Moe [Moe23] studied this
approach in his thesis and used it to show that very general hypersurfaces of degree
d ≥ 4 and dimension at most (d + 1)2d−4 over a field of characteristic 0 are stably
irrational by reducing to [Sch19b].

Recently, the stable birational volume in (1.3.1) has been extended to detect R-
equivalence classes by Hotchkiss–Stapleton [HS25]; in particular it can handle retract
rationality. This also uses the weak factorization theorem; hence it is currently
restricted to characteristic 0.

1.4. Chow-theoretic analogue and applications

Motivated by the result on quartic fivefolds in [NO22], Pavic–Schreieder [PS23]
constructed a cycle-theoretic analogue of the motivic method and showed that the
very general quartic fivefold admits no integral decomposition of the diagonal. To
state the analogue, consider the following complex for a proper strictly semi-stable
family X over a discrete valuation ring R:

⊕
j∈I

CH1(Xj)
ΦX−→

⊕
i∈I

CH0(Xi)
deg−→ Z −→ 0, (1.4.1)

where Xi with i ∈ I are the irreducible components of the special fibre, ιi : Xi ↪→ X
denote the natural inclusions, and ΦX is defined by ΦX := ∑

i,j
ι∗j ιi ∗. If the discrete

5



1. Introduction

valuation ring R is complete and the generic fibre of X admits a decomposition of
the diagonal, then the complex (1.4.1) is exact by Grothendieck’s version of Hensel’s
lemma [EGAIV, Theorem 18.5.17]. This observation led to an obstruction to a
decomposition of the diagonal of the geometric generic fibre if the special fibre is a
chain of Cartier divisors and the residue field of R is algebraically closed, see [PS23,
Theorem 1.2]. The key step is a detailed analysis of the complex (1.4.1) under finite
extension of the discrete valuation ring R′/R and suitable resolutions of the base-
change X ×R R

′. We extend this analysis to arbitrary configurations of the special
fibre (Theorem 3.1.1).

Building on [PS23] and the analysis in Chapter 3, we provide in joint work with
Schreieder a flexible obstruction to an integral decomposition of the diagonal.

Theorem 1.4.1 (Theorem 4.3.8). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic p ≥ 0 and let Λ be a torsion ring in
which p is invertible, if p > 0. Let X be a strictly semi-stable R-scheme such that
the geometric generic fibre Xη̄ is smooth and irreducible. Assume that the special
fibre X = X0 ∪ X1 consists of two irreducible components X0 and X1 which are
isomorphic to open subschemes of affine space (of dimension at least 2) and whose
intersection X01 := X0 ∩X1 is an integral k-variety.

If X01 admits no Λ-decomposition of the diagonal, then Xη̄ admits no Λ-decomposition
of the diagonal.

A key advantage is that the R-scheme X does not need to be proper, which in
practice avoids computing resolutions and allows to remove unnecessary irreducible
components of the special fibre by working directly with a suitable open subscheme.

In the joint work with Schreieder, we use this method to extend the result of
[Moe23] to retract irrationality and also to positive characteristic.

Theorem 1.4.2 (Theorem 4.1.1). Let k be a field of characteristic different from
2. Then a very general hypersurface X ⊂ PN+1

k of degree d ≥ 4 and dimension
N ≤ (d + 1)2d−4 does not admit a decomposition of the diagonal, hence is neither
stably nor retract rational.

We also obtain a weaker bound for the irrationality of hypersurface in character-
istic 2, see Theorem 4.1.2. In subsequent joint work with Zhang, we extended the
above bound to complete intersections, which improves earlier results of Nicaise–
Ottem [NO22, Theorem 7.5].

Theorem 1.4.3 (Theorem 5.1.2). Let k be a field of characteristic different from 2.
Then a very general complete intersection of multidegree (d1, . . . , ds) and dimension

6



1.5. Zero-cycles over Laurent fields

N ≥ 4 does not admit a decomposition of the diagonal if some di ≥ 4 and the Fano
index

N + s+ 1 − d1 − · · · − ds ≤ (di + 1)2di−4 −
⌊
di + 2

2

⌋
.

In particular, such complete intersections are not retract rational.

1.5. Zero-cycles over Laurent fields

The degree map
deg : CH0(X) −→ Z

is an isomorphism for a (smooth) projective rationally connected variety X over an
algebraically closed field. It is natural to consider other arithmetically interesting
fields, e.g. local fields, fields of cohomological dimension 1. We focus here on the
field of Laurent series k((t)) over an algebraically closed field k of characteristic 0.

It follows from Graber–Harris–Starr [GHS03, Theorem 1.2] together with Green-
berg’s approximation theorem [Gre66] that a smooth projective rationally connected
variety X over k((t)) always contains a k((t))-rational point, in particular the de-
gree map is surjective. The kernel of the degree map for X is torsion by a pull-push
argument; this uses that the degree map is an isomorphism over k((t)).

In [EW16], Esnault–Wittenberg ask whether there exists a smooth proper ratio-
nally connected threefold X over the Laurent field C((t)) such that

deg : CH0(X) −→ Z

is not injective. Such examples over the local field Q3 were constructed by Parimala–
Suresh [PS95, Proposition 6.2]. Tian used the minimal model program to show

Theorem 1.5.1 ([Tia20, Theorem 1.1]). Let k be an algebraically closed field of
characteristic 0 and let X be a smooth projective rationally connected variety over
the field k((t)). Assume that dimX ≤ 3 or that the Tate conjecture for one-cycles
on surfaces holds, i.e. the l-adic cycle class map

CH1(S) ⊗ Ql −→ H2
ét(S,Ql(1))

is surjective for any smooth projective surface S over a finite field. Then the degree
map induces an isomorphism CH0(X) ≃ Z.

The bijectivity result for the étale cycle class map of Saito-Sato [SS10], see also

7



1. Introduction

Bloch’s simplified proof in [EW16, Appendix], relates the injectivity of the degree
map for a smooth projective variety X over k((t)) with the exactness of the complex
(1.4.1) for some strictly semi-stable model X of X over k[[t]] (if it exists), see the
argument in the proof Corollary 3.5.6 for details. Thus, the analysis of the complex
(1.4.1) in Chapter 3 yields the following result.

Theorem 1.5.2 (Corollary 3.5.6). Let X be a smooth, projective variety over a
Laurent field k((t)) with k algebraically closed of characteristic 0. Assume that X
admits a strictly semi-stable projective model X → Spec k[[t]]. If X admits geometri-
cally a Λ-decomposition of the diagonal, then the degree map deg : CH0(X)⊗Λ → Λ
is an isomorphism.

The ideas presented in Chapter 6 may lead to an improved version of the result
without the assumption on the existence of a strictly semi-stable model over k[[t]].

1.6. Algebraic equivalence in strictly semi-stable families

Recall that an l-cycle α ∈ CHl(X) on an integral variety over a field k is called
algebraically equivalent to 0, if there exists a smooth integral variety T , an alge-
braic cycle Z ∈ CHl+dimT (T ×k X) and two k-rational points t0, t1 ∈ T such that
α = Zt0 − Zt1 ∈ CHl(X), see [Ful98, Definition 10.3]. If k is perfect, then T can
be assumed to be a smooth projective integral curve, see [ACMV17, Theorem 1].
Voisin asks in [Voi19] whether there exists a smooth projective rationally connected
complex variety with a one-cycle which lies in the kernel of the cycle class map and
is not algebraically equivalent to 0. In other words, whether the Griffiths group of
one-cycles is non-trivial for some (smooth projective) rationally connected complex
variety.

Such an example might be constructible by considering a suitable degeneration
to an snc scheme as in Theorem 1.4.1 in order to reduce to a known example of a
smooth projective (not rationally connected) variety with non-trivial Griffith group
of one-cycles, see for instance [Sch92]. We provide a first step in this direction by
showing that algebraic equivalence specializes for strictly semi-stable degenerations
in equicharacteristic 0 in the following sense:

Let X be a proper strictly semi-stable scheme over a discrete valuation ring R

and denote its generic fibre by Xη. We denote by Xi with i ∈ I the irreducible

8
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components of the special fibre of X . Consider the homomorphism

rsp: CHl(Xη) −→
⊕
i∈I

CHl(Xi)/ Im ΦX , α 7→ (ι∗i α̃)i,

where ιi : Xi ↪→ X is the natural inclusion, ΦX := ∑
i,j∈I ι

∗
i ιj ∗ similar to the defini-

tion in (1.4.1), and α̃ ∈ CHl+1(X ) is an (l + 1)-cycle whose restriction to Xη is α.
This is indeed a well-defined homomorphims by the localization exact sequence, see
[Ful98, Proposition 1.8].

Proposition 1.6.1 (Corollary 6.5.4). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic 0 such that R is a localization of a
finite type k-algebra. Let X be a strictly semi-stable R-scheme with generic fibre Xη

and special fibre X. Denote the irreducible components of X by Xi with i ∈ I. Then
rsp induces a morphism on the Chow group of l-cycles modulo algebraic equivalence

rsp: Al(Xη) −→
⊕
i∈I

Al(Xi)/ Im ΦX .

1.7. Declaration of own work in joint projects

The key idea to use a non-proper version of the map ΦX from (1.4.1) in the project
[LS25] (Chapter 4) is due to Stefan Schreieder. We worked together on the pre-
cise statement of the main obstruction theorem Theorem 4.3.2 and I wrote down
the argument for the theorem. I also worked out the section on the double cone
construction Section 4.4 (using a construction of Moe) and the combinatorics in
Section 4.6.

The collaboration [LZ25] (Chapter 5) started while Guoyun Zhang visited the
Leibniz Universität Hannover (October 2024 - September 2025). I had the idea of
using commutative algebra to approach the case of complete intersection. The pre-
cise framework (Section 5.2) grew out of several joint discussions. A few parts in the
section on the base examples (Section 5.3) and the section on complete intersections
of small Fano index (Section 5.4.2) are due to Guoyun Zhang. The remaining parts
are written by myself.
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2. Preliminaries

2.1. Notations and conventions

For an abelian group G and an integer l ∈ Z≥0, we denote by G/l the tensor product
G ⊗Z Z/lZ. All rings are assumed to be commutative with 1. The characteristic
of a ring Λ is the smallest positive integer c ∈ Z≥1 such that any element in Λ is
c-torsion; it is zero if no such integer exists. The exponential characteristic of a field
k is 1 if k has characteristic zero and it is equal to the characteristic of k otherwise.
Unless stated otherwise, the generators of a polynomial ring are assumed to have
degree 1.

Let R be a ring. By an R-scheme we always mean a separated scheme of finite
type over R. If R = k is a field, then we also say algebraic scheme over k. A
k-variety is an integral algebraic scheme over a field k.

For an R-scheme X and an R-algebra A, we denote the fibre product by X×RA :=
X×SpecR SpecA or simply by XA. We sometimes omit the ring R, if it is clear from
the context.

2.2. Chow groups and Fulton’s specialization map

Let Y be a separated scheme of finite type over a regular Noetherian ring R; for our
purposes R = k is a field or a discrete valuation ring. The group of l-cycles of Y is
the free abelian group generated by subvarieties of dimension l. The Chow group of
l-cycles CHl(Y ) of Y is the quotient of the group of l-cycles by rational equivalence.
For a ring Λ, we denote the tensor product CHl(Y ) ⊗Z Λ by CHl(Y,Λ).

Let R be a discrete valuation ring with fraction field K and residue field k. Let
X → SpecR be a flat R-scheme with generic fibre X = X ×R K and special fibre
Y = X ×R k. Then, for any ring Λ, there is a specialization map on Chow groups

sp : CHi(X,Λ) −→ CHi(Y,Λ),

defined as follows. If Λ = Z and z = [Z] ∈ Zi(X) is represented by an i-dimensional

11
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subvariety Z ⊂ X, then sp(z) is represented by the restriction of the closure of Z
in X to Y . (This restriction could be empty, in which case sp(z) = [∅] = 0.) This
extends Z-linearly to a well-defined map by an argument of Fulton (see [Ful75, §4.4],
[Ful98, §20.3], or [Sch21b, proof of Theorem 8.2]). The case of arbitrary coefficients
follows from this by functoriality of the tensor product. If k is algebraically closed,
then the above map induces a well-defined map

sp: CHi(X̄,Λ) −→ CHi(Y,Λ),

where X̄ = X ×K K̄ denotes the base change to an algebraic closure. (In [Ful75,
§4.4], [Ful98, §20.3], this is shown for the completion R̂ of R; the above case then
follows via precomposing with the natural map CHi(X̄) → CHi(X ×K Frac(R̂)).)

We will need the following specific result on Fulton’s specialization map.

Lemma 2.2.1. Let Λ be a ring and let R be a discrete valuation ring with fraction
field K and residue field k. Let p : X → SpecR and q : Y → SpecR be flat R-
schemes of finite type. Denote by Xη, Yη and X0, Y0 the generic and special fibres
of p, q, respectively. Assume that Yη is geometrically integral and that there is
a geometrically integral component Y ′

0 ⊂ Y0, such that A = OY,Y ′
0

is a discrete
valuation ring and consider the flat A-scheme XA → SpecA, given by base change
of p. Then Fulton’s specialization map induces a specialization map

sp: CHi(Xη ×K K̄(Yη),Λ) −→ CHi(X0 ×k k̄(Y ′
0),Λ),

where K̄ and k̄ denote algebraic closures of K and k, respectively, such that the
following holds:

(1) sp commutes with pushforwards along proper maps and pullbacks along regular
embeddings;

(2) If X = Y and X0 is integral, then sp(δXη) = δX0, where δXη ∈ CH0(Xη ×K

K̄(Xη),Λ) and δX0 ∈ CH0(X0 ×k k̄(X0),Λ) denote the diagonal points.

Proof. By functoriality of the tensor product, it suffices to prove the lemma in the
case where Λ = Z. The lemma is then stated under the assumption that p and q

are proper with connected fibres in [PS23, Lemma 5.8], but the proof does not need
those assumptions.

12
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2.3. Strictly semi-stable degenerations

Definition 2.3.1. Let k be a field. An snc scheme of dimension n over k is a
geometrically reduced algebraic scheme Y over k with irreducible components Yi, i ∈
I, such that for any subset J ⊂ I, the (scheme-theoretic) intersection YJ := ⋂

j∈J Yj

is smooth over k and, if non-empty, equidimensional of dimension n+ 1 − |J |.

We recall the definition of strictly semi-stable schemes over a discrete valuation
ring, see e.g. [deJ96] and [Har01, Definition 1.1].

Definition 2.3.2. Let R be a discrete valuation ring with fraction field K and
residue field k. A strictly semi-stable R-scheme X → SpecR is an irreducible,
reduced, separated scheme which is flat and of finite type over R with the following
properties:

• the generic fibre X = X ×R K is smooth over K;

• the special fibre Y = X ×R k is an snc scheme over k;

• each component of the special fibre Y is a Cartier divisor on X .

Let R be a discrete valuation ring and let R ⊂ R̃ be an unramified extension of
discrete valuation rings, i.e. an extension R → R̃ such that mR̃ = mRR̃ where mR

and mR̃ are the maximal ideal of R and R̃, respectively. Then for every strictly
semi-stable R-scheme X, the base change XR̃ = X ×R R̃ is a strictly semi-stable
R̃-scheme, see e.g. [Har01, Proposition 1.3]. For finite ramified extension of dvr’s
the base-change XR̃ becomes a strictly semi-stable R̃-scheme after a finite sequence
of blow-ups.

Proposition 2.3.3 ([Har01, Proposition 2.2]). Let R ⊂ R̃ be a finite ramified ex-
tension of discrete valuation rings. Let X be a strictly semi-stable R-scheme with
special fibre Y . Assume that the irreducible components of Y are geometrically in-
tegral. Then there exists a finite sequence of blow-ups X̃ := V m → V m−1 → · · · →
V 0 =: XR̃ such that X̃ is a strictly semi-stable R̃-scheme and the center of each
blow-up V i+1 → V i is an irreducible component of the special fibre of V i.

2.4. Very general elements of a family

We recall the notion of a very general element in a family, as stated for instance in
[Sch25b, Section 2.5].

13
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Definition 2.4.1. Let k be a field and let π : X → B be a proper flat morphism of
algebraic k-schemes with B geometrically integral. We say that a closed point b ∈ B

is very general (with respect to π) if there exist (algebraically closed) field extensions
K/κ(b) and L/k(B) and an isomorphism φ : K → L of fields which induces an
isomorphism

Xb ×κ(b) K ≃ X ×k(B) L,

where Xb := π−1(b) denotes the fibre over b.
If B is a fine moduli space or a parameter space of some class of algebraic varieties

and π : X → B is its universal family, we often simply say that Xb is very general if
b ∈ B is.

Remark 2.4.2. If k is an uncountable algebraically closed field, then [Via13, Lemma
2.1] shows that there exists a subset U ⊂ B(k), which is the intersection of countably
many non-empty open subsets of B, such that any point in U is very general in the
above sense.

We say an algebraic scheme X over a field L degenerates to an algebraic scheme
Y over an algebraically closed field k, if there exist a dvr R with residue field k

and fraction field K, a flat proper morphism X → SpecR, and an injection of fields
K ↪→ L such that Y ≃ X ×R k and X ≃ X ×R L, see for example [Sch19b, Section
2.6]. The following lemma is well-known.

Lemma 2.4.3. Let k be a field and let π : X → B be a proper flat morphism of
algebraic k-schemes such that B is geometrically integral.

(i) If trdegk0 k ≥ dimB, where k0 ⊂ k is a subfield over which π is defined, then
there exists a very general element b ∈ B.

(ii) Let k′/k be a field extension. If b ∈ B is very general with respect to π, then any
closed point b′ ∈ Bk′ lying over b is very general with respect to πk′ : Xk′ → Bk′.

(iii) Up to a base-change, a very general fibre Xb degenerates to the fibre X0 over
any closed point 0 ∈ B in the above sense.

Note that there exists a subfield k0 ⊂ k, which is finitely generated over its prime
field, such that π is defined over k0, as π : X → B is a morphism of algebraic schemes
over k.

Proof. We start proving (i). Let k0 ⊂ k be a subfield such that π is defined over k0,
i.e. there exists a morphism π0 : X0 −→ B0 of algebraic schemes over k0 such that

14
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all squares in the diagram

X B Spec k

X0 B0 Spec k0

π

π0

are Cartesian. Assuming trdegk0 k ≥ dimB, there exists a finite field extension
k+/k and a homomorphisms of fields k0(B0) → k+. By the universal property of
the fibre product, there exists a morphism ι : Spec k+ → B of k-schemes such that
the composition Spec k+ → B → B0 factors through Spec k0(B0). In particular, ι
determines a closed point b ∈ B and we claim that b is very general. Indeed, note
that X = X0 ×B0 B and the morphisms

Spec k+ ι−→ B −→ B0 and Spec k(B) η−→ B −→ B0,

factor through Spec k0(B0), where η is the inclusion of the generic point. Thus

Xb ×κ(b) k
+ X0 ×B0 Spec k0(B0) Xη X0 ×B0 Spec k0(B0)

Spec k+ Spec k0(B0) Spec k(B) Spec k0(B0).

are Cartesian squares. Here, κ(b) denotes the residue field of the closed point b, which
is a subfield of k+ and Xη denotes the generic fibre of the morphism π : X → B.
In particular, it suffices to find (algebraically closed) field extensions K/k+ and
L/k(B) together with an isomorphism of field K → L which fixes k0(B0), see also
the argument in [Via13, Lemma 2.1]. The existence of such fields K and L is clear,
as any two algebraically closed field extension of the same transcendence degree over
the same field are abstractly isomorphic.

By a similar argument as above, the statement (ii) reduces to the following ques-
tion on fields. Given an isomorphism of algebraically closed fields φ : K → L

with subfields κ(b) ⊂ K and k(B) ⊂ L as well as field extensions κ(b′)/κ(b) and
k′(Bk′)/k(B), there exist algebraically closed fields K ′ and L′ and an isomorphism
φ′ : K ′ → L′ such that K ′ contains κ(b′) and K as subfields, L′ contains k′(Bk′) and
L as subfields, and φ′ extends φ. The existence follows by the same reasoning as in
the proof of (i).

We turn to the proof of (iii). Let 0 ∈ B be any closed point. Up to replacing k
by an algebraically closed field extension whose transcendence degree over k is at
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least dimB, we can assume by (i) that there exists a closed point b ∈ B, which
is very general in the sense of Definition 2.4.1. It clearly suffices to show that the
fibre Xb := π−1(b) degenerates to X0. By a Bertini-type argument, there exists a
geometrically integral curve C ⊂ B containing 0 and b, see e.g. [CP16, Corollary 1.9].
Up to replacing C by its normalization, we can assume that there exists a smooth
geometrically integral curve C and a flat proper morphism πC : XC → C and two
closed points c0, c ∈ C such that c ∈ C is very general in the sense of Definition 2.4.1
and the fibres over c0 and c are isomorphic to X0 and Xb, respectively. Thus we see
that Xb degenerates to X0, as OC,c0 is a dvr.

Example 2.4.4. We will use the following two examples of families over a field k.

(a) Complete intersections in PN : Let d := (d1, . . . , ds) ∈ Zs≥1 be a collection of
positive integers, where 1 ≤ s < N is an integer. Then the affine scheme

B1 := H0(PN ,OPN (d1)) ×k · · · ×k H
0(PN ,OPN (ds))

parametrizes sets of s polynomials f1, . . . , fs ∈ k[x0, . . . , xN ] with deg fi = di.
Let X1 ⊂ B1 ×k PN be the closed subscheme such that the fibre of X1 → B1

over a point corresponding to f1, . . . , fs is the closed subscheme of PN cut
out by the homogeneous ideal (f1, . . . , fs). There exists an open subscheme
B ⊂ B1 such that the fibre over any point b ∈ B has dimension N − s. Thus
the morphism X := X1 ×B1 B → B is a family of complete intersections of
multidegree d.

Other choices for B include (an open subscheme of) a product of Grassmanni-
ans or an iteratated Grassmannian bundle over Spec k. We refer the reader to
[Ben12, §2.2] and [DL23, §1.2] for more details on moduli spaces for complete
intersections.

(b) The parameter space of hypersurfaces of multidegree d := (d1, . . . , ds) in the
product of projective spaces PM1

k ×k · · · ×k PMs
k is given by

B := P
(
H0

(
PM1 ,OPM1 (d1)

)
⊗k · · · ⊗k H

0
(
PMs ,OPMs (ds)

))
.

Consider the universal family X → B of multidegree d hypersurfaces in the
product of projective spaces PM1

k ×k · · · ×k PMs
k .
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Remark 2.4.5. Let X → B := P(H0(PNk ,O(d))) be the universal family of degree
d hypersurfaces in PN . Its geometric generic fibre is given by

Xη̄ =


∑

I∈ZN+1
≥0 :|I|=d

tIx
I = 0

 ⊂ PNk(B),

where |I| := i0 + · · · + iN and tI ∈ k(B) denotes the element corresponding to the
monomial tI = ti0 · · · tiN in H0

(
PN ,OPN (d)

)
for each I = (i0, . . . , iN ) ∈ ZN+1

≥0 .
Hence, we see that a hypersurface is very general in the sense of Definition 2.4.1

if and only (up to an isomorphism) the coefficients of a defining equation are alge-
braically independent over the prime field of k.

2.5. Basic constructions in toric geometry

Throughout this section, let k be a field. A (split) toric variety is a normal k-variety
X which contains a torus T = (k∗)dimX as an open dense subset. Toric varieties
are also constructed from collections of cones, called fans, and many properties of
the toric variety relate to combinatorical data of the fan. We recall the construction
of toric varieties from fans, introduce some notation and state a few standard facts
from toric geometry.

Let N ≃ Zn be a lattice and denote by M = HomZ(N,Z) ≃ Zn its dual lattice.
Consider the natural duality pairing ⟨·, ·⟩ : M × N → Z. Morover, we denote the
tensor products M ⊗Z R and N ⊗Z R by MR and NR, respectively.

A (strongly convex, rational, polyhedral or short: scrp) cone in NR is a set

σ := Cone(S) :=
{∑
u∈S

λuu : λu ≥ 0
}

⊂ NR,

where S ⊂ N is a finite subset such that σ ∩ (−σ) = {0}. The elements in S are
called generators of σ. The dimension of σ is the dimension of its linear span in NR.
The dual cone of σ is the subset

σ∨ := {m ∈ MR : ⟨m,u⟩ ≥ 0 for all u ∈ σ} ⊂ MR,

which is again a (rational, polyhedral, not necessarily strongly convex) cone. Gor-
dan’s lemma says that σ∨ ∩M is a finitely generated semi-group such that k[σ∨ ∩M ]
is an integral domain, see e.g. [CLS11, Proposition 1.2.17]. Then the affine toric
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variety Uσ associated to a cone σ is Uσ = Spec k[σ∨ ∩M ].
A face τ of an (scrp) cone σ is a subset of the form

τ = {u ∈ σ : ⟨m,u⟩ = 0} ⊂ σ

for some m ∈ σ∨ and it is again an (scrp) cone. A collection of (scrp) cones Σ is
called a fan if each face of a cone is also in Σ and if the intersection of two cones in
Σ is a common face of both. These two conditions ensure that we can glue the affine
toric varieties associated to each cone σ ∈ Σ along the intersection of the cones to
obtain a toric variety, which we denote by XΣ. We denote the set of n-dimensional
cones in the fan Σ by Σ(n) and we usually call 1-dimensional cones rays. Recall also
the following facts from toric geometry:

(i) A Z-linear map of lattices N → N ′ is compatible with a pair of fans Σ in NR

and Σ′ in N ′
R if the R-linear extension maps every cone σ ∈ Σ into a cone

σ′ ∈ Σ′. Such a compatible map of lattices gives rise to a toric morphism of
the associated toric varieties, i.e. a morphism of the varieties such that the
restriction to the tori is a group homomorphism, see [Oda78, Theorem 4.1].

(ii) The orbit-cone correspondence yields an inclusion-reversing bijection between
cones in a fan and orbits of the torus action of its associated toric variety, see
e.g. [Oda78, Theorem 4.2]. If σ ∈ Σ is a cone in the fan, then we denote the
corresponding orbit in XΣ by O(σ) and its Zariski closure by V (σ).

(iii) The generators vi of the 1-dimensional faces ρi of an (scrp) cone σ ⊂ NR yield a
set of generators for σ. Up to scaling vi, we can assume that vi ∈ (N \{0})∩ρi
is of minimal length. Then the vi’s are called the minimal generators of σ.

(iv) We say that a cone is simplicial if its minimal generators are R-linear indepen-
dent. A cone is called regular if its minimal generators form part of a Z-basis
of the lattice N . We say a fan is simplicial or regular, if all its cones are so.
Note that regularity of the fan is equivalent to the regularity of the associated
toric variety, see [Oda78, Theorem 4.3].

For a more detailed account of the constructions and the facts in toric geometry
over arbitrary fields, we refer the reader to [Oda78] and the survey [Dan78]. An
earlier description of toric varieties over algebraically closed fields can be found in
[KKMS]. We refer the reader to [CLS11] for a modern treatment of toric geometry.

18



2.6. Monomial orderings and Gröbner basis

2.6. Monomial orderings and Gröbner basis

We recall a few basic notions related to monomial ordering of polynomial rings
following the reference [CLO25, Section 2.2].

Let k be a field and let R = k[x1, . . . , xn] be the polynomial ring over k in n

variables. A monomial ordering on R is a well-ordering1 on the set of monomials
xα = xα1

1 · · ·xαnn where α = (α1, . . . , αn) ∈ Zn≥0 such that for every α, β, γ ∈ Zn≥0

xα > xβ =⇒ xα+γ > xβ+γ ,

see [CLO25, Section 2.2 Definition 1]. A monomial ordering > is called graded if
|α| > |β| implies xα > xβ for every α, β ∈ Zn≥0, where |α| := α1 + · · ·+αn. The most
important example for Chapter 5 is the graded lexicographical ordering.

Example 2.6.1 ([CLO25, Section 2.2 Definition 5]). Consider the relation >grlex

on the set of monomials xα, α ∈ Zn≥0, on R = k[x1, . . . , xn] given by xα >grlex x
β

if |α| > |β| or |α| = |β| and the left-most non-zero entry in α − β ∈ Zn is positive.
Then >grlex is a graded monomial ordering on R, called the graded lexicographic
ordering.

Let R = k[x1, . . . , xn] be a polynomial ring over a field k and fix a monomial
ordering on R. For a polynomial f = ∑

α aαx
α ∈ R we define the leading monomial

of f as
LM(f) := max{xα : aα ̸= 0}, (2.6.1)

where the maximum is taken with respect to the choosen monomial ordering. We
say that the leading monomials of a collection f1, . . . , fr of polynomials in R are
relatively prime if for all i, j ∈ {1, . . . , r} with i ̸= j we have

gcd(LM(fi),LM(fj)) = 1.

Example 2.6.2. Consider the polynomials

f = 3x2y3 +6x3y2 −5xy+5, g = x5 +x2y2 +y3 +xy−1, h = y2 +y+1 ∈ k[x, y].

The leading monomials with respect to the graded lexicographic ordering (x > y)
are

LM(f) = x3y2, LM(g) = x5, LM(h) = y2.

1a total ordering such that any non-empty subset admits a smallest element
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In particular, we see that the leading monomials of g and h are relatively prime,
while the leading monomials of f and g are not.

Definition 2.6.3. Let f ∈ k[x1, ..., xn] be a polynomial of degree d. Then

fh(x0, . . . , xn) := xd0f

(
x1
x0
, ...,

xn
x0

)
is a homogeneous polynomial of degree d in k[x0, ..., xn], called the homogenization
of f . Let I ⊂ k[x1, ..., xn] be an ideal. Then we define the homogenization of I to be
the ideal

Ih =
(
fh : f ∈ I

)
⊂ k[x0, x1, . . . , xn],

which is a homogeneous ideal in k[x0, x1, ..., xn].

A collection of polynomials whose leading monomials are relatively prime in the
above sense behave well under homogenization.

Proposition 2.6.4. Let R = k[x1, . . . , xn] be a polynomial ring over a field k and
fix a graded monomial ordering on R. If the leading monomials of a collection
of polynomials f1, . . . , fr ∈ R of degree at least 1 are relatively prime, then Ih =
(fh1 , . . . , fhr ). In particular, the scheme {fh1 = · · · = fhr = 0} ⊂ Pnk is the projective
closure of {f1 = · · · = fr = 0} ⊂ Ank , if k is algebraically closed.

Proof. This is a consequence of the theory of Gröbner basis. The assumption on the
relative primeness of the leading monomials implies that f1, . . . , fr is a Gröbner basis
for I by [CLO25, Section 2.9, Proposition 4 and Theorem 3]. The homogenization
of a Gröbner basis of I is a basis of Ih, see e.g. [CLO25, Section 8.4, Theorem 4].
The claim about the projective closure is shown for example in [CLO25, Section 8.4,
Theorem 8].
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3. Tian’s conjecture

3.1. Introduction

Kontsevich–Tschinkel [KT19] and Nicaise–Shinder [NS19] study the behaviour of
rationality and stable rationality in families in characteristic 0. In particular for
degenerations of a smooth projective variety, they construct a motivic obstruction
to (stable) rationality which depends only on the special fibre of the degeneration.
This approach was successfully applied by Nicaise–Ottem [NO22] to show the sta-
ble irrationality of quartic fivefolds and several complete intersections by reducing
to previously known irrationality results [HPT18a, Sch19b]. Building on [Sch19b],
[Moe23] uses the approach in [NO22] to improve Schreieder’s logarithmic bound for
stably irrational hypersurfaces in characteristic 0.

Motivated by the cycle-theoretic approaches to stable rationality in [Voi15, CTP16,
Sch19a], Pavic–Schreieder [PS23] introduce a Chow-theoretic analogue of the mo-
tivic approach for strictly semi-stable schemes X over a dvr R. These are integral
separated regular flat R-schemes such that the generic fibre X = Xη is a smooth
variety and the special fibre is a geometrically reduced simple normal crossing divi-
sor Y = ⋃

i∈I Yi with irreducible components Yi. For each strictly semi-stable and
proper X → SpecR consider the complex

⊕
j∈I

CH1(Yj)
ΦX−→

⊕
i∈I

CH0(Yi)
∑

i
deg

−−−−→ Z −→ 0, (3.1.1)

where ΦX = ∑
i∈I

∑
j∈I

ι∗i ιj ∗ with ιi : Yi ↪→ X the natural inclusion for i ∈ I.

Theorem 3.1.1. Let R be a discrete valuation ring with algebraically closed residue
field k, and let X → SpecR be a strictly semi-stable projective R-scheme. Assume
that the geometric generic fibre admits a decomposition of the diagonal (e.g. is
retract rational). Then the complex (3.1.1) is exact after base-change to any field
extension L/k, i.e. the complex (3.1.1) is exact for the strictly semi-stable family
X ×R A → SpecA, where A/R is any unramified extension of dvr’s with induced
extension L/k of residue fields.
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The theorem implies that the complex (3.1.1) is exact modulo m for all m ∈ N, as
the tensor product is right exact, see also Corollary 3.5.4 for a more general version.
While the residue field of A does not need to be algebraically closed, we would like
to emphasize that the assumption on the residue field of R being algebraically closed
is crucial, see Remark 3.5.5. Theorem 3.1.1 improves [PS23, Theorem 1.2 (2)] which
shows the exactness of the complex tensored with Z/2 if the special fibre is a chain
of Cartier divisors. We can remove the restriction to Z/2-coefficients and allow
an arbitrary configuration of the special fibre in the strictly semi-stable family. The
theorem of Pavic–Schreieder implies the (retract) irrationality of very general quartic
fivefolds [PS23, Theorem 1.1] and of very general complete intersections of two
cubics in P7 [LS23, Theorem 1.1]. One might hope to approach the other complete
intersections in [NO22] and the hypersurfaces in [Moe23] with Theorem 3.1.1.

As a consequence of Theorem 3.1.1, we study in this chapter the Chow group
of zero-cycles of geometrically retract rational varieties over Laurent fields k((t))
where k is algebraically closed. Colliot-Thélène shows in [CT83, Theorem A (iv)]
that the Chow group of degree 0 zero-cycles is trivial for geometrically rational
surfaces over fields of characteristic 0 and cohomological dimension at most 1. In
particular [CT83] applies to Laurent fields in characteristic 0. More generally, Tian
considers rationally connected varieties over Laurent fields in characteristic 0 and
shows the triviality of the Chow group of zero-cycles unconditionally in dimension
at most 3 and in all dimensions if the Tate conjecture for surfaces holds, see [Tia20,
Theorem 1.1]. We obtain a partial result in this direction and a similar result in
positive characteristic.

Corollary 3.1.2. Let X be a smooth, projective variety over a Laurent field k((t))
with k algebraically closed. Assume that X admits a strictly semi-stable projective
model X → Spec k[[t]]. If X admits geometrically an integral decomposition of the
diagonal, e.g. X is geometrically retract rational, then

(i) the degree map deg : CH0(X) → Z is an isomorphism if char k = 0;

(ii) the degree map deg : CH0(X)/l → Z/l is an isomorphism for every l coprime
to p = char k, if p > 0.

For smooth families X → Spec k[[t]], Corollary 3.1.2 (i) follows from [Kol04, Theo-
rem 2 (2)]. Over C((t)), the result is known for rationally simply connected varieties
by [Pir11, Theorem 1.5]. Note that there are smooth projective varieties over C
admitting an integral decomposition of diagonal which are not rationally connected
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and thus in particular not rationally simply connected, e.g. Barlow surfaces, see
[ACTP17, Proposition 1.9] and [Voi17, Corollary 2.2].

Remark 3.1.3. We prove a more general version of Corollary 3.1.2 for a Λ-decomposition
of the diagonal (see (1.2.1)) and over fraction fields of excellent, henselian discrete
valuation rings with algebraically closed residue field k in Corollary 3.5.6. The lat-
ter corollary is applicable to varieties, which are geometrically Enriques surfaces
(Λ = Z[1/2]) or geometrically Godeaux surfaces (Λ = Z[1/5] for a general Godeaux
surface).

A variant of the homomorphism Φ in (3.1.1) is used to determine the kernel of the
degree map deg : CH0(X) → Z for certain geometrically rational surfaces over local
fields in [Dal05a, Dal05b] and for a cubic threefold over C((u))((t)) in [Mad08].

We briefly sketch the strategy for the two results: The assumption of Theo-
rem 3.1.1 ensures that the generic fibre of X → SpecR admits a decomposition
of the diagonal after a finite field extension. This implies by [PS23, Theorem 1.2
(1)] that the complex (3.1.1) is exact for a suitable resolution X̃ → Spec R̃ after a
finite base change R̃/R. From this we aim to deduce the exactness over R. The
issue is that the suitable resolution X̃ → Spec R̃ has many more components in the
special fibre, so the associated complexes (3.1.1) are quite different. We describe the
suitable resolution X̃ étale locally by toric geometry and obtain a global description
via simplicial complexes. This way we can reduce Theorem 3.1.1 to a combinatorial
problem which we solve in Proposition 3.4.9.

Corollary 3.1.2 follows from Theorem 3.1.1 via Fulton’s localization exact sequence

CH1(Y ) −→ CH1(X) −→ CH0(X) −→ 0

by using Saito-Sato’s [SS10] bijectivity result for the étale cycle class map.
Section 3.2 contains some toric intersection theory and a description of a partic-

ular affine toric singularity and its resolution. The main technical aspects of this
chapter are contained in Section 3.3, where we describe the irreducible components
of the resolution in terms of a subdivision of the dual complex of snc schemes. In
Section 3.4, we use the results from Section 3.3 to compare the complex (3.1.1) with
the complex of a suitable resolution after a finite base change by constructing two
auxiliary functions. The main result Theorem 3.1.1 and Corollary 3.1.2 are explained
in Section 3.5. In Section 3.6, we provide two concrete examples, for which we illus-
trate the key proposition - Proposition 3.4.9 - by direct computations. Throughout
this chapter, we use the following setup and refer to it whenever needed.
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Setup 3.1.4. Let R be a discrete valuation ring with residue field k. Let R̃/R be
a finite extension of discrete valuation rings of ramification index r with induced
extension L/k of residue fields. Let X → SpecR be a strictly semi-stable R-scheme
with special fibre Y = X ×R k. Assume that the irreducible components of Y are
geometrically integral. Let X̃ → Spec R̃ be a resolution of XR̃ → Spec R̃ as in
Proposition 2.3.3. We denote the natural morphism X̃ → X as well as its restriction
to the special fibre Ỹ = X̃ ×R̃ L by q.

3.2. Resolution of a toric singularity

The proof of Theorem 3.1.1 relies on the analysis of a certain type of toric singularity
together with an iterative description of its resolution as well as a combinatorial
description of the intersection of toric curves with toric divisors. We recall the
necessary intersection theory from [CLS11] in the first part of this section. The
second part consists of a description of the toric singularity and a resolution process.

3.2.1. Some intersection theory

We recall the required intersection theory which is described by combinatorical data
of the fan. Here, we are interested in the intersection of toric divisors with one-cycles,
which is described in [CLS11, Section 6.4].

Let Σ be a simplicial fan in NR ≃ Rn. Recall from Section 2.5 that we denote
by Σ(m) the set of m-dimensional cones in Σ and rays are one-dimensional cones
ρ ∈ Σ(1). Let τ ∈ Σ(n − 1) be the intersection of two cones σ, σ′ in Σ(n). Since Σ
is simplicial, we can label the minimal generators ui of σ, σ′, and τ such that

σ = Cone(u1, . . . , un), σ′ = Cone(u2, . . . , un+1), τ = Cone(u2, . . . , un). (3.2.1)

Moreover, since the generators u1, . . . , un+1 are linearly dependent, they satisfies a
(up to multiplication with a constant unique) linear relation, called the wall relation

n+1∑
i=1

biui = 0. (3.2.2)

Since u2, . . . , un are linearly independent, we see that u1, un+1 are both non-zero.

Proposition 3.2.1 ([CLS11, Proposition 6.4.4]). Let τ = σ ∩ σ′ ∈ Σ(n − 1) be
as in (3.2.1) and let V (τ) be the Zariski closure of the orbit corresponding to τ .
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3.2. Resolution of a toric singularity

Moreover, let ρi = R≥0ui be the rays in NR generated by ui. Then for every ray
ρ ∈ Σ(1) with associated divisor Dρ = V (ρ) in the toric variety XΣ, the intersection
number Dρ · V (τ) is given by

Dρ · V (τ) =



mult(τ)
mult(σ) if ρ = ρ1,

mult(τ)
mult(σ′) = bn+1 mult(τ)

b1 mult(σ) if ρ = ρn+1,

bi mult(τ)
b1 mult(σ) if ρ = ρi, i ̸= 1, n+ 1,

0 otherwise,

where the multiplicity mult(γ) of a cone γ ⊂ NR with minimal generators v1, . . . , vk

is the index of the sublattice Zv1 + · · · + Zvk ⊂ Nγ = (Rv1 + · · · + Rvk) ∩N .

Sketch of the proof. Using the uniqueness up to scalar of the wall relation together
with the observation that ∑

ρ∈Σ(1)
(Dρ · V (τ))uρ = 0 in NR, where uρ is the minimal

generator of the ray ρ ∈ Σ(1), it suffices to compute Dρ1 · V (τ) which can be done
explicitly, see e.g. [CLS11, Lemma 6.4.2].

Remark 3.2.2. If the fan Σ is regular, the multiplicity of all cones is 1. Moreover,
we can assume without loss of generality that b1 = 1 and thus also bn+1 = 1 by the
above proposition. Hence the formula in Proposition 3.2.1 reduces to

Dρ · V (τ) =


0 ρ /∈ {ρ1, . . . , ρn+1},

1 ρ = ρ1, ρn+1,

bi ρ = ρi, i ̸= 1, n+ 1.

(3.2.3)

3.2.2. A particular toric singularity

We discuss the toric description of a particular singularity. This type of singularity
appears naturally in our problem: We consider a strictly semi-stable R-scheme X →
SpecR for some discrete valuation ring R. Étale locally at a point of the special
fibre the scheme X looks like

{t− x1 · · ·xn = 0} ⊂ AnR, (3.2.4)

where t ∈ mR ⊂ R is a uniformizer and n ≥ 1. Let R̃/R be a finite ramified extension
of dvr’s. The base-change XR̃ → Spec R̃ admits a resolution to a strictly semi-stable
R̃-scheme by multiple blow-ups of the irreducible components, see Proposition 2.3.3.
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During the blow-ups the local equation looks like (3.2.5) below, see [Har01, proof of
Proposition 2.2]. Thus the following lemma is a toroidal description of the behaviour
under these blow-ups.

Lemma 3.2.3. For any m,n ≥ 1 and r1, . . . , rm ≥ 1, the affine variety

Z = {xr1
1 x

r2
2 · · ·xrmm − y0y1 · · · yn = 0} ⊂ An+m+1

k (3.2.5)

is the affine toric variety corresponding to the fan spanned by the cone

σ = σn,r1,...,rm = Cone ({ei + rifj : i = 1, . . . ,m, j = 0, 1, . . . , n}) (3.2.6)

in NR = Rm+n, where e1, . . . , em, f1, . . . , fn is a basis of N = Zm ⊕ Zn and we
additionally set f0 = 0 ∈ N . Moreover, we have

(a) for each i = 1, . . . ,m and j = 0, 1, . . . , n the ray ρi,j = R≥0(ei + rifj) corre-
spond to the irreducible subvariety Dρi,j = V (xi, yj).

(b) for i = 1, . . . ,m the natural projection π = pri ⊕0: Zm ⊕Zn → Z onto the i-th
coordinate is compatible with the fan given by σ and R≥0 · 1 ⊂ N ′

R = R and
the corresponding toric morphism is the projection onto the i-th coordinate xi:
π = pri : Z → A1

k.

(c) for r1 ≥ 1 define em+1 := e1 + f1 and rm+1 := r1 − 1; then the blow-up of Z
along V (x1, y1) is given by the fan spanned by the two cones

σ′ = Cone({ei : i = 1, . . . ,m+ 1} ∪ {ei + rifj : i = 1, . . . ,m+ 1, j = 2, . . . , n})

σ′′ = Cone({ei : i = 2, . . . ,m+ 1} ∪ {ei + rifj : i = 2, . . . ,m+ 1, j = 1, . . . , n}).

Proof. Let σ be the cone as defined in (3.2.6). We claim that the dual cone σ∨ is
given by

σ∨ = Cone(e∗
1, . . . , e

∗
m, f

∗
1 , . . . , f

∗
n, r1e

∗
1 + · · · + rme

∗
m − f∗

1 − · · · − f∗
n).

If this claim is true, the first statement follows immediately, because

k[σ∨ ∩M ] = k[x1, . . . , xm, y0, . . . , yn]/(xr1
1 · · ·xrm

m − y0y1 · · · yn).
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3.2. Resolution of a toric singularity

To prove the claim, note that “⊇” is obvious. We prove the other inclusion: Let

m∑
i=1

aie
∗
i +

n∑
j=1

bjf
∗
j ∈ σ∨

for some ai, bj ∈ R. By definition, the coefficients ai, bj satisfy

ai ≥ 0, ai + ribj ≥ 0, for i = 1, . . . ,m and j = 1, . . . , n.

Let −λ = min{b1, . . . , bn, 0} ≤ 0, then

m∑
i=1

aie
∗
i+

n∑
j=1

bjf
∗
j = λ︸︷︷︸

≥0

(r1e
∗
1+· · ·+rme∗

m−f∗
1 −· · ·−f∗

n)+
m∑
i=1

(ai − λri)︸ ︷︷ ︸
ai+ribj or ai≥0

e∗
i+

n∑
j=1

(λ+ bj)︸ ︷︷ ︸
≥0

f∗
j .

This shows “⊆” and thus the claim. We turn to the proof of item (a): Note that
the orthogonal part of the cone ρi,j for i = 1, . . . ,m and j = 0, . . . , n is given by

ρ⊥
i,j =

Cone
(
e∗

1, . . . , ê
∗
i , . . . , e

∗
m, f

∗
1 , . . . , f

∗
n

)
if j = 0,

Cone
(
e∗

1, . . . , ê
∗
i , . . . , e

∗
m, f

∗
1 , . . . , f̂

∗
j , . . . , f

∗
n, r1e

∗
1 + . . . rme

∗
m − f∗

1 − · · · − f∗
n

)
if j ̸= 0.

Hence, the distinguished point of ρi,j is the point (x1, . . . , xm, y0, y1, . . . , yn) ∈ An+m+1
k

with xa = δa,i and yb = δb,j where δ·,· is the Kronecker delta. Thus statement (a)
follows from the orbit-cone correspondence. Statement (b) follows directly from the
construction. For statement (c), note that the blow-up of (3.2.5) along V (x1, y1) is
given by

x1 = x′
1y1, (x′

1)r1xr2
2 · · ·xrmm yr1−1

1 − y0y2 · · · yn = 0,

y1 = y′
1x1, (x1)r1−1xr2

2 · · ·xrmm − y0y
′
1y2 · · · yn = 0.

Thus we find that the corresponding dual vectors are given by

(e′
1)∗ = e∗

1 − f∗
1 , (e′

i)∗ = e∗
i , (e′

m+1)∗ = f∗
1 , (f ′

j)∗ = f∗
j , i = 2, . . . ,m, j = 2, . . . , n,

(f ′′
1 )∗ = f∗

1 − e∗
1, (e′′

i )∗ = e∗
i , (f ′′

j )∗ = f∗
j , i = 1, . . . ,m, j = 2, . . . , n,

Hence, we see that

e′
m+1 = e1 + f1, e

′
i = ei, f

′
j = fj , i = 1, . . . ,m, j = 2, . . . , n,

e′′
1 = e1 + f1, e

′′
i = ei, f

′′
j = fj , i = 2, . . . ,m, j = 1, . . . , n.

Thus the description for σ′ and σ′′ follows from the description of Z in (3.2.5).
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3. Tian’s conjecture

Remark 3.2.4. For m = 2 and r1 = r2 = 1, a similar computation is done in
[Shi22, Lemma 2.2].

Remark 3.2.5. Up to relabeling the coordinates the blow-up description in (c) also
holds for the blow-up along V (xi, yj) where we think of f0 as f0 = 0 and do the
calculation formally. More precisely, the blow-up of V (x1, y0) corresponds to the
subdivision of σ into the two cones

σ′ = Cone ({ei + rifj : i = 1, . . . ,m+ 1, j = 1, . . . , n}) ,

σ′′ = Cone ({e2, . . . , em+1} ∪ {ei + rifj : i = 2, . . . ,m+ 1, j = 1, . . . , n}) ,

where em+1 = e1 and rm+1 = r1 − 1.

In concrete examples one can work with an explicit resolution. For our purposes it
suffices to work with some resolution and use its properties. The first such property
is the following.

Proposition 3.2.6. Let σ = σn,r be a cone as in Lemma 3.2.3 with m = 1. Then
any sequence of subdivisions of the same form as in Lemma 3.2.3(c) terminates
with a regular fan Σ̃. Moreover, every minimal generator of a ray in Σ̃ lies in the
hyperplane {e1 = 1} and is a lattice point of the lattice generated by e1, f1, f2, . . . , fn

as defined in Lemma 3.2.3.

Remark 3.2.7. Note that the subdivision from Lemma 3.2.3(c) corresponds to the
blow-up of the irreducible components of the special fibre which is the procedure in
Proposition 2.3.3.

Proof. The termination of this process is precisely [Har01, Proposition 2.2] which
yields a resolution after some finite ramified base change, see also Proposition 2.3.3.
Since the total space X̃ of a strictly semi-stable model is regular, the local model
of the toric variety is regular. Alternatively, the explicit local descriptions and the
termination condition of the algorithm in [Har01, Proposition 2.2] imply also the
regularity of the refined fan.

The last statement follows from Lemma 3.2.3(c) by induction. Indeed, starting
with σ = σn,r for some n, r ∈ N we see that the minimal generators of each ray is of
the form e1 or e1 +rfj for some j = 1, . . . , n, i.e. they lie in the hyperplane {e1 = 1}
and are lattice points. In the j-th step, we add a new vector ej+1 := ej′ + fk′ for
some j′ = 1, . . . , j. k′ = 1, . . . , n. The new minimal generators after the blow-up are
of the form

ej+1 + rj+1fk
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3.3. Chow group of the resolution

for some k = 1, . . . , n and rj+1 ∈ Z≥0. Thus all minimal generators lie in the
hyperplane {e1 = 1} and are lattice points by induction.

3.3. Chow group of the resolution

We recall the statement of Theorem 3.1.1 from the introduction and the strategy
laid out in the introduction. Let X → SpecR be a strictly semi-stable scheme over
a dvr R with algebraically closed residue field. Assume that the geometric generic
fibre of X → SpecR admits a decomposition of the diagonal. Then the complex

⊕
j∈I

CH1
(
Yj,L′

) ΦXA−→ CH0
(
Yi,L′

) ∑
i

deg
−−−−→ Z −→ 0 (3.3.1)

is exact for every unramified extension A/R with induced extension L′/k of residue
fields. Recall that ΦXA = ∑

i∈I

∑
j∈I

ι∗i ιj ∗ where ιi : Yi,L′ ↪→ XA is the natural inclusion.

The assumption on the geometric generic fibre implies the exactness of (3.3.1) for
a strictly semi-stable family X̃ → Spec R̃ which is obtained by a finite (possibly
ramified) base change and a resolution as in Proposition 2.3.3. We want to relate
ΦX̃ with ΦX such that we can deduce the exactness of the complex (3.3.1) for X

from the exactness of the complex (3.3.1) for X̃, which then proves Theorem 3.1.1.
In this section, we describe the special fibre Ỹ of X̃ → Spec R̃ using subdivisions
of the dual complex of an snc scheme and express its Chow group of one-cycles in
terms of cycles supported Y . Before that we recall dual complexes and subdivisions
and introduce some necessary notation. The description of CH1(Ỹ ) is then used
in Section 3.4 to relate ΦX and ΦX̃. We follow [Hat02, Appendix] and [dFKX17,
Definition 7] for the definition of ∆-complexes.

Definition 3.3.1 (∆-complex). The notion of a ∆-complex is defined by induction
on the dimension. A 0-skeleton C0 is a collection of points, called vertices. Induc-
tively, define an n-skeleton Cn by attaching a collection {σi : i ∈ In} of simplices of
dimension n to an (n−1)-skeleton Cn−1 via characteristic maps φi : ∂σi → Cn−1 and
identifying points on the boundary ∂σi of σi with their image in Cn−1. A (regular
finite-dimensional unordered) ∆-complex C is an n-skeleton Cn for some n ∈ Z≥1

such that all characteristic maps are embeddings; n is called the dimension of C.
Let C be a ∆-complex. A simplex σ of C of dimension n is called an n-simplex;

the set of n-simplices of C is denoted by C(n). A (proper) face of σ is a simplex σ′

of C such that σ′ ⊂ ∂σ.
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Recall from graph theory: A vertex v′ in a graph is adjacent to a vertex v if there
exists an edge with endpoints v and v′. We extend this definition to ∆-complexes
by considering the 1-skeleton of the ∆-complex which is a graph.

Definition 3.3.2 (Adjacent vertices). Let C be a ∆-complex and let v ∈ C(0) be a
vertex. A vertex v′ ∈ C(0) is called adjacent to v if there exists an 1-simplex σ such
that ∂σ = {v, v′}. We denote the set of adjacent vertices of v in C by AC(v).

Moreover, we define walls of a ∆-complex inspired by the definition of walls for
toric varieties, see e.g. [Dan78, Section 10.5].

Definition 3.3.3 (Walls). Let C be a ∆-complex of dimension n. A simplex
τ ∈ C(n − 1) is a wall of C if τ is a common face of two simplices σ1, σ2 ∈ C(n).
Equivalently if τ is the (set-theoretic) intersection of the simplices σ1, σ2.

We recall the definition of a subdivision, see e.g. [Mun84, §15].

Definition 3.3.4 (Subdivision of ∆-complex). Let C be a ∆-complex. A subdivision
of C is a ∆-complex C′ such that

(i) every simplex σ′ of C′ is contained in a simplex of C.

(ii) every simplex σ of C is a non-empty union of finitely many simplices of C′.

We formally denote the subdivision by a map ψ : C′ → C. For a simplex σ′ of C′, we
denote the smallest simplex in C containing the simplex σ′ by ψ∗σ

′. The non-empty
union of simplices of C′ in (ii) is denoted by ψ∗σ for a simplex σ of C.

Remark 3.3.5. (i) It follows from item (ii) in Definition 3.3.4 that ψ∗v consist
of a single vertex for a vertex v ∈ C(0).

(ii) Note that ψ∗σ is a subcomplex of C′ for every simplex σ of C, i.e. a subset
of C′ which becomes a complex by restricting the characteristic maps of C′ to
that subset.

For such a subdivision we define relative versions of adjacent vertices and walls
which become useful later on in Section 3.4.

Definition 3.3.6. Let C′ be a subdivision of a ∆-complex C in the above sense.

(i) For any vertex v′ ∈ C′(0) we define the set of relative adjacent vertices as

Aψ(v′) :=

AC(ψ∗v
′) if ψ∗v

′ ∈ C(0),

∅ otherwise,
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where AC is defined in Definition 3.3.2.

(ii) A relative wall τ of C′ is a wall of the subcomplex ψ∗σ for some simplex σ of
C. We denote the set of relative walls of the subdivision C′ by RelWall(ψ).

(iii) Let v′ ∈ C′ be a vertex. We define the set of lines through v′ with adjacent
vertex in C as

Lψ(v′) :=
{
(σ, v) ∈ C(1) × C(0) : v, v′ ∈ σ and ψ∗v ∈ AC′(v′)

}
.

In other words, Lψ(v′) is the set of 1-simplices σ in C which contain v′ (viewed as
an element in the ∆-complex C) such that one of the faces of σ is adjacent to v′.

We recall the well-known definition of the dual complex of an snc-scheme, see e.g.
[dFKX17, Definition 8].

Definition 3.3.7 (Dual complex). Let Y = ⋃
i∈I Yi be a pure dimensional scheme

with irreducible components Yi such that for every non-empty J ⊂ I

YJ :=
⋂
i∈J

Yj

is either empty or smooth and equidimensional of codimension |J | − 1. The dual
complex D(Y ) of Y is the (regular finite-dimensional unordered) ∆-complex defined
as follows. The vertices are the irreducible components of Y . For each non-empty
J ⊂ I, we associate a (|J |−1)-simplex σZ to each irreducible component Z ⊂ YJ with
the obvious characteristic maps. We denote the irreducible subscheme associated to
a simplex σ of D(Y ) by Yσ and call them the strata of Y .

Remark 3.3.8. Let X → SpecR be a strictly semi-stableR-scheme for some discrete
valuation ring R with residue field k, see Definition 2.3.2. The special fibre Y =
X ×R k is an snc scheme. Thus we obtain a dual complex D(Y ) of Y .

Lemma 3.3.9. Let X → SpecR be a strictly semi-stable R-scheme with special fibre
Y and let R̃/R be a finite ramified extension of dvr’s with ramification index r. Let
X̃ → Spec R̃ be a resolution of the base-change XR̃ → Spec R̃ as in Proposition 2.3.3.
We denote the special fibre of X̃ → Spec R̃ by Ỹ . Then the dual complex D(Ỹ ) of Ỹ
is a subdivision of the dual complex D(Y ) of Y , which we denote formally by a map
ψ : D(Ỹ ) → D(Y ).

The proof of Lemma 3.3.9 uses the following observation which allows us to trans-
late between the étale local toric picture and the global picture via the dual complex.
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Remark 3.3.10. Let σZ ∈ D(Y ) be a simplex associated to a stratum Z of Y .
Then Z is étale locally the (affine) toric variety associated to the cone σn,1 from
Lemma 3.2.3 with m = 1, where n = dim σZ . Moreover, Lemma 3.2.3(a) and the
orbit-cone correspondence imply that this identification respects the strata of Y in
the sense that a stratum in the dual complex is mapped to the same stratum in the
étale local toric picture.

Proof of Lemma 3.3.9. Let σZ ∈ D(Y ) be a simplex associated to a stratum Z of Y
and let σn,1 be the corresponding cone under the correspondence in Remark 3.3.10.
Then the base-change XR̃ → Spec R̃ corresponds étale locally to the cone σn,r from
Lemma 3.2.3 with the obvious morphism of lattices, namely scaling each generator
of N by 1

r except the first one. (Note that this morphism is compatible with the
cones σn,r and σn,1). The resolution X̃ → X corresponds étale locally by Proposi-
tion 3.2.6 to a subdivision of the cone σn,r. Moreover, this subdivision of the cone
is induced by a subdivision of the n-simplex and gives a simplicial fan, see Propo-
sition 3.2.6. Since this construction is the étale local analogue of X̃ → X and the
correspondence in Remark 3.3.10 respects the strata of Y and Ỹ , we see that the
constructed subdivision is a subdivision in the sense of Definition 3.3.4 and is equal
to D(Ỹ ), as claimed.

Remark 3.3.11. Note that the correspondence between the étale local toric picture
and the global picture via dual complexes does not hold in each step of the sequence
of subdivisions in Proposition 3.2.6 as the cones obtained during this sequence of
subdivision are in general not simplicial. Hence, we use the (global) description with
dual complexes only for the strictly semi-stable models X̃ → Spec R̃ and X → SpecR.

We describe the new components appearing in the resolution process of Propo-
sition 2.3.3, which we described étale locally in Section 3.2.2. This enables us to
explicitly describe the Chow group of one-cycles of the special fibres of the resolution,
see Proposition 3.3.14.

Proposition 3.3.12. With the same notation as in Setup 3.1.4, let ψ : D(Ỹ ) →
D(Y ) be the subdivision of dual complexes from Lemma 3.3.9. Recall that each
component in Y and Ỹ corresponds to a vertex in D(Y ) and D(Ỹ ), respectively.
For every vertex ṽ ∈ D(Ỹ )(0), the irreducible component Ỹṽ is obtained by a finite
sequence of blow-ups in smooth centers and Zariski locally trivial P1-bundles of the
base-change Yψ∗ṽ,L where Yψ∗ṽ is the irreducible subscheme of Y associated to the
simplex ψ∗ṽ, see Definition 3.3.7.
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Proof. This follows from the description of the resolution process in [Har01, Propo-
sition 2.2] together with the construction of the dual complex D(Y ) and the toric
construction of its subdivision. Indeed, Hartl’s resolution process is iterative and in
each step every component will be blown-up in a smooth (possibly empty) center
and the new components in that step are étale locally trivial P1-bundles over the
intersection of two components in the previous step, see Lemma 3.2.3 or [Har01,
Proof of Proposition 2.2]. Since we blow-up in that step one of the two compo-
nents, we see that the étale locally trivial P1-bundle admits a section. Thus it is
a Zariski-locally trivial P1-bundle over the intersection of two components in the
previous step. Hence each component Ỹṽ for ṽ ∈ D(Ỹ )(0) is of the form described
in the statement.

Definition 3.3.13. Let the notation be as in Proposition 3.3.12. Let τ ∈ RelWall(ψ)
be a relative wall as defined in Definition 3.3.6(ii). Let ψ∗τ be the smallest simplex of
D(Y ) containing τ . Then τ corresponds via the toric description to a (Zariski) locally
trivial P1-bundle Pτ over Yψ∗τ,L. We denote the projection by q̃τ : Pτ → Yψ(τ),L.

Additionally, we fix for any τ ∈ RelWall(ψ) a vertex v(τ) ∈ D(Ỹ )(0) such that
v(τ) is a face of τ . This implies via the toric description that the projective bundle
Pτ lies inside Ỹv(τ) and we denote the natural inclusion by ι̃′τ : Ỹv(τ) ↪→ Ỹ .

Proposition 3.3.14. Let the notation be as in Proposition 3.3.12 and Defini-
tion 3.3.13. Then the following hold:

(a) The Chow group CH1(Y,Λ) of one-cycles on Y is generated by cycles of the
form

γ =
∑

v∈D(Y )(0)
ι′v ∗γv ∈ CH1(Y,Λ), (3.3.2)

where γv ∈ CH1(Yv,Λ) is a one-cycle and ι′v : Yv ↪→ Y is the natural inclusion.

(b) The Chow group CH1(Ỹ ,Λ) of one-cycles on Ỹ is generated by cycles of the
form

γ̃ =
∑

v∈D(Y )(0)
ι̃′v ∗γ̃v +

∑
τ∈RelWall(ψ)

ι̃′τ ∗q̃
∗
τ α̃τ ∈ CH1(Ỹ ,Λ), (3.3.3)

where γ̃v ∈ CH1(Yv,L,Λ) is a one-cycle, α̃τ ∈ CH0 (Yψ∗τ,L,Λ) is a zero-cycle,
and ι̃′v : Ỹv ↪→ Ỹ , ι̃′τ : Ỹv(τ) ↪→ Ỹ , and q̃τ : Pτ → Yψ(τ),L are the natural mor-
phisms, see also Definition 3.3.13.
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Remark 3.3.15. (a) Part (b) says that the Chow group of one-cycles on Ỹ is
governed by CH1(Y,Λ) and by a toric part. Indeed, we can see (3.3.3) as

γ̃ =
∑

v∈D(Y )(0)
ι̃′v ∗γ̃v︸ ︷︷ ︸

from CH1(Y,Λ)

+
∑

τ∈RelWall(ψ)
ι̃′τ ∗q̃

∗
τ α̃τ .︸ ︷︷ ︸

“toric part”

Morally speaking, the difference between (3.3.2) and (3.3.3) lies in this toric
part.

(b) Two examples of such a description can be found in Section 3.6.

Proof. Since any prime one-cycle, i.e. every irreducible, 1-dimensional subvariety,
is contained in an irreducible component, statement (a) follows immediately. The
same argument shows that CH1(Ỹ ,Λ) is generated by one-cycles on the components
of Ỹ . We show statement (b) by using the structure of the components from Propo-
sition 3.3.12: Recall the following two standard facts about Chow groups, see e.g.
[Ful98, Theorem 3.3 (b) and Proposition 6.7 (e)]:

(i) Let P = P(E) → W be the projectivization of a vector bundle E on a smooth
variety W of relative dimension ≥ 2. Then

CH1(P,Λ) ≃ CH0(W,Λ) ⊕ CH1(W,Λ), CH0(P,Λ) ≃ CH0(W,Λ),

where the isomorphisms are given by pulling-back a cycle on W along the
flat map P → W and intersecting with a suitable power of the canonical line
bundle OP(E)(1) which is dual to the pull-back of the vector bundle E on W

to P = P(E).

(ii) Let W̃ be the blow-up of a smooth variety W along a smooth subvariety Z.
Then

CH1(W̃ ,Λ) ≃ CH0(Z,Λ) ⊕ CH1(W,Λ),

where the isomorphism is given by applying the isomorphism from (i) to the
projective bundle P(NZ/W ) → Z and pushing the one-cycle forward to W̃ as
well as pushing a one-cycle on W \ Z forward along the natural morphism
W \ Z → W̃ .

Let ṽ ∈ D(Ỹ )(0) be a vertex. Assume first ṽ = ψ∗v for a vertex v ∈ D(Y )(0). (Note
that ψ∗v consists of a single vertex by Remark 3.3.5(i).) By Proposition 3.3.12, the
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component Ỹṽ of Ỹ is a sequence of smooth blow-ups of Yv,L, i.e.

Ỹṽ = BlZr BlZr−1 · · · BlZ1 Yv,L

where Z1, . . . , Zr are the smooth centers of the blow-ups. Then by fact (ii) we find

CH1(Ỹṽ,Λ) ≃
r⊕
i=1

CH0(Zi,Λ) ⊕ CH1 (Yv,L,Λ) . (3.3.4)

The CH0(Zi,Λ) parts correspond under the orbit-cone correspondence to some rela-
tive walls. Indeed, every zero-cycle is a (formal) linear combination of closed points.
For each closed point the image under the isomorphism (3.3.4) is the one-cycle given
by pulling back the point to the corresponding P1-bundle over Zi and pushing the
one-cycle forward to Ỹṽ via the natural inclusion. This one-cycle is an irreducible ra-
tional curve which corresponds via the orbit-cone correspondence to a relative wall.
Hence, we see that CH1(Ỹṽ,Λ) is described by one-cycles corresponding to relative
walls and CH1 (Yv,L,Λ).

We consider now the case ṽ /∈ ψ∗D(Y )(0), i.e. the simplex σ = ψ∗ṽ of D(Y )
has dim(σ) ≥ 1. By Proposition 3.3.12, Ỹṽ is a sequence of smooth blow-ups and
projective bundles over some Yσ,L, i.e.

Ỹṽ = BlZr BlZr−1 · · · BlZ1 Pṽ

where Z1, . . . , Zr are the smooth centers of blow-ups and Pṽ is a Zariski locally
trivial P1-bundle over Wṽ such that the intersection with a different component Ỹṽ′

yields a section. Then the facts (i) and (ii) above imply

CH1(Ỹṽ,Λ) ≃
r⊕
i=1

CH0(Zi,Λ) ⊕ CH0(Wṽ,Λ) ⊕ CH1(Wṽ,Λ).

The latter part CH1(Wṽ,Λ) is contained in CH1(Yṽ′ ,Λ) and by the same argument
as in the case ṽ ∈ ψ∗D(Y )(0) we find that the CH0(Zi,Λ) parts and the CH0(Wṽ,Λ)
part correspond via the orbit-cone correspondence to some relative walls (in the
above sense). Hence, we see that CH1(Ỹṽ,Λ) is described by one-cycles corresponding
to relative walls and the CH1 which appear in a previous step of Proposition 2.3.3.
Inductively we get that the CH1 of the “new” components (corresponding to vertices
in D(Ỹ )(0)\ψ∗D(Y )(0)) is described by one-cycles corresponding to the relative walls
and CH1(Yv,L,Λ) for v ∈ D(Y ). The one-cycles corresponding to the relative walls
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and the one-cycles supported on Yv,L might appear in multiple components, but
they need to be counted once, as for an irreducible subvariety Z of Ỹv and Ỹw the
diagram with the natural inclusions

Z Ỹv

Ỹw Ỹ ,

ι′v

ι′w

commutes. This proves part (b) of the proposition.

3.4. Analysis of the base-change

We recall our setup (Setup 3.1.4), which we fix throughout this entire section. Let R
be a discrete valuation ring with residue field k (not necessarily algebraically closed)
and let X → SpecR be a strictly semi-stable R-scheme with special fibre Y whose
irreducible components Yi (with i ∈ I) are geometrically integral. Let R̃/R be a
finite extension of dvr’s with induced extension L/k of residue fields. Let X̃ be a
resolution of the base change XR̃ from Proposition 2.3.3, i.e. X̃ a strictly semi-stable
R̃-scheme; denote its special fibre by Ỹ . Let q : X̃ → X denote the natural morphism
and also the restriction to the special fibre q : Ỹ → Y . Recall that the dual complex
D(Ỹ ) of Ỹ is a subdivision of the dual complex D(Y ) of Y which we denote formally
by ψ : D(Ỹ ) → D(Y ), see Lemma 3.3.9. Consider the homomorphism

⊕
j∈I

CH1(Yj ,Λ)
ΦΛ

X−→
⊕
i∈I

CH0(Yi,Λ), (3.4.1)

where ιi : Yi ↪→ X is the natural inclusion and ΦΛ
X = ∑

i∈I

∑
j∈I

ι∗i ιj ∗. In this section we

relate (3.4.1) with ΦΛ
X̃

. This relays on the following two auxiliary functions.

Construction 3.4.1. We construct a function

d : D(Ỹ )(0) × D(Y )(0) −→ Z≥0, (3.4.2)

which measures a “distance” between the vertices of D(Ỹ ) to the vertices of D(Y ).
Let v′ ∈ D(Ỹ )(0) be a vertex and let σ = ψ∗v

′ be the smallest simplex in D(Y )
containing v′. Then σ corresponds by Remark 3.3.10 to a cone σn,1 from Lemma 3.2.3
with m = 1 and n = dim σ. Let w0, w1, . . . , wn ∈ σn,1 be the minimal generators of
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the cone σn,1, i.e. wi = e1 + fi in the notation of Lemma 3.2.3 (with f0 = 0). The
vertex v′ corresponds to a ray in the fan obtained by the resolution associated to ψ,
see also the proof of Lemma 3.3.9. Let w′ denote the minimal generator of this ray.
Since this fan is a toric subdivision of the cone σn,1 in the sense of [CLS11, before
Example 3.3.12], we can write

w′ =
n∑
i=0

aiwi

for some ai ≥ 0. As σn,1 (or equivalently σ) is simplicial, these ai’s are unique. The
ai’s additionally satisfy

n∑
i=0

ai = 1, (3.4.3)

by Proposition 3.2.6. We define for any vertex v ∈ D(Y )(0)

d(v′, v) =

r(1 − ai) if v = vi,

r otherwise,
(3.4.4)

where vi ∈ D(Y )(0) is the vertex associated to the minimal generator wi in σn,1.
It remains to check that d(v′, v) ∈ Z≥0 for all v ∈ D(Y )(0). If v ̸= vi for all
i = 0, 1, . . . , n, this is clear. For i = 0, 1, . . . , n, we note that 0 ≤ ai ≤ 1, by (3.4.3).
Hence d(v′, vi) ≥ 0 for all i = 0, 1, . . . , n. Moreover, the point w′ is a lattice point
in the sublattice generated by e1,

1
rf1,

1
rf2, . . . ,

1
rfn, see Proposition 3.2.6. Since

wj = e1 + fj , this immediately implies ai ∈ 1
rZ. These two observations yield

d(v′, vi) ∈ Z≥0 for all i = 1, . . . , n, i.e. d is a well-defined map of the form (3.4.2).

Construction 3.4.2. We construct a function

I : RelWall(ψ) × D(Ỹ )(0) −→ Z, (3.4.5)

which encodes the intersection numbers of one-cycles corresponding to the relative
walls with the divisors corresponding to the vertices of the simplicial complex.

Let σ be a simplex in D(Y ) and let τ ′ = σ′
1 ∩ σ′

2 be a wall of the subcomplex ψ∗σ

of D(Ỹ ), i.e. τ ′ is a relative wall of ψ. Let d − 1 = dim τ ′ be the dimension of the
simplex τ ′. Let v′

0, . . . , v
′
d and v′

1, . . . , v
′
d+1 be the vertices of σ′

1 and σ′
2, respectively.

Recall once more that we associate to σ the simplicial cone σd,1 from Lemma 3.2.3
with m = 1, see Remark 3.3.10. Then ψ∗σ corresponds to a fan Σ′ which is a toric
subdivision of the cone σdimσ,1. The simplices σ′

1, σ
′
2, and τ ′ correspond to cones of

Σ′ of dimensions d+1, d+1, and d respectively. We denote the cones by S′
1, S′

2, and
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T ′ respectively. Note that T ′ = S′
1 ∩ S′

2. Recall also that the vertices v′
0, . . . , v

′
d+1

correspond to rays ρ′
0, . . . , ρ

′
d+1 of S′

1 or S′
2. We define for any v′ ∈ D(Ỹ )(0)

Iτ ′(v′) := I(τ ′, v′) :=

Dρ′
i
· V (T ′) if v′ = v′

i

0 otherwise,
(3.4.6)

where Dρ′
i

is the divisor associated to the ray ρ′
i and V (T ′) is the Zariski closure of

the orbit corresponding to T ′ via the orbit-cone correspondence, see also Proposi-
tion 3.2.1. It is obvious that Iτ ′(v′) is an integer, i.e. the function I is well-defined
as claimed in (3.4.5).

These two auxiliary functions satisfy the following crucial relation, which is de-
duced from the wall relation, see (3.2.2).

Lemma 3.4.3. The functions d defined in Construction 3.4.1 and I defined in
Construction 3.4.2 satisfy for every v ∈ D(Y )(0) and τ ′ ∈ RelWall(ψ)

∑
v′∈D(Ỹ )(0)

(
r − d(v′, v)

)
Iτ ′(v′) = 0. (3.4.7)

Proof. With the same notation as in Construction 3.4.2, let w′
0, . . . , w

′
d+1 be the

minimal generators of the rays ρ′
0, . . . , ρ

′
d+1. The fan Σ′ is a toric subdivision of the

cone σd,1 associated to σ and let w1, . . . , wd+1 be the minimal generators of the cone.
We write for i = 0, . . . , d+ 1 the minimal generators w′

i as a linear combination

w′
i =

d+1∑
j=1

aijwj , (3.4.8)

which uniquely exists, since σ′
1 and σ′

2 are contained in the simplex σ. Moreover, by
the wall relation (3.2.2) there exist (up to scaling) unique b0, . . . , bd+1 such that

d+1∑
i=0

biw
′
i = 0.

Together with (3.4.8) we find

0 =
d+1∑
i=0

biw
′
i =

d+1∑
i=0

bi

d+1∑
j=1

aijwj

 =
d+1∑
j=1

(
d+1∑
i=0

aijbi

)
wj
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= λ
d+1∑
j=1

(
d+1∑
i=0

(r − d(vj , v′
i))Iτ ′(v′

i)
)
wj ,

where λ = b0
r ̸= 0 is the necessary scaling due to the choice with regard to the bj ’s.

Note that we used in the last step the definition of d and I together with (3.2.3).
Since Iτ ′(v′) = 0 for every v′ different to all (v′

i)’s, this shows (3.4.7) as the cone σ
is simplicial and λ ̸= 0.

In order to relate the homomorphism (3.4.1) with the homomorphism for the
resolution X̃ after a finite base change, we replace the term ⊕

j CH1(Yj ,Λ) in (3.4.1)
with CH1(Y,Λ) which does not change the image of the map, see Remark 3.4.5.

Definition 3.4.4 ([PS23, Definition 3.1]). Let X → SpecR be a strictly semi-stable
R-scheme with special fibre Y . Denote the irreducible components of Y by Yi with
i ∈ I. Then we define

ΦΛ
X ,Yi : CH1(Y,Λ) ι∗−→ CH1(X ,Λ)

ι∗i−→ CH0(Yi,Λ),

where ι : Y → X and ιi : Yi → X are the natural inclusions. Moreover, we define by
abuse of notation (see Remark 3.4.5 below)

ΦΛ
X :=

∑
i∈I

ΦΛ
X ,Yi : CH1(Y,Λ) −→

⊕
i∈I

CH0(Yi,Λ).

Remark 3.4.5. The map in (3.4.1) is the composition of the natural surjection

⊕
i∈I

CH1(Yi,Λ) −→ CH1(Y,Λ),

given by the pushforward along the inclusions Yi ↪→ Y , with the map ΦΛ
X (defined

in Definition 3.4.4), see also [PS23, Lemma 3.2]. In particular, the images of both
maps named ΦΛ

X are equal, which justifies the notation. Moreover, in the following
we will mostly write ΦΛ

X for the map in Definition 3.4.4.

Remark 3.4.6. Let the notation be as in Definition 3.4.4. Let γi ∈ CH1(Yi,Λ) be
a one-cycle for some i ∈ I and let ι′i : Yi ↪→ Y be the natural inclusion. Then for
every j ∈ I \ {i}

ΦΛ
X ,Yj

(
ι′i ∗γi

)
=

ιij,j ∗ γi|Yi∩Yj ∈ CH0(Yj ,Λ), if Yi ∩ Yj ̸= ∅,

0 ∈ CH0(Yj ,Λ), otherwise,
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and
ΦΛ

X ,Yi
(
ι′i ∗γi

)
= −

∑
l ̸=i

Yi∩Yl ̸=∅

ιil,i ∗ γi|Yi∩Yl ∈ CH0(Yi,Λ),

where ιil,i : Yi ∩ Yl ↪→ Yi is the natural inclusion and we set γi|Yi∩Yj := ι∗ij,iγi, see
[PS23, Lemma 3.2].

Recall that we fixed throughout this section a strictly semi-stable family X →
SpecR over a dvr R and a resolution X̃ → Spec R̃ after a finite extension of dvr’s
R̃/R with induced extension L/k of residue fields. We denote the special fibres by
Y and Ỹ and their dual complexes by D(Y ) and D(Ỹ ), respectively. Recall that
ψ : D(Ỹ ) → D(Y ) is a subdivision, see Lemma 3.3.9. Recall that we denote the
stratum associated to a simplex σ in D(Y ) by Yσ.

Lemma 3.4.7. The homomorphism ΦX from Definition 3.4.4 is given for the strictly
semi-stable families X → SpecR and X̃ → Spec R̃ as follows:

(a) For any γ ∈ CH1(Y,Λ) of the form (3.3.2) and for any v ∈ D(Y )(0),

ΦΛ
X,Yv(γ) =

∑
w∈AD(Y )(v)

ιvw,v ∗
(
γw|Yv∩Yw − γv|Yv∩Yw

)
∈ CH0(Yv,Λ),

where ιvw,v : Yv ∩ Yw ↪→ Yv is the natural inclusion and AD(Y )(v) is defined in
Definition 3.3.2.

(b) For any γ̃ ∈ CH1(Ỹ ,Λ) of the form (3.3.3) and for any ṽ ∈ D(Ỹ )(0),

ΦΛ
X̃,Ỹṽ

(γ̃) =
∑

v∈Aψ(ṽ)
−ι̃vṽ,ṽ ∗ γ̃ψ∗ṽ|(Yv∩Yψ∗ṽ)L +

∑
(σ,v)∈Lψ(ṽ)

ι̃σ,ṽ ∗ γ̃v|Yσ,L

+
∑

τ∈RelWall(ψ)
ι̃τ,ṽ ∗Iτ (ṽ)α̃τ

(3.4.9)

in CH0(Ỹṽ,Λ), where AD(Ỹ )(v) is defined in Definition 3.3.2, ψ∗ in Defini-
tion 3.3.4, Aψ(ṽ), RelWall(ψ), and Lψ(ṽ) in Definition 3.3.6, and Iτ (ṽ) in
(3.4.6). Moreover, ι̃vṽ;ṽ, ι̃σ,ṽ, and ι̃τ,ṽ are the natural inclusions, see also the
remark below.

Remark 3.4.8. (a) The zero-cycles appearing on the right hand side of (3.4.9)
lie in (Yv ∩ Yψ∗ṽ)L for v ∈ Aψ(ṽ), in Yσ,L for (σ, v) ∈ Lψ(ṽ), or in Yψ∗τ,L for
τ ∈ RelWall(ψ). If Iτ (ṽ) ̸= 0, then we know by the construction in (3.4.6) that
ṽ is a vertex of the simplex τ . We disregard the terms ατ , if Iτ (ṽ) = 0.
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We know that a finite sequence of blow-ups in smooth centers and (Zariski)
locally trivial P1-bundles of (Yv ∩ Yψ(ṽ))L, Yσ,L, or Yψ(τ),L (for Iτ (ṽ) ̸= 0) lies
in Ỹṽ, see Proposition 3.3.12. These are the natural inclusions ι̃vṽ,ṽ, ι̃σ,ṽ, and
ι̃τ,ṽ, respectively. Note that this makes sense as the Chow group of zero-cycles
is invariant under blow-ups in smooth centers and (Zariski) locally trivial P1-
bundles by [Ful98, Theorem 3.3 (b) and Proposition 6.7 (e)].

(b) In accordance with the previous remark, we restrict the one-cycle γ̃ψ∗ṽ in
(3.4.9) not to (Yv ∩ Yψ∗ṽ)L, but rather the strict transform of (Yv ∩ Yψ∗ṽ)L
under the sequence of blow-ups described in the previous remark. Note that
(Yv ∩Yψ∗ṽ)L is already a Cartier divisor in Yψ∗Ỹ ,L

. The same holds for γ̃v|Yσ,L .

(c) Two explicit examples of the map ΦX̃ are provided in Section 3.6.

Proof of Lemma 3.4.7. Item (a) follows immediately from the explicit description
of ΦΛ

X in Remark 3.4.6 together with (3.3.2). For item (b), we can use the same
argument, i.e. apply Remark 3.4.6 to the explicit description of the one-cycles in
(3.3.3). The only non-trivial part is the intersection

Ỹṽ · ι̃∗ι̃′τ ∗q̃
∗
τ α̃τ = ι̃τ,ṽ ∗Iτ (ṽ)ατ , (3.4.10)

where ι̃ : Ỹ ↪→ X̃ is the natural inclusion and Ỹṽ· is the intersection with the Cartier
divisor Ỹṽ ⊂ X̃. Since ατ is a linear combination of rational equivalent classes of
points, it suffices to show (3.4.10) for every point in Yψ(τ),L. For each such point we
can consider the étale local toric description of X̃ and find that Iτ (ṽ) is by (3.4.6)
the intersection multiplicity at that point. Since this is independent of the point
chosen, we obtain (3.4.10) and thus item (b).

Proposition 3.4.9 (Key formula). Let X → SpecR be a strictly semi-stable R-
scheme with special fibre Y , let R̃/R be a finite extension of dvr’s of ramification
index r with induced extension L/k of residue fields, and let X̃ → Spec R̃ be a
resolution of the base-change XR̃ from Proposition 2.3.3 and let Ỹ be its special
fibre. Let q : Ỹ → Y be the natural morphism and let ψ : D(Ỹ ) → D(Y ) be the
subdivision in Lemma 3.3.9. Then for any γ̃ ∈ CH1(Ỹ ,Λ) and v ∈ D(Y )(0) we have

ΦΛ
X,Yv(q∗γ̃) =

∑
ṽ∈D(Ỹ )(0)

ιψ∗ṽ,v ∗(r − d(ṽ, v))q∗ΦΛ
X̃,Ỹṽ

(γ̃) ∈ CH0(Yv,Λ), (3.4.11)

where d(ṽ, v) is defined in (3.4.4) and ιψ∗ṽ,v : Yψ∗ṽ ↪→ Yv is the natural inclusion for
d(ṽ, v) < r.
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Proof. Let v ∈ D(Y )(0) be a vertex corresponding to an irreducible component Yv
of the special fibre Y and let γ̃ ∈ CH1(Ỹ ,Λ) be a one-cycle on Ỹ which we can
assume to be of the form (3.3.3). Note first that d(ṽ, v) < r if and only if v is a
vertex of ψ∗ṽ by the construction in (3.4.4). Hence the right hand side of (3.4.11) is
well-defined in CH0(Yv,Λ). We claim that the equality in (3.4.11) is an equality of
cycles. If r = 1, then there is nothing to prove, as the base-change and the resolution
are trivial, i.e. we can assume without loss of generality r > 1. We note that by the
projection formula [Ful98, Proposition 2.3 (c)] for every w ∈ AD(Y )(v)

q∗
(
γ̃v|(Yv∩Yw)L

)
= (q∗γ̃v)|Yv∩Yw . (3.4.12)

Similarly, for every ṽ ∈ AD(Ỹ )(v) and σ ∈ D(Y )(1) such that (σ, v) ∈ Lψ(ṽ) the
projection formula yields

q∗
(
γ̃v|Yσ,L

)
= (q∗γ̃v)|Yσ . (3.4.13)

Recall from (3.4.9) that ΦΛ
X̃,Ỹṽ

(γ̃) consists of three sums. We consider the right hand
side of (3.4.11) for each of the sums separately: The terms ι̃τ,v ∗q∗α̃τ in (3.4.9) sum
up on the right side of (3.4.11) to 0 by Lemma 3.4.3. The right hand side of (3.4.11)
reads for the first sum of (3.4.9) as follows (using the notation from Remark 3.4.8(a))

∑
ṽ∈D(Ỹ )(0)

(r − d(ṽ, v))ιψ∗ṽ,vq∗

 ∑
w∈Aψ(ṽ)

−ι̃wṽ,ṽ ∗ γ̃ψ∗ṽ|(Yw∩Yψ∗ṽ)L


=

∑
w∈AD(Y )(v)

−rq∗ι̃wψ∗v,ψ∗v ∗ γ̃v|(Yv∩Yw)L

(3.4.12)=
∑

w∈AD(Y )(v)
−rιvw,v ∗ (q∗γ̃v)|(Yv∩Yw) .

For second sum of (3.4.9) it reads (using again the notation from Remark 3.4.8(a))

∑
ṽ∈D(Ỹ )(0)

(r − d(ṽ, v))ιψ∗ṽ,vq∗
∑

(σ,w)∈Lψ(ṽ)
ι̃σ,ṽ ∗ γ̃w|Yσ,L

=
∑

w∈D(Y )(0)

∑
σ∈D(Y )(1)

w∈σ

(r − d(ṽ(w, σ), v))ιψ∗ṽ(w,σ),v ∗q∗ι̃σ,ṽ(w,σ) ∗ γ̃w|Yσ,L

(3.4.13)=
∑

w∈D(Y )(0)

∑
σ∈D(Y )(1)

w∈σ

(r − d(ṽ(w, σ), v))ισ,v ∗ (q∗γ̃w)|Yσ
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=
∑

σ∈D(Y )(1)
v∈σ

(r − 1)ισ,v ∗ (q∗γ̃v)|Yσ + ισ,v ∗
(
q∗γ̃w(σ)

)∣∣∣
Yσ

=
∑

w∈AD(Y )(v)
(r − 1)ιvw,v ∗ (q∗γ̃v)|Yv∩Yw + ιvw,v ∗ (q∗γ̃w)|Yv∩Yw ,

where ṽ(w, σ) ∈ D(Ỹ )(0) is the unique vertex of D(Y ) which is contained in σ and
adjacent to ψ∗w, w(σ) is the unique vertex of the 1-simplex σ different from v. Note
that we used in the second last equality the easy observation that d(ṽ(w, σ), v) is 0
if v /∈ σ, r− 1 if v is contained in σ and adjacent to ṽ(w, σ), and 1 otherwise, which
follows directly from Construction 3.4.1. Since ΦΛ

X,Yv
(q∗γ̃) is given by

ΦΛ
X,Yv(q∗γ̃) =

∑
w∈AD(Y )(v)

ιvw,v ∗
(

(q∗γ̃w)|Yv∩Yw − (q∗γ̃v)|Yv∩Yw

)
,

the above arguments shows the equality in (3.4.11).

3.5. Proof of the main results

3.5.1. Exactness of the complex

Theorem 3.5.1. Let R be a dvr with algebraically closed residue field k. Let X →
SpecR be a strictly semi-stable R-scheme with special fibre Y , let R̃/R be a finite
extension of dvr’s with ramification index r, and let X̃ → Spec R̃ be a resolution
of XR̃ from Proposition 2.3.3. Let Λ be a ring and let ψ : D(Ỹ ) → D(Y ) be the
subdivision from Lemma 3.3.9. Let A/R and Ã/R̃ be unramified extensions of dvr’s
with the same induced extension L′/k on residue fields. Then the following holds

(a) If ΦΛ
X̃Ã

is surjective, then so is ΦΛ
XA

.

(b) Assume additionally that X is proper. If the complex

CH1(ỸL′ ,Λ)
ΦΛ

X̃
Ã−−−→

⊕
ṽ∈D(Ỹ )(0)

CH0(Ỹṽ,L′ ,Λ)
∑

ṽ
deg

−−−−−→ Λ (3.5.1)

is exact, then the complex

CH1(YL′ ,Λ)
ΦΛ

XA−−−→
⊕

v∈D(Y )(0)
CH0(Yv,L′ ,Λ)

∑
v

deg
−−−−−→ Λ (3.5.2)

is exact.
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Remark 3.5.2. Let R be a discrete valuation ring with residue field k and let L/k
be a field extension. Then there exists an unramified extension of discrete valuation
rings A/R such that the induced extension on residue field is L/k, see [Bou06,
Théorème 1 and Corollaire on page AC IX.40-41].

Proof of Theorem 3.5.1. Note that the families XA → SpecA and X̃Ã → Spec Ã are
strictly semi-stable by [Har01, Proposition 1.3], as A/R and Ã/R̃ are unramified
extension. Moreover, the natural morphism q : Ỹ → Y induces a morphism of the
base-change q : ỸL′ → YL′ . We will prove the statement for ease of notation in the
case L′ = k. The general case follows verbatim by the same argument.

We claim: If ΦΛ
X̃

is surjective or X is proper and the complex (3.5.1) is exact, then

q∗ΦΛ
X̃

(
CH1(Ỹ ,Λ)

)
= ΦΛ

X (CH1(Y,Λ)) , (3.5.3)

where q : Ỹ → Y is the natural morphism induced by the morphism X̃ → X.
The claim immediately implies items (a) + (b), as the push-forward map

q∗ :
⊕

ṽ∈D(Ỹ )(0)

CH0(Ỹṽ,Λ) −→
⊕

v∈D(Y )(0)
CH0(Yv,Λ) (3.5.4)

is clearly surjective, see Proposition 3.3.12, and q∗ commutes with the degree map.
Hence it suffices to prove the claim. We show first the inclusion “⊇” in (3.5.3). Let
γ ∈ CH1(Y,Λ) be a one-cycle. We aim to show that ΦΛ

X(γ) lies in the image of q∗ΦΛ
X̃

.
It follows from Proposition 3.3.14 that there exists a γ̃ ∈ CH1(Ỹ ,Λ) such that

q∗γ̃ = γ ∈ CH1(Y ).

(Note that we used here that k is the residue field of R and R̃, as k is algebraically
closed.) The key formula (3.4.11) in Proposition 3.4.9 shows

ΦΛ
X(γ) = ΦΛ

X(q∗γ̃) ∈ q∗ΦΛ
X̃
.

This concludes the proof of the inclusion “⊇”. We turn to the proof of the inclusion
“⊆” in (3.5.3). Consider a collection of zero-cycles β = (βv)v ∈

⊕
v∈D(Y )(0) CH0(Yv,Λ)

of the form

βv =


ισ,v1 ∗α if v = v1,

−ισ,v2 ∗α if v = v2,

0 otherwise,

(3.5.5)
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for some σ ∈ D(Y )(1) with vertices v1 and v2, α ∈ CH0(Yσ,Λ) and ισ,v : Yσ ↪→ Yv the
natural inclusion. We aim to show that β ∈ ΦΛ

X (CH1(Y,Λ)). To this end, consider
γ̃ ∈ CH1(Ỹ ,Λ) such that

(
ΦΛ
X̃,Ỹṽ

)
(γ̃) =


ι̃σ,ψ∗v1 ∗α if ṽ = ψ∗v1,

−α if (σ, v1) ∈ Lψ(ṽ),

0 otherwise,

where ι̃σ,ψ∗v1 is as in Remark 3.4.8(a) and Lψ(ṽ) is defined in Definition 3.3.6(iii).
Note that there exists a unique vertex ṽ such that (σ, v1) ∈ Lψ(ṽ). Hence such a
γ̃ exists by our assumption that ΦΛ

X̃
is surjective or X is proper and the complex

(3.5.1) is exact. Then the formula (3.4.11) implies(
ΦΛ
X,Yv1

)
(q∗γ̃) = rισ,v1 ∗α+ ισ,v1 ∗(r − 1)(−α) + 0 = ισ,v1 ∗α,(

ΦΛ
X,Yv2

)
(q∗γ̃) = 0 + 1 · ισ,v2 ∗ (−α) = −ισ,v2 ∗α,(

ΦΛ
X,Yv

)
(q∗γ̃) = 0,

for v ∈ D(Y ) \ {v1, v2}. Hence, β = ΦΛ
X̃

(q∗γ̃) ∈ ΦΛ
X (CH1(Y,Λ)).

Since q∗ΦΛ
X̃

(γ̃′) for every γ̃′ ∈ CH1(Ỹ ,Λ) is a (finite) linear combination of zero-
cycles of the form (3.5.5) by Remark 3.4.6, the above argument shows that

q∗ΦΛ
X̃

(
CH1(Ỹ ,Λ)

)
⊆ ΦΛ

X (CH1(Y,Λ)) .

Hence, we proved the equality (3.5.3), which finishes the proof of the theorem.

Remark 3.5.3. Note that the assumption on the residue field being algebraically
closed is crucial for the argument. Because otherwise, the push-forward map (3.5.4)
is in general not surjective. In fact, for a vertex v ∈ D(Y )(0) and z ∈ CH0(Yv,Λ),
we have

q∗zL = [L : k] · z ∈ CH0(Yv,Λ),

where L is the residue field of R̃.

Using the same argument as in [PS23, Theorem 4.1], Theorem 3.5.1(b) implies
the following result.

Corollary 3.5.4. Let Λ be a ring. Let R be a dvr with algebraically closed residue
field k, let X → SpecR be a strictly semi-stable projective R-scheme with special fibre
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Y = ⋃
i∈I

Yi such that the geometric generic fibre X̄ of X admits a Λ-decomposition of

the diagonal. Then for any unramified extension A/R of dvr’s with induced extension
of residue fields L′/k, the complex

⊕
i∈I

CH1
(
Yi,L′ ,Λ

) ΦΛ
XA−−−→

⊕
i∈I

CH0
(
Yi,L′ ,Λ

) deg−−→ Λ (3.5.6)

is exact, where is ΦΛ
XA

as in (3.4.1), see also Definition 3.4.4 and Remark 3.4.6.

Proof. As ΦΛ
X depends only on the special fibre (see [PS23, Lemma 3.2]) and the

special fibre does not change under the base-change to the completion of R, we can
assume without loss of generality that R is complete. The Λ-decomposition of the
diagonal for the geometric generic fibre holds already after some finite field extension
F/K of the fraction field of R.

Consider the integral closure R̃ of R in F . Since F is a finite field extension and
R is complete, the ring R̃ is also a dvr and a finite extension over R. Note that
the residue field of R̃ is again k because k is algebraically closed. Moreover, fix a
resolution X̃ → Spec R̃ of the base-change XR̃ from Proposition 2.3.3.

Let A/R be a unramified extension of dvr’s with induced extension L′/k of residue
fields. By Remark 3.5.2 there exists an unramified extension Ã/R̃ whose extension of
residue fields is L′/k. Since the generic fibre X̃ = XF of X̃ admits a Λ-decomposition
of the diagonal, the homomorphism ΦΛ

X̃Ã
is surjective onto the kernel of the degree

map by [PS23, Theorem 1.2 (1)]. (Loc. cit. shows it for Λ = Z, but the same argu-
ment works for general Λ.) Hence, the complex (3.5.6) is exact by Theorem 3.5.1(b)
and Remark 3.4.5.

Proof of Theorem 3.1.1. Let R be a dvr with fraction field k and let L/k be a field
extension. By [Bou06, Corollaire on page AC IX.41], there exists a unramified exten-
sion A/R whose induced extension of residue fields is L/k. Thus Theorem 3.1.1 is a
reformulation of Corollary 3.5.4, because the degree map ∑i deg is clearly surjective
as k = k.

The assumption on the residue field in Theorem 3.1.1 and Corollary 3.5.4 is crucial.

Remark 3.5.5. Theorem 3.1.1 and Corollary 3.5.4 show the exactness of the com-
plex (3.1.1) for strictly semi-stable R-scheme if the residue field k of R is algebraically
closed and the geometric generic fibre admits a decomposition of the diagonal.

The exactness of the complex (3.1.1) at Z requires the existence of a zero-cycle
of degree 1 on the special fibre. Such a zero-cycle does not exist in general over
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non-closed fields. The exactness of the complex (3.1.1) fails over non-closed fields
in general also at ⊕i CH0(Yi). Indeed, consider a smooth, projective geometrically
rational variety Y over a field k ̸= k such that A0(Y ) := ker (deg : CH0(Y ) → Z)
is non-trivial. Then the smooth, projective family X = Y ×k k[[t]] → Spec k[[t]] is
strictly semi-stable and the image of Φ is trivial. Hence (3.1.1) is not exact, but the
geometric generic fibre is rational and thus admits a decomposition of diagonal. As
an example for Y , we can consider the diagonal cubic surface S1 := {x3 + y3 + z3 +
pw3 = 0} ⊂ P3

Qp over Qp which satisfies A0(S1) ̸= 0 by [CTS96, Example 2.8] and
[SS14, Theorem 4.1.1]. By [CT18, Proposition 1.3] there is a cubic surface S2 over
R with A0(S2) ̸= 0, which yields another example for Y .

We also provide a counterexample over number fields. Consider a (diagonal)
cubic surface S over a number field whose Brauer group Br(S) is non-trivial, see e.g.
[CTKS87, Proposition 1] and [SD93]. This implies by [Mer08, Theorem 2.11] that
there exists a field extension L/k such that A0(SL) ̸= 0. Hence, the complex (3.1.1)
is not exact after base-change to L.

3.5.2. Geometrically retract rational varieties over Laurent fields

We prove Corollary 3.1.2 more generally over fraction fields of excellent, henselian
dvr’s with algebraically closed residue field and for Chow groups with Λ-coefficients.
Recall that the exponential characteristic of a field k is p if the characteristic char k =
p > 0 and 1 if char k = 0.

Corollary 3.5.6. Let R be an excellent, henselian dvr with fraction field K and
algebraically closed residue field k. Let X be a smooth, projective variety over
K and assume that X admits a strictly semi-stable projective model over R. If
X admits geometrically a Λ-decomposition of the diagonal, then the degree map
deg : CH0(X,Λ) → Λ is an isomorphism up to inverting the exponential character-
istic of k.

Proof. We first note that the degree map is surjective. Indeed, let X → SpecR be a
strictly semi-stable projective R-scheme with generic fibre X. Since k is algebraically
closed, there exists a k-rational point in the smooth locus of the special fibre. By
Hensel’s lemma we can lift this k-point to a section of X → SpecR, see e.g. [EGAIV,
Theorem 18.5.17]. The intersection of this section with X yields a zero-cycle of
degree 1 on X, i.e. the degree map is surjective.

By assumption, the base-change X̄ to the algebraic closure K̄ admits a Λ-decomposition
of the diagonal. This Λ-decomposition of the diagonal holds after some finite field
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extension F/K. By a pull/push argument, we find that there exists an N ∈ Z≥1

such that
N [∆X ] = [X × z] + [Z] ∈ CHdimX(X ×K X,Λ), (3.5.7)

where ∆X ⊂ X ×K X is the diagonal, z is a zero-cycle on X of degree 1, and Z is a
dimX-cycle on X ×K X which does not dominate the first factor. Hence the kernel
of the degree map

A0(X,Λ) := ker (deg : CH0(X,Λ) −→ Λ)

is N -torsion, in fact one can choose N = [F : K], see e.g. [ACTP17, proof of Lemma
1.3]. Let Y denote the special fibre of the strictly semi-stable family X → SpecR
and let Yi denote the irreducible components of Y with i ∈ I. Consider Fulton’s
localization exact sequence

CH1(Y,Λ) −→ CH1(X,Λ) −→ CH0(X,Λ) −→ 0,

see [Ful75, Section 4.4]. This sequence fits, after tensoring with Z/l for some l ∈ Z≥0

coprime to the exponential characteristic of k, by [SS10, Corollary 0.9] into the
commutative diagram

CH1(Y,Λ)/l CH1(X,Λ)/l CH0(X,Λ)/l 0

CH1(Y,Λ)/l
(⊕
i∈I

Λ/l · [Yi]
)∨

Λ/l 0,

≃ deg

degi ◦ΦΛ
X deg

(3.5.8)

see also Bloch’s argument in [EW16, Theorem A.1] or [EKW16]. The bottom row
is exact by Corollary 3.5.4 using that the map

CH0(Yi,Λ)/l degi−→
(⊕
i∈I

Λ/l · [Yi]
)∨

is surjective, as k is algebraically closed. Thus, the right arrow in (3.5.8) is injec-
tive, in particular A0(X,Λ) is divisible by l for each l coprime to the exponential
characteristic of k. Since A0(X,Λ) is torsion by (3.5.7), the corollary follows.
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3.6. Two concrete resolutions

We illustrate the proof of the key proposition (Proposition 3.4.9) for Λ = Z in two
examples by spelling out the constructions and arguments in Sections 3.3 and 3.4.

Recall the general setup from Setup 3.1.4: We consider a strictly semi-stable family
X → SpecR over a dvr with special fibre Y such that the irreducible components
of Y and for simplicity all their intersections are geometrically integral. Let X̃ →
Spec R̃ be a resolution from Proposition 2.3.3 after a finite extension R̃/R of dvr’s
of ramification index r with induced extension L/k of residue fields. We denote the
special fibre of X̃ → Spec R̃ by Ỹ and the natural morphism by q : Ỹ → Y .

To simplify the notation, we will omit the pushforward along the natural inclusions
in all the formulas contained in the two examples below.

Example 3.6.1. Assume that Y is a chain of three Cartier divisors and denote
the three irreducible components by Y1, Y2, Y3. The dual complex D(Y ) of Y from
Definition 3.3.7 is

1

2

3

where we abbreviate the vertex corresponding to Yi by its subscript i. The subdivi-
sion from Lemma 3.3.9 is then given in the case r = 4 by

(4, 0, 0)

(0, 4, 0)

(0, 0, 4)

(3, 1, 0)

(2, 2, 0)

(1, 3, 0) (0, 3, 1)

(0, 2, 2)

(0, 1, 3)

ψ

1

2

3

Recall that the subdivision ψ : D(Ỹ ) → D(Y ) corresponds to a resolution X̃ →
Spec R̃ of XR̃ → Spec R̃. The irreducible components of the special fibre of X̃ →
Spec R̃ correspond to the vertices (i1, i2, i3) ∈ N3 of D(Ỹ ): The components Ỹ(4,0,0),
Ỹ(0,4,0), and Ỹ(0,0,4) are isomorphic to Y1,L, Y2,L and Y3,L, respectively. The compo-
nent Ỹ(i,1,i2,i3) corresponding to a vertex (i1, i2, i3) with i2, i1 + i3 ̸= 0 in the above
picture is a (Zariski) locally trivial P1-bundle over Yj,L ∩ Y2,L where j ∈ {1, 3} such
that ij ̸= 0.
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By Proposition 3.3.14, we have a surjection

f :
3⊕
j=1

CH1(Yj,L) ⊕
⊕

i1,i2≥1
i1+i2=4

CH0((Y1 ∩ Y2)L) ⊕
⊕

j2,j3≥1
j2+j3=4

CH0((Y2 ∩ Y3)L) −→ CH1(Ỹ ),

(γ1, γ2, γ3, α(i1,i2,0), α(0,j2,j3)) 7→ γ1 + γ2 + γ3 +
∑

i1,i2≥1
i1+i2=4

q∗
(i1,i2,0)α(i1,i2,0) +

∑
j2,j3≥1
j2+j3=4

q∗
(0,j2,j3)α(0,j2,j3)

where q(i1,i2,0) : Ỹ(i1,i2,0) → (Y1 ∩ Y2)L and q(0,j2,j3) : Ỹ(0,j2,j3) → (Y2 ∩ Y3)L are the
natural (flat) projections of the projective bundles. The distance function d from
Construction 3.4.1 can be read of the indices of the components as follows:

d((i1, i2, i3), (4, 0, 0)) = 4−i1, d((i1, i2, i3), (0, 4, 0)) = 4−i2, d((i1, i2, i3), (0, 0, 4)) = 4−i3.

Note that the relative walls in this examples are the new vertices (i1, i2, 0) and
(0, j2, j3) with i1, i2, j2, j3 > 0; hence we denote the relative walls by the vertex.
Then the function Iτ (ṽ) from Construction 3.4.2 is given for τ = (2, 2, 0) by

I(2,2,0)((i1, i2, i3)) =


1 if (i1, i2, i3) = (1, 3, 0) or (3, 1, 0),

−2 if (i1, i2, i3) = (2, 2, 0),

0 otherwise

and similarly for the other relative walls. The explicit description of the morphism
ΦX̃ from Lemma 3.4.7 is given as follows

Φ(4,0,0)(γ) = − γ1|(Y1∩Y2)L
+ α(3,1,0) ∈ CH0(Ỹ(4,0,0)),

Φ(0,4,0)(γ) = − γ2|(Y1∩Y2)L
− γ2|(Y2∩Y3)L

+ α(0,3,1) + α(1,3,0) ∈ CH0(Ỹ(0,4,0)),

Φ(0,0,4)(γ) = − γ3|(Y2∩Y3)L
+ α(0,1,3) ∈ CH0(Ỹ(0,0,4)),

Φ(3,1,0)(γ) = γ1|(Y1∩Y2)L
+ α(2,2,0) − 2α(3,1,0) ∈ CH0(Ỹ(3,1,0)),

Φ(2,2,0)(γ) = α(1,3,0) + α(3,1,0) − 2α(2,2,0) ∈ CH0(Ỹ(2,2,0)),

Φ(1,3,0)(γ) = γ2|(Y1∩Y2)L
+ α(2,2,0) − 2α(1,3,0) ∈ CH0(Ỹ(1,3,0)),

Φ(0,3,1)(γ) = γ2|(Y2∩Y3)L
+ α(0,2,2) − 2α(0,3,1) ∈ CH0(Ỹ(0,3,1)),

Φ(0,2,2)(γ) = α(0,3,1) + α(0,1,3) − 2α(0,2,2) ∈ CH0(Ỹ(0,2,2)),

Φ(0,1,3)(γ) = γ3|(Y2∩Y3)L
+ α(0,2,2) − 2α(0,1,3) ∈ CH0(Ỹ(0,1,3)),
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where Φ(i1,i2,i3) = ΦX̃,Ỹ(i1,i2,i3)
and γ = f

(
γ1, γ2, γ3, α(i1,i2,0), α(0,j2,j3)

)
∈ CH1(Ỹ ).

The key formula (Proposition 3.4.9) reads in this example as follows:

ΦX,Y1(q∗γ) =
4∑

i1=1
i1 · q∗Φ(i1,4−i1,0)(γ),

ΦX,Y2(q∗γ) = 4q∗Φ(0,4,0)(γ) +
3∑

i2=1
i2 · q∗Φ(4−i2,i2,0)(γ) + i2 · q∗Φ(0,i2,4−i2)(γ),

ΦX,Y3(q∗γ) =
4∑

j3=1
j3 · q∗Φ(0,4−j3,j3)(γ).

This can be checked directly from the above description of ΦX̃ using the observations

(q∗γi)|Yi∩Yj = q∗
(
γi|(Yi∩Yj)L

)
, q∗q

∗
(i1,i2,i3)α(i1,i2,i3) = 0,

see [Ful98, Proposition 2.3 (c)] for the first claim. The explicit description of ΦX in
Lemma 3.4.7 reads in this example

ΦX,Y1(q∗γ) = − (q∗γ1)|Y1∩Y2
+ (q∗γ2)|Y1∩Y2

,

ΦX,Y2(q∗γ) = − (q∗γ2)|Y1∩Y2
− (q∗γ2)|Y2∩Y3

+ (q∗γ1)|Y1∩Y2
+ (q∗γ3)|Y2∩Y3

,

ΦX,Y3(q∗γ) = − (q∗γ3)|Y2∩Y3
+ (q∗γ2)|Y2∩Y3

.

Example 3.6.2. Assume that Y is a complete intersection of three Cartier divisors
Y1, Y2, and Y3, i.e. the dual complex D(Y ) of Y is the standard 2-simplex. For
r = 3, a possible subdivision looks like:

(3, 0, 0)

(2, 1, 0)

(1, 2, 0)

(0, 3, 0)

(2, 0, 1) (1, 0, 2)
(0, 0, 3)

(0, 2, 1)

(0, 1, 2)
(1, 1, 1)

ψ

1

2

3

This subdivision can be obtained by the blow-ups along the components correspond-
ing to the vertices (3, 0, 0), (3, 0, 0), (0, 3, 0), (1, 2, 0), (0, 3, 0), (1, 2, 0), (2, 1, 0) in that
order. The component Ỹ(1,1,1) corresponding to the central vertex (1, 1, 1) in the
picture is a Zariski locally trivial P1 × P1-bundle blown up along two disjoint sec-
tions. The components indexed by (3, 0, 0), (0, 3, 0), and (0, 0, 3) are isomorphic to
Y1,L, Y2,L, and Y3,L, respectively. The other components are blow-ups of a Zariski
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locally trivial P1-bundle over the intersection (Yi ∩ Yj)L of two components of Y
along the smooth locus (Y1 ∩ Y2 ∩ Y3)L viewed via a section as a subvariety in the
projective bundle. There are two types of relative walls which are depicted below in
two different colors:

τ ′
1

τ ′
2

τ ′
3

τ ′
(2,1,0)

τ ′
(1,2,0)

τ ′
(2,0,1) τ ′

(1,0,2)

τ ′
(0,2,1)

τ ′
(0,1,2)

τ(2,1,0)

τ(1,2,0)

τ(2,0,1) τ(1,0,2)

τ(0,2,1)

τ(0,1,2)

ψ

To simplify notation, we consider the following action of the symmetric group S3 on
the vertices: σ(i1, i2, i3) = (iσ(1), iσ(2), iσ(3)) for every (i1, i2, i3) ∈ N3

0. By Proposi-
tion 3.3.14, we can write any one-cycle γ ∈ CH1(Ỹ ) as

γ = γ1+γ2+γ3+(q′
1)∗α′

1+(q′
2)∗α′

2+(q′
3)∗α′

3+
∑
σ∈S3

(
qσ(2,1,0)

)∗
ασ(2,1,0)+

(
q′
σ(2,1,0)

)∗
α′
σ(2,1,0)

in CH1(Ỹ ) for some γi ∈ CH1(Yi,L), α(i1,i2,i3) ∈ CH0(Ỹ(i1,i2,i3)), and α′
1, α

′
2, α

′
3, α

′
(i1,i2,i3)

in CH0((Y1 ∩Y2 ∩Y3)L), where the zero-cycles α... and α′
... correspond to the respec-

tive relative wall in the picture above and the morphisms q... and q′
... are the natural

projection of the associated P1-bundle. The distance function d is given by

d((i1, i2, i3), (4, 0, 0)) = 4−i1, d((i1, i2, i3), (0, 4, 0)) = 4−i2, d((i1, i2, i3), (0, 0, 4)) = 4−i3.

We write down the function I representing the intersection numbers by the matrix

1 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 1 0 0 0 0 0 0

−2 1 0 0 0 0 −1 0 0 −1 1 1 0 0 0
1 −2 0 0 0 0 0 −1 0 1 −1 0 0 1 0
0 0 −2 1 0 0 −1 0 0 1 0 −1 1 0 0
0 0 1 −2 0 0 0 0 −1 0 0 1 −1 0 1
0 0 0 0 −2 1 0 −1 0 0 1 0 0 −1 1
0 0 0 0 1 −2 0 0 −1 0 0 0 1 1 −1
0 0 0 0 0 0 1 1 1 −1 −1 −1 −1 −1 −1


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3.6. Two concrete resolutions

where the columns are labelled in the following order:

τ(2,1,0), τ(1,2,0), τ(2,0,1), τ(1,0,2), τ(0,2,1), τ(0,1,2), τ
′
1, τ

′
2, τ

′
3, τ

′
(2,1,0), τ

′
(1,2,0), τ

′
(2,0,1), τ

′
(1,0,2), τ

′
(0,2,1), τ

′
(0,1,2),

and the rows represent the component Ỹ(i1,i2,i3) in the following order

(3, 0, 0), (0, 3, 0), (0, 0, 3), (2, 1, 0), (1, 2, 0), (2, 0, 1), (1, 0, 2), (0, 2, 1), (0, 1, 2), (1, 1, 1).

For γ ∈ CH1(Ỹ ) of the above form the maps Φ(i1,i2,i3) := ΦX̃,Ỹ(i1,i2,i3)
are given by

Φ(3,0,0)(γ) = − γ1|(Y1∩Y2)L − γ1|(Y1∩Y3)L + α(2,1,0) + α(2,0,1) + α′
1 ∈ CH0(Ỹ(3,0,0)),

Φ(0,3,0)(γ) = − γ2|(Y1∩Y2)L − γ2|(Y2∩Y3)L + α(1,2,0) + α(0,2,1) + α′
2 ∈ CH0(Ỹ(0,3,0)),

Φ(0,0,3)(γ) = − γ3|(Y1∩Y3)L − γ3|(Y2∩Y3)L + α(1,0,2) + α(0,1,2) + α′
3 ∈ CH0(Ỹ(0,0,3)),

Φ(2,1,0)(γ) = γ1|(Y1∩Y2)L − 2α(2,1,0) + α(1,2,0) − α′
1 − α′

(2,1,0) + α′
(1,2,0) + α′

(2,0,1) ∈ CH0(Ỹ(2,1,0)),

Φ(1,2,0)(γ) = γ2|(Y1∩Y2)L + α(2,1,0) − 2α(1,2,0) − α′
2 + α′

(2,1,0) − α′
(1,2,0) + α′

(0,2,1) ∈ CH0(Ỹ(1,2,0)),

Φ(2,0,1)(γ) = γ1|(Y1∩Y3)L − 2α(2,0,1) + α(1,0,2) − α′
1 + α′

(2,1,0) − α′
(2,0,1) + α′

(1,0,2) ∈ CH0(Ỹ(2,0,1)),

Φ(1,0,2)(γ) = γ3|(Y1∩Y3)L + α(2,0,1) − 2α(1,0,2) − α′
3 + α′

(2,0,1) − α′
(1,0,2) + α′

(0,1,2) ∈ CH0(Ỹ(1,0,2)),

Φ(0,2,1)(γ) = γ2|(Y2∩Y3)L − 2α(0,2,1) + α(0,1,2) − α′
2 + α′

(1,2,0) − α′
(0,2,1) + α′

(0,1,2) ∈ CH0(Ỹ(0,2,1)),

Φ(0,1,2)(γ) = γ3|(Y2∩Y3)L + α(0,2,1) − 2α(0,1,2) − α′
3 + α′

(1,0,2) + α′
(0,2,1) − α′

(0,1,2) ∈ CH0(Ỹ(0,1,2)),

Φ(1,1,1)(γ) = α′
1 + α′

2 + α′
3 −

∑
σ∈S3

α′
σ(2,1,0) ∈ CH0(Ỹ(1,1,1)).

Note that CH0(Ỹ(2,1,0)) = CH0((Y1 ∩ Y2)L) as Ỹ(2,1,0) is a blow-up in smooth centers
of a locally trivial P1-bundle over (Y1∩Y2)L (and similarly for the other components),
i.e. we view the zero-cyles α(1,2,0) as a zero-cycle on Ỹ(2,1,0). The key lemma reads

∑
i1,i2,i3
i1>0

i1q∗Φ(i1,i2,i3)(γ) = − (q∗γ1)|Y1∩Y2
− (q∗γ1)|Y1∩Y3

+ (q∗γ2)|Y1∩Y2
+ (q∗γ3)|Y1∩Y3

= ΦX,Y1(q∗γ),

∑
i1,i2,i3
i2>0

i2q∗Φ(i1,i2,i3)(γ) = − (q∗γ2)|Y1∩Y2
− (q∗γ2)|Y2∩Y3

+ (q∗γ1)|Y1∩Y2
+ (q∗γ3)|Y2∩Y3

= ΦX,Y2(q∗γ),

∑
i1,i2,i3
i3>0

i3q∗Φ(i1,i2,i3)(γ) = − (q∗γ3)|Y1∩Y3
− (q∗γ3)|Y2∩Y3

+ (q∗γ1)|Y1∩Y3
+ (q∗γ2)|Y2∩Y3

= ΦX,Y3(q∗γ),

which can be checked immediately by the above description using the observations
q∗γ = q∗γ1 +q∗γ2 +q∗γ3 and (q∗γi)|Yi∩Yj = q∗

(
γi|(Yi∩Yj)L

)
by [Ful98, Prop. 2.3 (c)].
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4. Irrationality of low degree
hypersurfaces

4.1. Introduction

A variety X over a field k is retract rational if there is some integer N ≥ dimX

and rational maps f : X 99K PN and g : PN 99K X such that the composition g ◦ f
is defined and agrees with idX . This notion is a direct analogue of retracts in
topology; it was introduced into birational geometry by Saltman [Sal82, Sal84] in
the 1980s. Equivalently, X is retract rational if there are an integer N ≥ dimX,
open dense subsets U ⊂ X and V ⊂ PN , and a morphism V → U which is surjective
on L-rational points for all field extensions L/k—this closely relates the notion to
the classical question of parametrizing solutions of polynomial equations by rational
functions. Rational or stably rational varieties are retract rational.

By the work of Asok–Morel [AM11, Theorem 2.3.6] and Kahn–Sujatha [KS15,
Theorem 8.5.1 and Proposition 8.6.2], a smooth proper retract rational variety X

is A1-connected in the sense of A1-homotopy theory, i.e. πA1
0 (X) = {∗}. By [AM11,

Remark 2.4.8], A1-connectedness is equivalent to separable R-triviality, which means
that X(L)/R = {∗} for any separable field extension L/k, where R denotes the
equivalence relation on X(L) generated by x ∼ y whenever x, y ∈ X(L) lie on the
same rational curve (defined over L). In other words, A1-connectedness provides
an arithmetic analogue of rational chain connectedness, which requires that any two
L-rational points can be connected by a chain of rational curves for any algebraically
closed field extension L of k. The following table illustrates the known implications
for smooth proper varieties:

rational +3 stably rational +3 retract rational

��

+3 A1-connected

��
unirational +3 rationally chain connected

The rationality problem for a given rationally connected variety X asks ‘how rational
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4.1. Introduction

it is’, that is, which of the properties in the above diagram are satisfied.
Not every unirational variety is A1-connected [AM72] and not every stably rational

variety is rational [BCTSS85]. Moreover, there are retract rational varieties (over
non-closed fields) that are not stably rational, see e.g. [EM75, Theorem 1.5 and
Theorem 2.3]; it is an open problem to produce such examples over algebraically
closed fields. Whether any A1-connected variety is retract rational is open over any
field.

A smooth proper A1-connected variety with a k-rational point has universally
trivial Chow group of zero-cycles and hence admits a decomposition of the diagonal
[BS83], which is an interesting motivic and cycle-theoretic property in itself.

4.1.1. Hypersurfaces

A particularly interesting class of varieties for the rationality problem are smooth
projective hypersurfaces X ⊂ PN+1

k of degree d and dimension N over a field k. The
interesting range for the problem is when d ≤ N + 1, in which case X is Fano and
thus rationally chain connected by [Cam92, KMM92].

If 2d! ≤ N+1 and k = C, then X is unirational, see [BR21, HMP98]. If d = N+1
and k = C, then X is irrational (in fact birationally rigid) by a theorem of de
Fernex [deF13, deF16], which extends earlier results by Iskovskikh–Manin [IM72]
and Pukhlikov [Pu87, Pu98]. If k = C and X ⊂ PN+1

C is very general of degree
d ≥ 2⌈N+3

3 ⌉, then it is not ruled and hence not rational by a theorem of Kollár
[Kol95]. Under the slightly weaker bound d ≥ 2⌈N+2

3 ⌉, Totaro [Tot16a] showed that
such hypersurfaces do not admit a decomposition of the diagonal, hence are neither
stably nor retract rational, nor A1-connected. This used [Voi15, CTP16]. Totaro’s
result was improved in [Sch19b], where the same result under the logarithmic bound
d ≥ log2N + 2, N ≥ 3 and over fields of characteristic ̸= 2 was proven; a similar
bound holds in characteristic 2 by [Sch21a].

The logarithmic degree bound in [Sch19b] is equivalent to N ≤ 2d−2. In the case
of stable rationality over fields of characteristic zero, Moe [Moe23] used the methods
from [NS19, KT19, NO22] to improve this logarithmic bound by a factor (d+1)

4 to
cover the cases N ≤ (d+ 1)2d−4. This chapter generalizes Moe’s result as follows:

Theorem 4.1.1. Let k be a field of characteristic different from 2. Then a very
general hypersurface X ⊂ PN+1

k of degree d ≥ 4 and dimension N ≤ (d + 1)2d−4

does not admit a decomposition of the diagonal, hence is neither stably nor retract
rational, nor A1-connected.
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4. Irrationality of low degree hypersurfaces

While stable irrationality in characteristic zero follows in the above degree range
from [Moe23, Theorem 5.2], the assertion on retract rationality and A1-connectedness
are new. In positive characteristic, for all N ≤ (d+ 1)2d−4 not covered by [Sch19b],
even rationality was previously open. For fixed degree d, a proportion of roughly
d−3
d+1 cases are new. The first new case concerns quintics of dimension N = 10.

By a very general hypersurface X over a field k we mean one where the coef-
ficients of a defining equation are algebraically independent over the prime field,
see Remark 2.4.5. With this definition, very general hypersurfaces exist over any
field (not necessarily uncountable) of sufficiently large transcendence degree over the
prime field, cf. Lemma 2.4.3.

In characteristic 2, we obtain an analogous result under a slightly weaker bound:

Theorem 4.1.2. Let k be a field of characteristic 2. Then a very general hyper-
surface X ⊂ PN+1

k of degree d ≥ 5 and dimension N ≤ d+1
3 2d−4 does not admit

a decomposition of the diagonal, hence is neither stably nor retract rational, nor
A1-connected.

In characteristic 2, the logarithmic bound in [Sch21a] is given by N ≤ 2d−3. The
above theorem improves this by a factor (d+1)/6; for fixed d, the proportion of new
cases is given by (d− 5)/(d+ 1).

Slightly better numerical bounds than in Theorems 4.1.1 and 4.1.2 can be ex-
tracted from Theorem 4.6.1 (see also Theorem 4.1.3) below, which is our main
result.

Our arguments allow us to bound the torsion order Tor(X) of the above hyper-
surfaces X ⊂ PN+1

k , i.e. the smallest positive integer e such that e · ∆X decomposes
in the Chow group of X × X (or e = ∞ if no such integer exists). If Tor(X) > 1,
then X does not admit a decomposition of the diagonal, hence is not A1-connected.
Moreover, any dominant generically finite map f : PdimX 99K X has degree deg f
divisible by Tor(X) and so the torsion order yields an interesting lower bound on
the possible degrees of unirational parametrizations of X.

If X ⊂ PN+1
k is a smooth Fano hypersurface of degree d over some field k, then

Tor(X) always divides d!, see [Roi72] and [CL17, Proposition 5.2]. This yields
an upper bound for the possible torsion orders of Fano hypersurfaces. We then
have the following result, which improves the previously known lower bounds from
[CL17, Sch21a].

Theorem 4.1.3. Let k be a field and let m ≥ 2 be an integer invertible in k. Let
n ≥ 2, r ≤ 2n − 2, and s ≤

(⌊
n
m

⌋
− 1

)
(2n−1 − 1) be non-negative integers and
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4.1. Introduction

write N := n + r + s. Then the torsion order of a very general Fano hypersurface
X ⊂ PN+1

k of degree d ≥ m+ n is divisible by m.

In Theorem 4.6.1 below we prove the above result under the weaker upper bound
on s given by s ≤

n∑
l=1

(n
l

) ⌊
n−l
m

⌋
. Previously, the best known bound on the torsion

orders of hypersurfaces was contained in [Sch21a] and corresponds to the case s = 0.

4.1.2. Outline of the argument

This paper provides a flexible cycle-theoretic analogue of the motivic obstruction
from [NS19, KT19], which applies to degenerations into unions of varieties such that
the obstruction lies in some lower-dimensional strata, and not in the components,
as in [Voi15, CTP16, Sch19a].

Previously, a solution to this problem has been proposed by the second named
author with Pavic in [PS23], with an important recent generalization by the first
named author in [Lan24]. The main weakness of our previous approach is the fact
that one has to compute an explicit strictly semi-stable model of the degeneration
in question, control the combinatorics of the dual complex of the special fibre and
control the Chow groups of 0- and 1-cycles of all components, which itself is a
notoriously difficult task for almost any given smooth projective variety. These tasks
have been solved in a computationally involved manner for quartic fivefolds [PS23]
and (3, 3)-complete intersections in P7 [LS23]. However, we do not see how to apply
our obstruction from [PS23, Lan24] systematically to examples of higher dimensions,
such as to the higher-dimensional complete intersections or hypersurfaces treated
via the aforementioned motivic method in [NO22, Moe23]; the total space of these
degenerations are not strictly semi-stable (they have toric singularities) and the
special fibre has a large number of components whose Chow groups seem inaccessible.

The main improvement proposed in this paper is an extension of our previous
method from [PS23, Lan24] to the non-proper case and hence in effect to (very)
singular degenerations, that we could not handle before. On a technical level, the
idea is to work with pairs of a variety X and a closed subset W ⊂ X. To state our
obstruction, we say that a variety X admits a decomposition of the diagonal with
respect to a closed subset W ⊂ X, if the diagonal point δX ∈ CH0(Xk(X)) lies in the
image of CH0(Wk(X)) → CH0(Xk(X)), see Section 4.2 below. With this terminology,
an ordinary decomposition of the diagonal corresponds to one with respect to a
zero-dimensional closed subset.

The obstruction to rationality that we introduce and exploit reads as follows.
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4. Irrationality of low degree hypersurfaces

Theorem 4.1.4. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let X → SpecR be a proper flat R-scheme with geo-
metrically integral generic fibre X = X ×R K and special fibre Y = X ×R k. Let
WX ⊂ X be a closed subscheme and let WX := WX ∩X and WY := WX ∩ Y be the
intersections with the generic fibre and the special fibre, respectively. Assume that
the following conditions are satisfied:

(1) X ◦ := X \WX is strictly semi-stable over R (see Definition 2.3.2);

(2) Y ◦ := Y \ WY consists of two components Y ◦
0 , Y

◦
1 , with intersection Z◦ =

Y ◦
0 ∩ Y ◦

1 .

If the geometric generic fibre X̄ = X × K̄ admits a decomposition of the diagonal
relative to the closed subset WX̄ := WX ×K K̄, then, for any field extension L/k,
the map

ΨY ◦
L

: CH1(Y ◦
0 ×k L) ⊕ CH1(Y ◦

1 ×k L) −→ CH0(Z◦ ×k L), (γ0, γ1) 7→ γ0|Z◦ − γ1|Z◦

is surjective modulo any integer m that is invertible in k, where γi|Z◦ denotes the
pullback of γi along the regular embedding Z◦ ↪→ Y ◦

i , see [Ful98, Remark 2.3].

Theorem 4.1.4 admits a generalization to the case where Y ◦ is an snc scheme
without triple intersections, see Theorem 4.3.3 below. Our arguments do not gener-
alize to degenerations where the obstruction lies in deeper strata, see Remark 4.3.15
below.

The obstruction map ΨY ◦
L

from Theorem 4.1.4 is a refined version of the one in
[PS23, Lan24]. The presence of WX in the above theorem yields the extra flexibility
that was missing in [PS23, Lan24]. In applications we will declare the singular locus
of X , the non-snc locus of Y , as well as all but two components of Y , to be contained
in WX . In particular, the family X in the above theorem may be quite singular and
the combinatorics of the special fibre Y can be complicated.

To explain the mechanism of the above theorem, assume that Z◦ is integral and
let Z ⊂ Y be the closure of Z◦. Assume further that CH1(Y ◦

i ×k L) = 0 for i = 0, 1
and any field extension L/k. (This will not hold on the nose in practice, but we
will be able to achieve this after degeneration and show that this suffices for the
argument.) In particular, the map ΨY ◦

L
in the above theorem is the zero map for

every field extension L/k. Applying this to the function field L = k(Z) of Z and
assuming that X̄ admits a decomposition of the diagonal with respect to WX̄ , we get
that the image of the diagonal point δZ in CH0(Z◦ × k(Z)) vanishes, and so, by the
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4.2. Torsion orders and decompositions of the diagonal relative to a closed subset

localization sequence, Z admits a decomposition with respect to Z ∩WY . In other
words, X̄ admits no decomposition of the diagonal with respect to WX̄ as long as
Z admits no decomposition with respect to Z ∩WY . Examples of this strategy are
illustrated in Examples 4.3.5 and 4.3.6 below. A simplified version of Theorem 4.1.4
is stated in Theorem 4.3.8.

Since dimZ = dimX − 1, the above reasoning sets the stage for an inductive
argument where one increases the dimension by one in each step. What makes
this work is the observation that the examples of Fano hypersurfaces without a
decomposition of the diagonal in [Sch19b, Sch21a] can in fact be shown to have no
decomposition of the diagonal with respect to a large class of divisors, see Theorem
4.5.1 below. This will serve as the start of our induction. For the induction step we
degenerate a given hypersurface of degree d to a union of two rational varieties which
meet along the lower-dimensional hypersurface of degree d that we have produced in
the previous step of the induction, see Section 4.4 below for the precise degeneration
we pick. This step is inspired by [Moe23]. The total space of our degeneration as
well as the fibres and their components will be (very) singular. The singularities
are not toric and so even in characteristic zero, the method in [KT19, NS19, NO22]
does not seem to apply to our degeneration.

Remark 4.1.5. After completion of the paper [LS25], James Hotchkiss and David
Stapleton informed us that they have independently obtained a different argument
which shows that, over fields of characteristic zero, the hypersurfaces in Theorem
4.1.1 are not A1-connected and hence not retract rational, see [HS25]. Their ap-
proach relies on a homotopy-theoretical lift of the obstruction from [NS19, KT19].
As in [NS19, KT19, NO22, Moe23], the assumption on the characteristic is needed
to be able to apply weak factorization.

4.2. Torsion orders and decompositions of the diagonal
relative to a closed subset

Let X be a variety over a field k. We say that e times the diagonal of X decomposes
if there is a zero-cycle z ∈ CH0(X) such that

e · ∆X = z ×X + Z ∈ CHdimX(X ×k X),

for some cycle Z whose support does not dominate the second factor of X×kX, see
[BS83]. The torsion order of X, denoted by Tor(X), is the smallest positive integer
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4. Irrationality of low degree hypersurfaces

e such that a decomposition as above exists; it is ∞ if no such integer exists, see
e.g. [CL17, Kah17, Sch21a]. We say that X admits a decomposition of the diagonal
if Tor(X) = 1. By the localization exact sequence [Ful98, §1.8], this is equivalent
to saying that δX ∈ im(CH0(Wk(X)) → CH0(Xk(X))) for a zero-dimensional closed
subset W ⊂ X, where δX ∈ Xk(X) denotes the point induced by the diagonal
∆X ⊂ X ×k X. This leads to the following simple but useful variant.

Definition 4.2.1. Let X be a variety over a field k and let Λ be a ring. We say
that X admits a Λ-decomposition of the diagonal relative to a closed subset W ⊂ X

if
δX ∈ im

(
CH0(Wk(X),Λ) → CH0(Xk(X),Λ)

)
,

where δX denotes the diagonal point induced by the diagonal ∆X ⊂ X ×k X. If
Λ = Z, we also say that X admits a decomposition (or integral decomposition) of
the diagonal relative to W .

Variants of the notion of a decomposition of diagonal relative to a closed subscheme
appear for example in [BS83], [Voi17, Definition 1.2], and [CL17, Definition 1.1].

Remark 4.2.2. By the above discussion, X admits a decomposition of the diagonal
if and only if it admits a decomposition relative to a closed subset of dimension zero.

By the localization sequence, the condition on δX in Definition 4.2.1 is equivalent
to

δX ∈ ker
(
CH0(Xk(X),Λ) → CH0(Uk(X),Λ)

)
,

where U = X \ W . It follows that a Λ-decomposition of the diagonal relative to
W ⊂ X is the same thing as a Λ-decomposition of the diagonal of U , relative to
the empty set. These observations lead us to the following relative version of the
aforementioned torsion order studied for instance in [CL17, Kah17, Sch21a].

Definition 4.2.3. Let X be a variety over a field k and let Λ be a ring. The Λ-
torsion order of X relative to a closed subset W ⊂ X, denoted by TorΛ(X,W ), is
the order of the element

δX |U = δU ∈ CH0(Uk(X),Λ),

where U = X \W .

By definition, TorΛ(X,W ) ∈ N ∪ {∞}. If Λ has characteristic c ̸= 0, then
TorΛ(X,W ) divides c and hence is finite.
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4.2. Torsion orders and decompositions of the diagonal relative to a closed subset

We remark that the torsion order of proper varieties relative to the empty set
has somewhat pathological behaviour. For instance, the Z-torsion order of a proper
variety with respect to the empty set is always ∞, but it may or may not be finite
relative to a non-empty closed subset W ⊂ X.

Remark 4.2.4. The Λ-torsion order of X relative to W is 1 if and only if X admits
a Λ-decomposition of the diagonal relative to W . The Λ-torsion order of X relative
to W is nothing but the Λ-torsion order of X \W , relative to the empty set.

Remark 4.2.5. If X is an algebraic scheme over k (not necessarily irreducible) and
W ⊂ X is a closed subset such that U = X \W is integral, then we can, in view of
Remark 4.2.4, still define TorΛ(X,W ) via the order of the element

δU ∈ CH0(Uk(U),Λ).

Lemma 4.2.6. Let X be a variety over a field k and let W ⊂ X be a closed subset.
Then the following hold:

(a) For all m ∈ Z, TorZ/m(X,W ) | TorZ(X,W ).

(b) Let W ′ ⊂ W ⊂ X be a closed subset, then TorΛ(X,W ) | TorΛ(X,W ′).

(c) Tor(X) is the minimum of the relative torsion orders TorZ(X,W ) where W ⊂
X runs through all closed subsets of dimension zero.

(d) If X is proper and deg : CH0(X) → Z is an isomorphism, then Tor(X) =
TorZ(X,W ) for any closed subset W ⊂ X of dimension zero, which contains
a zero-cycle of degree 1.

(e) If k = k̄ is algebraically closed, then TorΛ(X,W ) = TorΛ(XL,WL) for any
ring Λ and any field extension L/k.

Proof. Items (a)–(d) follow easily from the definitions and the above discussions.
To prove item (e), note that TorΛ(XL,WL) | TorΛ(X,W ) (even without asking
that k is algebraically closed). The converse divisibility statement follows via a
straightforward “spreading out and specialization at a k-point” argument. This
concludes the proof of the lemma.

Lemma 4.2.7. Let X be a smooth projective variety over an algebraically closed
field k. If H0(X,Ω1

X) = 0, then the torsion order Tor(X) = ∞ or CH0(X) ≃ Z.
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4. Irrationality of low degree hypersurfaces

The lemma is a consequence of Rojtman’s theorem and says that the torsion order of
smooth projective varieties over an algebraically closed field with h1,0 = 0 is either
infinite or the torsion order relative to any non-empty closed zero-dimensional subset.

Proof. Let X be a smooth projective variety over an algebraically closed field with
Hodge number h1,0 = 0. Assume that the torsion order Tor(X) is finite. Then it
follows by an “action of correspondence” argument that the group of degree 0 zero-
cycles A0(X) is l := Tor(X)-torsion. By Rojtman’s theorem [Blo79, Roi80, Mil82],
the Albanese morphism induces an isomorphism

A0(X) −→ Alb(X)(l)

between CH0(X)0 and the l-torsion points of the Albanese variety of X. By [Igu55],
we have dim Alb(X) ≤ h1,0(X) = 0. Hence A0(X) = 0, which proves the lemma.

The next lemma explains the geometric meaning of Λ-torsion orders.

Lemma 4.2.8. Let X be a proper variety over a field k and let Λ be a ring. Assume
that X admits a resolution of singularities or that the exponential characteristic of
k is invertible in Λ. If for some closed subset W ⊂ X the complement U := X \W
is smooth, then CH0(UL,Λ) is TorΛ(X,W )-torsion for all field extensions L/k.

Proof. Since TorΛ(XL,WL) divides TorΛ(X,W ), we can assume without loss of
generality that L = k. By work of Temkin [Tem17], we can pick an alteration
τ : X ′ → X whose degree is a power of the exponential characteristic. Moreover, we
can choose τ to be of degree 1 if X admits a resolution of singularities. We then let
W ′ := τ−1(W ) and U ′ = X ′ \W ′. We further let V ⊂ U be the locus over which τ

is étale and define V ′ := τ−1(V ).
Let m := TorΛ(X,W ). By assumptions, m · δX ∈ CH0(Xk(X),Λ) vanishes when

restricted to U . Hence,

m · τ∗δU = 0 ∈ CH0(U ′
k(U),Λ).

The base change of this class to the field extension k(U ′) of k(U) still vanishes. If
we spread this out and use the localization sequence, we find that

m · Γ = [Z1] + [Z2] ∈ CHdimX′(X ′ ×X ′,Λ), (4.2.1)
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where Γ ⊂ X ′ ×X ′ denotes the closure of the locus

(τ |V ′ × τ |V ′)−1(∆V ) = {(x, y) ∈ V ′ × V ′ | τ(x) = τ(y) ∈ V } ⊂ X ′ ×X ′,

and Z1, Z2 denote some cycles with

suppZ1 ⊂ W ′ ×X ′ and suppZ2 ⊂ X ′ ×D

for some nowhere dense closed subset D ⊊ X ′.

Let now z ∈ CH0(U,Λ). By Chow’s moving lemma, we can assume that supp z ⊂
V and supp z ∩ τ(D) = ∅. We aim to show m · z = 0 ∈ CH0(U,Λ). To this end,
let p : X ′ × X ′ → X ′ and q : X ′ × X ′ → X ′ denote the projections to the first and
second factors, respectively. Since X ′ is smooth and proper over k, we can define
pullbacks along correspondences in CHdimX(X ′ ×X ′,Λ).

By assumption, the support of z lies in the locus over which τ is étale: supp z ⊂ V .
We can thus define the zero-cycle τ∗z on X ′ on the level of cycles via the preimages
of the points in the support of z. We then apply the correspondence Γ and get

m · Γ∗(τ∗z) = p∗(mΓ · q∗τ∗z) ∈ CH0(X ′,Λ).

Since the support of z is contained in the locus V over which τ is étale, a direct
computation shows that the above zero-cycle has the property that

τ∗(m · Γ∗(τ∗z)) = (deg τ)2 ·m · z ∈ CH0(X,Λ). (4.2.2)

Conversely, by (4.2.1), we know that this cycle is rationally equivalent to

τ∗(Γ∗(m · τ∗z)) = τ∗([Z1]∗(τ∗z) + [Z2]∗(τ∗z)) ∈ CH0(X,Λ).

Since suppZ2 ⊂ X ′ ×D and supp z ∩ τ(D) = ∅, we have [Z2]∗(τ∗z) = 0 and so

Γ∗(m · τ∗z) = [Z1]∗(τ∗z) ∈ CH0(X ′,Λ).

Since suppZ1 ⊂ W ′ × X ′, the above class lies in the image of CH0(W ′,Λ) →
CH0(X ′,Λ). Hence,

τ∗Γ∗(m · τ∗z) ∈ im(CH0(W,Λ) → CH0(X,Λ)).
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4. Irrationality of low degree hypersurfaces

By (4.2.2), it follows that

(deg τ)2 ·m · z ∈ im(CH0(W,Λ) −→ CH0(X,Λ)).

By the localization sequence, this implies

deg(τ)2 ·m · z|U = 0 ∈ CH0(U,Λ).

Since deg(τ)2 is either one or a power of the exponential characteristic of k, it is
invertible in Λ by assumption. We deduce, as we want, that z ∈ CH0(U,Λ) is
m-torsion. This concludes the proof of the lemma.

We will use that Λ-torsion orders relative to closed subsets are well-behaved under
specialization, as shown by the following lemma.

Lemma 4.2.9. Let R be a discrete valuation ring with fraction field K and residue
field k. Let X → SpecR be a separated flat R-scheme of finite type with generic
fibre X = X ×K and special fibre Y = X × k. Let X̄ = X × K̄ and Ȳ = Y × k̄ be
the base changes to algebraic closures of K and k, respectively. Let WX ⊂ X be a
closed subset with WX̄ := WX × K̄ ⊂ X̄ and WȲ := WX × k̄ ⊂ Ȳ . Assume that the
fibres of U = X \WX over R are non-empty and geometrically integral.

Then we have
TorΛ(Ȳ ,WȲ ) | TorΛ(X̄,WX̄).

Proof. By inflation of local rings [Bou06, Chapter IX, Appendice §2, Corollaire du
Théorème 1 and Exercice 4], there is an unramified extension of discrete valuation
rings R′/R such that the residue field of R′ is k̄. Up to a base change along R′/R we
can thus assume that k is algebraically closed. (This uses item (e) in Lemma 4.2.6.)

Let m := TorΛ(X̄,WX̄). Then there is a finite extension K ′/K such that the
Λ-torsion order of X ×K ′ relative to WX ×K ′ is m. Let RK′ ⊂ K ′ be the integral
closure of R in K ′ and let R′ ⊂ K ′ be the localization of RK′ at a maximal ideal lying
over the maximal ideal of R. Then R′ is a discrete valuation ring with FracR′ = K ′

and R ⊂ R′. Up to a base change along SpecR′ → SpecR, we can then assume that
K = K ′. Hence, m = TorΛ(X,WX) and it remains to show that

TorΛ(Y,WY ) | m. (4.2.3)

Let U = X \ WX with generic fibre Uη := U × K and special fibre U0 := U × k.
By assumptions, U → SpecR is flat with non-empty geometrically integral fibres.
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Let A be the local ring of U at the generic point of the special fibre U0. Since U0

is integral, A is a discrete valuation ring with residue field k(U0) and fraction field
K(Uη). We then apply Fulton’s specialization map on Chow groups to the base
change UA := U ×R A and obtain a group homomorphism

sp : CH0(Uη ×K(Uη),Λ) −→ CH0(U0 × k(U0),Λ)

with sp(δUη) = δU0 , see Lemma 2.2.1. This implies (4.2.3), becausem = TorΛ(X,WX)
is the order of δUη , while TorΛ(Y,WY ) is the order of δU0 .

4.3. Obstruction map

Let Y = ⋃
i∈I Yi be an snc scheme over k (see Definition 2.3.1). We say that Y has

no triple intersections if Yi ∩ Yj ∩ Yl = ∅ for all pairwise different i, j, l ∈ I.
The following map is the key player in Theorem 4.1.4, stated in the introduction.

Definition 4.3.1. Let Y = ⋃
i∈I Yi be an snc scheme over k which has no triple

intersections. We fix a total order ‘<’ on I. Let Λ be a ring. Then we define the
obstruction map

ΨΛ
Y :

⊕
l∈I

CH1(Yl,Λ) −→
⊕
i,j∈I
i<j

CH0(Yij ,Λ), (γl)l 7→
(
γi|Yij − γj |Yij

)
i,j
, (4.3.1)

where Yij = Yi ∩ Yj for i, j ∈ I.

In the above definition, γi|Yij is the intersection with the divisor Yij ⊂ Yi, see
[Ful98, §2.3]. In particular, γi|Yij is represented by a 0-cycle supported on the set-
theoretic intersection |γj | ∩ Yij and hence can be viewed as a class in CH0(Yij ,Λ),
see also [Ful98, Convention 1.4]. We further note that we have CH0(Yij ,Λ) = 0 if
Yij = ∅ and we set γi|Yij = 0 in this case.

Theorem 4.3.2. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let Λ be a ring of positive characteristic c ∈ Z≥1

such that the exponential characteristic of k is invertible in Λ. Let X → SpecR
be a strictly semi-stable R-scheme (see Definition 2.3.1) with geometrically integral
generic fibre X = X ×R K and special fibre Y = X ×R k. Assume that Y = ⋃

i∈I Yi

has no triple intersections and fix a total order ‘<’ on I. Then the cokernel of the
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4. Irrationality of low degree hypersurfaces

map
ΨΛ
YL

:
⊕
l∈I

CH1(Yl ×k L,Λ) −→
⊕
i,j∈I
i<j

CH0(Yij ×k L,Λ)

from (4.3.1) is TorΛ(X̄, ∅)-torsion for every field extension L/k.

Note that the family X → SpecR in the above theorem is not assumed to be
proper. We can always choose a relative Nagata compactification of this morphism,
see [Stacks, Tag 0F41]. Replacing TorΛ(X̄, ∅) by the relative torsion order of the
compactification (cf. Definition 4.2.3 and Remark 4.2.4), we can then rephrase the
above theorem as follows.

Theorem 4.3.3. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let Λ be a ring of positive characteristic c ∈ Z≥1

such that the exponential characteristic of k is invertible in Λ. Let X → SpecR be
a proper flat R-scheme with geometrically integral generic fibre X = X ×R K and
special fibre Y = X ×Rk. Let WX ⊂ X be a closed subscheme and let WX := WX ∩X
and WY := WX ∩Y be the respective intersections (i.e. fibre products). Assume that
the following conditions are satisfied:

(1) X ◦ := X \WX is a strictly semi-stable R-scheme (see Definition 2.3.2);

(2) Y ◦ := Y \WY = ⋃
i∈I

Y ◦
i has no triple intersections.

Given a total order ‘<’ on I, the cokernel of the map

ΨΛ
Y ◦
L

:
⊕
l∈I

CH1(Y ◦
l ×k L,Λ) −→

⊕
i,j∈I
i<j

CH0(Y ◦
ij ×k L,Λ)

from (4.3.1) is TorΛ(X̄,WX̄)-torsion for every field extension L/k, where WX̄ :=
WX ×K K̄.

Corollary 4.3.4. Let the assumptions be as in Theorem 4.3.3. If X̄ admits a Λ-
decomposition of the diagonal relative to WX̄ , then the map

ΨΛ
Y ◦
L

:
⊕
l∈I

CH1(Y ◦
l ×k L,Λ) −→

⊕
i,j∈I
i<j

CH0(Y ◦
ij ×k L,Λ)

is surjective for every field extension L/k.
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4.3. Obstruction map

We illustrate the mechanism of the above corollary in the following example, where
we show formally that the fact that elliptic curves admit no decomposition of the
diagonal with respect to a finite set of points implies that the same holds for certain
quartic surfaces. The result itself is of course a well-known consequence of [BS83]
and the emphasis lies in the mechanism of the argument.

Example 4.3.5. Let Λ be a ring of characteristic c ≥ 2. Let k be an algebraically
closed field such that the exponential characteristic of k is invertible in Λ and let
f, g0, g1 ∈ k[x0, x1, x2, x3] be general homogeneous polynomials of degrees deg f = 4
and deg gi = 2. Consider the degeneration X = {t · f + g0g1 = 0} over R = k[[t]]
of a smooth quartic surface into the union Y0 ∪ Y1 of two smooth quadric surfaces
Yi = {gi = 0} which meet along a smooth elliptic curve Z := Y01 = Y0 ∩ Y1. Let
S ⊂ X be a closed reduced subscheme which is finite and surjective over SpecR. We
further let Ti ⊂ Yi be the union of two lines contained in the two different rulings of
the quadric surface Yi and set

WX := S ∪ T0 ∪ T1 ∪ X sing,

where we note that the singular locus X sing = {f = g0 = g1 = t = 0} is a finite
number of points on Z. In the above notation, Y ◦

i = Yi \ WX is an open subset of
Yi \Ti ≃ A2, hence CH1(Y ◦

i ×kL,Λ) = 0 for i = 0, 1 and any field extension L/k. By
construction, WX meets Z in finitely many points. Since the elliptic curve Z does
not admit a Λ-decomposition of the diagonal with respect to a finite collection of
points, the group CH0(Z◦ ×kL,Λ) is nontrivial for L = k(Z), where Z◦ = Z \WX . It
follows that ΨΛ

Y ◦
L

is not surjective and so Corollary 4.3.4 implies that the geometric
generic fibre X̄ of our family does not admit a Λ-decomposition of the diagonal with
respect to the finite set of points S ×R K̄.

The following example extends the argument in the previous example to the non-
trivial case of quartic fivefolds, which was the main result in [PS23]. We leave some
details to the reader; similar constructions and arguments will be given with full
details in the proof of Theorem 4.1.1 below.

Example 4.3.6. Let k be an algebraically closed field of characteristic different
from 2 and let Λ = Z/2. Consider the homogeneous polynomial

f = x2
0y

2
1 + x1x2y

2
2 + x0x2y

2
3 + x0x1g + x3

0z + x2
0y1w ∈ k[x0, x1, x2, y1, y2, y3, z, w],
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4. Irrationality of low degree hypersurfaces

where g := x2
0 + x2

1 + x2
2 − 2x0x1 − 2x0x2 − 2x1x2. We consider the degeneration

X := {tx2
0 + zw = f = 0} ⊂ P7

R → SpecR

over R = k[[t]] of a singular (2, 4)-complete intersection X in P7
k((t)) into a union

Y = Y0 ∪ Y1 of two singular quartic fivefolds intersecting in the singular integral
quartic fourfold

Z := Y01 = {x2
0y

2
1 + x1x2y

2
2 + x0x2y

2
3 + x0x1g = 0} ⊂ P5

k,

which is birational to the quadric surface bundle example in [HPT18a, Example 8].
Let S ⊂ X be the closure of a finite set of points in X and let

WX := S ∪ {x0x1x2y1 = 0} ∪ SingZ ⊂ X .

One can check that X ◦ := X \ WX is strictly semi-stable. The singular quartic
fivefold Yi (i = 0, 1) is birational to P5 via the projection from the singular point of
multiplicity 3 given by xi = 0 and yj = 0 for all i, j and z = 1 (resp. w = 1). The
restriction of this projection to the open subset Y ◦

i = Yi \WX gives an isomorphism
with an open subset of A5 = P5 \ {x0 = 0}. Hence, CH1(Y ◦

i ×k L) = 0 for every field
extension L/k. Recall the unramified class α = (x1/x0, x2/x0) ∈ H2

nr(k(Z),Z/2)
from [HPT18a, Proposition 11]. A direct computation (using e.g. [Sch19b, Theorem
2.3]) shows that this class vanishes on the generic points of the divisors {x0x1x2 = 0}
and {y1 = 0} (the latter uses that ⟨ g

x2
0
⟩ is a subform of the quadratic form ⟨1, x1

x0
⟩ over

k(P2)). We then pass to a resolution or alteration of Z and apply the vanishing result
in [Sch19b, Proposition 5.1] to the unramified class from [HPT18a, Proposition 11],
to conclude via an “action of correspondences” argument that Z does not admit a
Λ-decomposition of the diagonal relative to WZ = WX ∩Z = (S ∩Z) ∪ {x0x1x2y1 =
0}∪SingZ ⊂ Z; see Theorem 4.5.1 below for more details on this type of argument.
Thus, CH0(Z◦ × k(Z),Λ) is nontrivial, where Z◦ = Z \ WZ . It follows that the
map ΨΛ

Y ◦
k(Z)

in Corollary 4.3.4 is not surjective. Consequently, X̄ does not admit a
Λ-decomposition of the diagonal relative to WX̄ = (WX ∩ X)K̄ . The substitution
y1 = zy1/x0 and w = −tx2

0/z shows that the (2, 4) complete intersection X is
birational to the singular quartic hypersurface

X ′ = {z2y2
1 + x1x2y

2
2 + x0x2y

2
3 + x0x1g + x3

0z − tx3
0y1 = 0} ⊂ P6

k((t)).
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One checks that the restriction of the induced birational map X 99K X ′ to X \WX

yields an isomorphism onto its image. It follows that, even after base change to
an algebraic closure of k((t)), X ′ does not admit a decomposition of the diagonal
relative to the union of a finite set of points with {x0x1x2y1z = 0} ⊂ X ′. This
produces a singular quartic fivefold that does not admit a Λ-decomposition of the
diagonal relative to a finite set of points (union its singular locus). We can then
apply Lemma 4.2.9 to conclude that any smooth quartic fivefold that degenerates to
X ′ does not admit a decomposition of the diagonal relative to a finite set of points.
Altogether, this yields a simplified argument for the main result in [PS23].

Remark 4.3.7. In order to prove Theorem 4.1.1, we would like to replace in the
above argument the example [HPT18a, Example 8] with the higher dimensional
examples in [Sch19b, Section 4 and 7]. This does not work directly as the unramified
class α from [Sch19b, Proposition 5.1] does not vanish along the divisor {y1 = 0}.
We circumvent this problem by introducing an additional parameter λ in the family,
see Section 4.4. Further technical difficulties appear because we aim to apply the
above argument inductively, where we degenerate to Y0 ∪ Y1 such that Y0 ∩ Y1 is
birational to the example of lower dimension we had treated before.

The following simplified version of the Theorem 4.3.2 is used in Chapter 5.

Theorem 4.3.8. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let Λ be a ring of positive characteristic c ∈ Z≥1,
i.e. every λ ∈ Λ is c-torsion, and assume that c ∈ k∗. Let X be a flat separated
R-scheme of finite type with geometrically integral generic fibre X = XK and special
fibre Y = Xk. Let WX ⊂ X be a closed subscheme and we denote by WV := WX ∩V
the scheme-theoretic intersection with a subscheme V ⊂ X . Assume the following:

(1) Y consists of two components Y0, Y1 (dimYi ≥ 2) such that Z := Y0 ∩ Y1 is
integral;

(2) X ◦ := X \WX is a strictly semi-stable R-scheme, see Definition 2.3.2;

(3) the variety Yi \WYi is isomorphic to an open subscheme of AdimYi
k for i = 0, 1.

Then we have
TorΛ(Z,WZ) | TorΛ(X ×K K̄,WX ×K K̄).

Proof. We apply Theorem 4.3.2 to the family X ◦ → SpecR. Then the assumption
(3) implies that the group

CH0(Z \WZ ×k L,Λ)

69



4. Irrationality of low degree hypersurfaces

is TorΛ(X̄ \WX̄ , ∅)-torsion for every field extension L/k. In particular,

TorΛ(Z,WZ) | TorΛ(X̄,WX̄),

which finishes the proof of the theorem.

4.3.1. Comparison to the map in [PS23]

We recall the obstruction map from [PS23] in the generality needed in this chapter.
Let Λ be a ring and let Y = ⋃

i∈I
Yi be an snc scheme over a field k. Then we consider

for i, j ∈ I the homomorphism

ΦΛ
Yi,Yj : CH1(Yi,Λ) −→ CH0(Yj ,Λ), γi 7→


ιij,j ∗(γi|Yij ) if i ̸= j,

−
∑
l ̸=i
ιil,i ∗(γi|Yil) if i = j,

(4.3.2)

where ιij,i : Yij := Yi ∩ Yj → Yi is the natural inclusion and γi|Yij := ι∗ij,iγ is the
pullback along the regular embedding ιij,i of the Cartier divisor Yij in Yi, see [PS23,
Definition 3.1 and Lemma 3.2]. We additionally set

ΦΛ
Y,Yj

:=
∑
i∈I

ΦΛ
Yi,Yj :

⊕
i∈I

CH1(Yi,Λ) −→ CH0(Yj ,Λ)

for j ∈ I and

ΦΛ
Y :=

∑
j∈I

ΦΛ
Y,Yj :

⊕
i∈I

CH1(Yi,Λ) −→
⊕
j∈I

CH0(Yj ,Λ).

Lemma 4.3.9. Let R be a discrete valuation ring with residue field k and let X →
SpecR be a strictly semi-stable R-scheme with special fibre Y := X ×R k. Then for
i, j ∈ I and γi ∈ CH1(Yi,Λ), we have

ΦΛ
Yi,Yj (γi) = ι∗j ιi ∗γi ∈ CH0(Yj ,Λ),

where ιi : Yi → X is the natural inclusion.

Proof. This follows from [Ful98, Theorem 6.2], see also [PS23, Lemma 3.2].

The effect of base changes for Φ has previously been studied in [PS23, Section
4] and Theorem 3.1.1; some version of Ψ appeared implicitly in the proof of [PS23,
Proposition 4.4].
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Proposition 4.3.12 below compares Φ and Ψ and shows that the morphism Ψ
introduced in (4.3.1) has excellent properties under base changes. This will play an
important role in the proof of Theorem 4.3.2 below.

Recall that the dual graph G = (V,E) of an snc scheme Y without triple inter-
sections is the graph whose vertices V correspond to the irreducible components
of Y and whose edges E encode the codimension 1 subvarieties of Y . Moreover,
we explicitly fix a total order ‘<’ on the set of vertices V . We denote for a vertex
v ∈ V and an edge e ∈ E the corresponding irreducible subvariety by Yv and Ye,
respectively. For an edge e ∈ E, we denote its end points by v(e), w(e) ∈ V and
assume that v(e) < w(e). (Note that every edge in G has two distinct vertices.)

Lemma 4.3.10. Let Λ be a ring of finite characteristic c ∈ Z≥1. Let R be a
discrete valuation ring with fraction field K and algebraically closed residue field k.
Let X → SpecR be a strictly semi-stable R-scheme whose special fibre Y := X ×R k

has no triple intersections with dual graph G = (V,E). Let R′/R be a finite ramified
extension of discrete valuation rings such that the ramification index r is divisible
by c. Let X ′ → X ×R R

′ be a resolution as in Proposition 2.3.3. Then the following
holds:

(1) X ′ is strictly semi-stable and its special fibre Y ′ has no triple intersections.
The dual graph G′ = (V ′, E′) of Y ′ consists of the vertices V ′ = V ∪ (E ×
{1, . . . , r − 1}) and edges (v′, w′) ∈ V ′ × V ′ of the form

v′ = (e, n), w′ = (e, n+ 1) for e ∈ E, n ∈ {1, . . . , r − 2},

v′ = v(e), w′ = (e, 1) for e ∈ E, or

v′ = (e, r − 1), w′ = w(e) for e ∈ E.

(2) The components Y ′
v for v ∈ V are isomorphic to Yv and the components Y ′

(e,n)
for e ∈ E and 1 ≤ n < r are P1-bundles over Ye with two disjoint sections

s(e,n) : Y ′
(e,n) ∩ Y ′

(e,n+1) −→ Y ′
(e,n),

s′
(e,n) : Y ′

(e,n−1) ∩ Y ′
(e,n) −→ Y ′

(e,n),

given by the natural inclusion, where we set Y ′
(e,0) = Y ′

v(e) and Y ′
(e,r) = Y ′

w(e).

Proof. The geometry of the resolution after finite base-change is explained for ex-
ample in [PS23, Section 4.2] for chains. The same arguments work for any special
fibre that has no triple intersections, see also Proposition 3.3.12.
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Remark 4.3.11. The graph (V ′, E′) is obtained by subdividing each edge of (V,E)
into r pieces, see for example Example 3.6.1.

Proposition 4.3.12. In the notation of Lemma 4.3.10, let L/k be a field extension.
If the cokernel of

ΦΛ
Y ′
L

:
⊕
v′∈V ′

CH1(Y ′
v′ ×k L,Λ) −→

⊕
w′∈V ′

CH0(Y ′
w′ ×k L,Λ)

is m-torsion for some integer m, then the cokernel of the map

ΨΛ
YL

:
⊕
l∈V

CH1(Yl ×k L,Λ) −→
⊕
i,j∈V
i<j

CH0(Yij ×k L,Λ)

from (4.3.1) is m-torsion.

Proof. For ease of notation, we will deal with the case L = k in what follows; the
general case follows verbatim via the same argument.

Recall that q(e,n) : Y ′
(e,n) → Ye is a P1-bundle for 1 ≤ n < r by item (2) in Lemma

4.3.10. Thus there exists isomorphisms

CH1(Y ′
(e,n),Λ) ≃ CH1(Ye,Λ) ⊕ q∗

(e,n) CH0(Ye,Λ), (4.3.3)

CH0(Y ′
(e,n),Λ) ≃ CH0(Ye,Λ), (4.3.4)

see [Ful98, Theorem 3.3 (b)]. Note that the subspace q∗
(e,n) CH0(Ye,Λ) is canonical,

while the subspace CH1(Ye,Λ) ⊂ CH1(Y ′
(e,n),Λ) depends on a choice of a section of

q(e,n) : Y ′
(e,n) → Ye.

Step 1. We will show that for every γ′ ∈
⊕

v′∈V ′ CH1(Y ′
v′ ,Λ), there exists another

class γ ∈
⊕

v′∈V ′ CH1(Y ′
v′ ,Λ) with the same image ΦΛ

Y ′(γ) = ΦΛ
Y ′(γ′), such that the

component γ(e,n) ∈ CH1(Y ′
(e,n),Λ) of γ satisfies

γ(e,n) ∈ q∗
(e,n) CH0(Ye,Λ) ⊂ CH1(Y ′

(e,n),Λ) (4.3.5)

for each (e, n) ∈ E × {1, . . . , r − 1}.
This follows from the argument in [PS23, Lemma 4.3], which we explain for the

convenience of the reader. Let γ′ = (γ′
v′)v′ ∈

⊕
v′∈V ′ CH1(Y ′

v′ ,Λ) be a collection of
one-cycles and let (e, n) ∈ E × {1, . . . , r − 1}. Using (4.3.3), we can write γ′

(e,n) as

γ′
(e,n) = q∗

(e,n)α(e,n) + s(e,n) ∗ζ(e,n),
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4.3. Obstruction map

for some α(e,n) ∈ CH0(Ye,Λ) and some ζ(e,n) ∈ CH1(Ye,Λ), where s(e,n) is the section
given in item (2) of Lemma 4.3.10. Lemma 4.3.9 implies that

ΦΛ
Y ′(s(e,n) ∗ζ(e,n)) = ΦΛ

Y ′(s′
(e,n+1) ∗ζ(e,n)),

where s′
(e,n+1) : Y ′

(e,n) ∩ Y ′
(e,n+1) → Y ′

(e,n+1) is the natural inclusion. Thus

ΦΛ
Y ′(γ′) = ΦΛ

Y ′(γ′′),

where γ′′ = (γ′′
v′)v′ ∈

⊕
v′∈V ′ CH1(Y ′

v′ ,Λ) is given by

γ′′
v′ =


q∗

(e,n)α(e,n) if v′ = (e, n),

γ′
(e,n+1) + s′

(e,n+1) ∗ζ(e,n) if v′ = (e, n+ 1),

γ′
v otherwise,

where we set γ′
(e,r) = γ′

w(e) ∈ CH1(Y ′
w(e),Λ). Applying this argument for every edge

e ∈ E and 1 ≤ n ≤ r − 1 (in increasing order) finishes Step 1.

Since Y is an snc scheme without triple intersections, we have Ye ∩ Ye′ = ∅ for all
different e, e′ ∈ E. In particular,

⊕
i,j∈V
i<j

CH0(Yij ,Λ) =
⊕
e∈E

CH0(Ye,Λ).

Using this identification, there is a natural projection homomorphism

pre :
⊕
i,j∈V
i<j

CH0(Yij ,Λ) −→ CH0(Ye,Λ)

for every e ∈ E. We denote the composition pre ◦ΨΛ
Y by ΨΛ

Y,Ye
.

Step 2. Let γ = (γv′)v′ ∈
⊕

v′∈V ′ CH1(Y ′
v′ ,Λ) be a one-cycle satisfying (4.3.5)

and let q : Y ′ → Y be the natural morphism. We will show that for every e ∈ E

r−1∑
n=1

n · ΦΛ
Y ′,Y ′

(e,n)
(γ) = ΨΛ

Y,Ye(q∗γ) ∈ CH0(Ye,Λ), (4.3.6)

where we view the zero-cycles on the left hand side as zero-cycles on Ye using (4.3.4).
To prove the above claim, note that by assumption there exists α(e,n) ∈ CH0(Ye,Λ)
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4. Irrationality of low degree hypersurfaces

for every (e, n) ∈ E × {1, . . . , r − 1} such that

γ(e,n) = q∗
(e,n)α(e,n) ∈ CH1(Y ′

(e,n),Λ).

To simplify the formulas below, we set additionally

α(e,0) := γv(e)|Ye ∈ CH0(Ye,Λ),

α(e,r) := γw(e)|Ye ∈ CH0(Ye,Λ),

where γv(e)|Ye is the pullback of γv(e) along the regular embedding Ye ↪→ Yv(e) of the
Cartier divisor Ye ⊂ Yv(e). Note that we used here the isomorphisms Y ′

v(e) ≃ Yv(e).
By (4.3.2), we see that for such a collection of one-cycles γ = (γv′)v′

ΦΛ
Y ′,Y ′

(e,n)
(γ) = −2α(e,n) + α(e,n−1) + α(e,n+1) ∈ CH0(Ye,Λ) ≃ CH0(Y ′

(e,n),Λ)

for e ∈ E and 1 ≤ n < r. The following computation then shows the claim in Step 2

r−1∑
n=1

n · ΦΛ
Y ′,Y ′

(e,n)
(γ) =

r−1∑
n=1

n
(
−2α(e,n) + α(e,n−1) + α(e,n+1)

)

= α(e,0) − rα(e,r−1) + (r − 1)α(e,r) +
r−2∑
n=1

(−2n+ n+ 1 + n− 1)α(e,n)

= α(e,0) − α(e,r)

= γv(e)|Ye − γw(e)|Ye
= ΨΛ

Y,Ye(q∗γ),

where we used in the third equality that r is divisible by the characteristic c of Λ.
We finish the proof of the proposition. To this end, let

z = (ze)e ∈
⊕
e∈E

CH0(Ye,Λ)

be a collection of zero-cycles. By assumption, there exists a one-cycle γ ∈
⊕

v′∈V ′ CH1(Y ′
v′ ,Λ)

such that ΦΛ
Y ′(γ) = β, where β is the collection (βv′)v′ ∈

⊕
v′∈V ′ CH0(Y ′

v′ ,Λ) with

βv′ =

m · ze for v′ = (e, 1),

0 otherwise.

By Step 1, we can assume that γ satisfies the condition (4.3.5). Then Step 2 shows
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4.3. Obstruction map

that m · z = ΨΛ
Y (q∗γ) is contained in the image of ΨΛ

Y , as we want.

Remark 4.3.13. The key point in the above proof is (4.3.6). In the chain of
equalities showing (4.3.6), we used that Λ has positive characteristic c and r is
divisible by c. We do not know how to perform this step integrally, despite the fact
that the (more general) analysis of Φ under base changes carried out in Section 3.4
does in fact work integrally.

Remark 4.3.14. In [PS23], the obstruction morphism ΦZ
Y is studied for strictly

semi-stable degenerations X → SpecR that are proper. Under this assumption, the
image of ΦZ

Y is contained in the kernel of the degree map. The obstruction to the
existence of a decomposition of the diagonal used in [PS23] is the cokernel of ΦZ

Y ,
viewed as a map to the subspace of degree-zero classes. In the above discussion,
properness is dropped and so we cannot talk about the degree anymore. This is
the reason why we work directly with the cokernel of Φ and Ψ, respectively. An
important difference between Φ and Ψ is the fact that Φ maps to the Chow groups
of zero-cycles of the components, while Ψ maps to CH0 of the intersections Yij of
two irreducible components of Y .

4.3.2. Proof of Theorem 4.3.2

Proof of Theorem 4.3.2. Let m := TorΛ(X̄, ∅). Then there exists a finite field ex-
tension F/K such that TorΛ(XF , ∅) = m.

A suitable localization R′ of the integral closure of R in F is also a discrete val-
uation ring with fraction field F and residue field k. (Note that k is algebraically
closed.) Up to replacing R′ by a ramified extension, we can assume that the ramifi-
cation index r of R′/R is divisible by the characteristic c of Λ.

Recall that the special fibre of X → SpecR is an snc scheme Y which has no
triple intersections by assumption and we denote its dual graph by (V,E). By
Lemma 4.3.10, there exists a resolution X̃ → X ×RR

′ by repeatedly blowing-up the
non-Cartier components of the special fibre. The generic fibre of X̃ → SpecR′ is
isomorphic to XF and the special fibre Y ′ has no triple intersections and its dual
graph (V ′, E′) is as in Lemma 4.3.10 (1). It then suffices by Proposition 4.3.12 to
show that coker ΦΛ

Y ′
L

is m-torsion for all field extensions L/k.
Let L/k be a field extension. By inflation of local rings (see e.g. [Bou06, Chapter

IX, Appendice §2, Corollaire du Théorème 1 and Exercice 4]), there exists an un-
ramified extension of discrete valuation rings A/R′ such that the induced extension

75



4. Irrationality of low degree hypersurfaces

of residue fields is L/k. Passing to the completion, we may in addition assume that
A is complete. We consider the base-change

X̃A := X̃ ×R′ A → SpecA,

which is a strictly semi-stable A-scheme, see e.g. [Har01, Proposition 1.3]. We aim
to show that the cokernel of the map

ΦΛ
Y ′
L

:
⊕
v′∈V ′

CH1(Y ′
v′,L,Λ) −→

⊕
w′∈V ′

CH0(Y ′
w′,L,Λ)

defined in (4.3.2) is m-torsion, where Y ′
v′,L := Y ′

v′ ×k L. Let

z = (zw′)w′ ∈
⊕
w′∈V ′

CH0(Y ′
w′,L,Λ)

be a collection of zero-cycles. (By a moving lemma, we can assume that no zw′ lies
in the intersection of Y ′

w′ with another component Y ′
v′ .) By Hensel’s lemma, see

[EGAIV, Théorème 18.5.17], there exists a horizontal one-cycle h ∈ Z1(X̃A,Λ) such
that

h|Y ′
w′,L

= zw′ ∈ CH0(Y ′
w′,L,Λ) (4.3.7)

holds for all w′ already on the level of cycles (without rational equivalence). Recall
that m is the Λ-torsion order of XF with respect to the empty set. Lemma 4.2.8
together with Nagata’s compactification theorem thus implies that CH0(XF ×F

F ′,Λ) is m-torsion for all field extension F ′/F . It follows that the restriction of
m · h to the generic fibre X̃A ×A F

′ = XF ×F F
′ vanishes, where F ′ is the fraction

field of A. Thus the horizontal one-cycle m · h is rationally equivalent to a cycle
γ supported on the special fibre Y ′

L by the localization exact sequence, see [Ful98,
§1.8]. Hence, we see from (4.3.7) and Lemma 4.3.9 that m · z = ΦΛ

Y ′
L
(γ) is contained

in the image of ΦΛ
Y ′
L
. This shows that the cokernel of the map ΦΛ

Y ′
L

is m-torsion,
which finishes the proof of the theorem.

Remark 4.3.15. The assumption that the special fibre has no triple intersections
in Theorem 4.3.2 appears to be crucial. In particular, there seems to be no useful
generalization of Ψ to snc schemes with deeper strata, despite the fact that the
definition of Φ in (4.3.2) makes sense in more generality, see [PS23, Section 3].
Indeed, if Z = Yi1 ∩ · · · ∩ Yin is a strata of the special fibre Y , then we can always
perform an n : 1 base change followed by a resolution as in Proposition 2.3.3 to
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4.4. Double cone construction

arrive at a special fibre Ỹ that contains a component PZ that is birational to a
projective bundle over Z. However, for n ≥ 3, one can show via similar arguments
as in [Lan24] that the diagonal point of PZ will automatically be in the image of
ΦỸk(PZ )

. (The key difference to n ≤ 2 is that the blow-up of a component Yij along
Z contains a positive dimensional projective bundle over Z if n ≥ 3.) Hence, the
strategy for disproving (retract) rationality in [PS23, Lan24] cannot be applied to
strata given by the intersection of more than 2 components.

4.4. Double cone construction

In this section we consider an explicit degeneration of a variety birational to a degree
d hypersurface X ′ into a union of two rational varieties whose intersection Z is a
degree d hypersurface of lower dimension. We aim to apply Theorem 4.3.3 to this
particular family and show that the Λ-torsion order of Z divides the Λ-torsion order
of X ′. In particular, we can inductively increase the dimension of retract irrational
hypersurfaces.

Let k = k0(λ) be an algebraic closure of the purely transcendental field extension
k0(λ) of an algebraically closed field k0. Write N = n + r + s for some integers
n, r, s ∈ Z≥0 and consider integers d ≥ 4 and l ≥ 1 such that 2l ≤ d. We denote the
homogeneous coordinates of PN+3

k by x0, . . . , xn, y1, . . . , yr+1, z1, . . . , zs, z, w. Let

f, a0, a1, . . . , al ∈ k0[x0, . . . , xn, y1, . . . , ŷj , . . . , yr+1, z1, . . . , zs] (4.4.1)

be homogeneous polynomials of degree deg f = d and deg ai = d− 2i which do not
contain the variable yj for some 1 ≤ j ≤ r + 1. Assume that

f + a0 ∈ k[x0, . . . , xn, y1, . . . , ŷj , . . . , yr+1, z1, . . . , zs] is irreducible. (4.4.2)

Let R := k[t](t) be the local ring of A1 at the origin and consider the following
complete intersection R-scheme in PN+3

R

X :=
{
f +

l∑
i=0

aix
i
0y
i
j + xd−1

0 z + xd−2
0 (λyj + x0)w = tx2

0 + zw = 0
}
. (4.4.3)

Lemma 4.4.1. The singular locus of X in (4.4.3) is contained in {x0 = 0} ⊂ X .
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4. Irrationality of low degree hypersurfaces

Proof. Consider the part of the Jacobian given by the derivatives ∂t and ∂z(
0 xd−1

0
x2

0 w

)
.

As the singular locus is given by the vanishing of all 2 × 2 minors of the Jacobian,
we see that it is contained in {x0 = 0} as claimed.

The generic fibre of the family X → SpecR in (4.4.3) is birational to a degree d
hypersurface. For the inductive argument to work, it will be important to understand
the corresponding birational map, which is the content of the following lemma, where
we denote by K := k(t) the fraction field of R = k[t](t).

Lemma 4.4.2. The generic fibre X = X ×RK of the family (4.4.3) is birational to
a geometrically integral degree d hypersurface X ′ of the form

X ′ =
{
f +

l∑
i=0

a′
iy
i
j = 0

}
⊂ PN+2

K , (4.4.4)

where f is as in (4.4.1) and a′
0, . . . , a

′
l ∈ K[x0, . . . , xn, y1, . . . , ŷj , . . . , yr+1, z1, . . . , zs+1]

are homogeneous polynomials of degree deg a′
i = d− i. (An explicit formula for them

is given in (4.4.6) below.) Moreover, they satisfy the following properties:

(1) The birational map induces an isomorphism between the open subsets {x0 ̸=
0} ⊂ X and {x0zs+1 ̸= 0} ⊂ X ′;

(2) If there exists e ∈ N such that xie0 | ai for all i = 0, . . . , l, then xie0 | a′
i for all

i = 0, . . . , l;

(3) If all a0, . . . , al do not contain one of the coordinates x1, . . . , xn, y1, . . . , yr+1,

or z1, . . . , zs, then so do all a′
0, . . . , a

′
l;

(4) The polynomial f + a′
0 is irreducible over K̄.

Proof. The parameter t is nonzero on the generic fibre X of (4.4.3). We then work
on the open subset {x0z ̸= 0} and perform the substitution w = −tx2

0z
−1 to obtain

the equation

f +
l∑

i=0
aix

i
0y
i
j + xd−1

0 z − xd−2
0 (λyj + x0)tx2

0z
−1 = 0. (4.4.5)
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After the change of coordinates yj 7→ yjz/x0 − λ−1x0 we arrive at the degree d

hypersurface given by the vanishing of the polynomial

f +
l∑

i=0
ai(yjz − λ−1x2

0)i + xd−1
0 z − tλxd−1

0 yj = 0.

Reordering the terms and renaming the coordinate z to zs+1, yields the claim that
X is birational to a degree d hypersurface X ′ of the form (4.4.4), where

a′
i = zis+1

(
l∑

m=i

(
m

i

)
(−λ−1)m−ix2m−2i

0 am

)
− δi,1tλx

d−1
0 + δi,0x

d−1
0 zs+1. (4.4.6)

This shows (2) and (3). Item (1) follows immediately from the above construction.
Indeed, the coordinate transformation yj 7→ yjz/x0 − λ−1x0 is invertible on the set
{x0z ̸= 0} with inverse given by yj 7→ x0(yj + λ−1x0)/z. Thus the birational map
induces an isomorphism between the open subsets {x0 ̸= 0} = {x0z ̸= 0} ⊂ X and
{x0zs+1 ̸= 0} ⊂ X ′. (Note that we renamed the z-coordinate to zs+1.) Next we
prove (4). Since a′

0 contains the variable zs+1 linearly by (4.4.6) and f does not
contain zs+1, the condition (4.4.2) implies that f+a′

0 is irreducible, as claimed. The
hypersurface X ′ is geometrically integral by (4).

Remark 4.4.3. The name “double cone construction” is taken from [Moe23]; it
is reflected by the fact that the generic fibre of our degeneration can birationally
be described by the equation (4.4.5) above, which contains the variable z and its
inverse linearly and so its Newton polytope is a double cone. We note however
that the degenerations that we use in this chapter in general do not have toric
singularities (e.g. because the singular hypersurfaces in [Sch19b] do not have toric
singularities) and hence is different from the degenerations suitable for the method
of [NO22, Moe23].

Corollary 4.4.4. The generic fibre X of (4.4.3) is geometrically integral.

Proof. Since X is a complete intersection in PN+3
K , it is equidimensional and Cohen-

Macaulay. As X is Cohen-Macaulay, X has no embedded components. The open
subset {x0 ̸= 0} ⊂ X is isomorphic to an open subset of the geometrically integral
hypersurface X ′ ⊂ PN+2

K in (4.4.4), see Lemma 4.4.2. Hence it suffices to show
that the subset {x0 = 0} ⊂ X is not an irreducible component of X, which is clear
because f + a0 is an irreducible polynomial by (4.4.2).

79



4. Irrationality of low degree hypersurfaces

We turn to the special fibre of the family (4.4.3). The special fibre Y = X ×R k

of the family (4.4.3) has two components, namely

Y0 :=
{
f +

l∑
i=0

aix
i
0y
i
j + xd−1

0 z = 0
}

⊂ PN+2
k , (4.4.7)

Y1 :=
{
f +

l∑
i=0

aix
i
0y
i
j + xd−2

0 (λyj + x0)w = 0
}

⊂ PN+2
k . (4.4.8)

The intersection Z := Y0 ∩ Y1 is the degree d hypersurface

Z :=
{
f +

l∑
i=0

aix
i
0y
i
j = 0

}
⊂ PN+1

k , (4.4.9)

The assumption (see (4.4.2)) that f + a0 is irreducible implies that Z is integral.

Lemma 4.4.5. The singular locus of Y0 is contained in {x0 = 0} and the singular
locus of Y1 is contained in the closed subset {x0(λyj + x0) = 0}. Moreover,

Y sing
1 ∩ Z ⊂ Zsing.

Proof. The derivative of the defining equation of Y0 with respect to z is given by

∂z

(
f +

l∑
i=0

aix
i
0y
i
j + xd−1

0 z

)
= xd−1

0 .

Hence, the singular locus of Y0 is contained in {x0 = 0}.
The derivative of the defining equation of Y1 with respect to w is given by

∂w

(
f +

l∑
i=0

aix
i
0y
i
j + xd−2

0 (λyj + x0)w
)

= xd−2
0 (λyj + x0).

Hence, the singular locus of Y1 is contained in {x0(λyj+x0) = 0} as claimed. Finally,
the last claim in the lemma is clear, as Z ⊂ Y1 is a Cartier divisor in Y1 (given by
{w = 0} ⊂ Y1).

In order to understand the obstruction map (4.3.1) for the family (4.4.3), we need
to control the Chow group of the two components Y0 and Y1.

Lemma 4.4.6. Let Y0 and Y1 be as in (4.4.7) and (4.4.8), i.e. the irreducible com-
ponents of the special fibre of the family (4.4.3). Consider D0 := {x0 = 0} ⊂ Y0 and
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D1 := {x0(λyj + x0) = 0} ⊂ Y1. Then the natural push-forward maps

CH1(D0 ×k L) −→ CH1(Y0 ×k L), CH1(D1 ×k L) −→ CH1(Y1 ×k L)

are surjective for every field extension L/k.

Proof. Let L/k be a field extension. Recall that

Y0 ×k L =
{
f +

l∑
i=0

aix
i
0y
i
j + xd−1

0 z = 0
}

⊂ PN+2
L ,

Y1 ×k L =
{
f +

l∑
i=0

aix
i
0y
i
j + xd−2

0 (λyj + x0)w = 0
}

⊂ PN+2
L .

We consider Y1 ×k L. The projection away from P = [0 : · · · : 0 : 1] ∈ PN+2
L induces

a rational map
φ : PN+2

L 99K PN+1
L .

Since w appears only linearly in the defining equation of Y1 ×k L, the restriction of
φ to Y1 ×k L yields a birational map

Y1 ×k L 99K PN+1
L ,

which induces an isomorphism between the complements of the closed subsets D1 ×k

L ⊂ Y1 ×k L and H1 := {x0(λyj + x0) = 0} ⊂ PN+1
L , respectively. Since H1 is a

union of two hyperplanes in PN+1
L , the pushforward along the natural inclusion

CH1(H1) −→ CH1(PN+1
L ) ≃ Z

is surjective. Thus the localization exact sequence (see [Ful98, Proposition 1.8])
implies that

CH1(D1 ×k L) −→ CH1(Y1 ×k L)

is surjective, as CH1(Y1 ×k L \ D1 ×k L) ≃ CH1(PN+1
L \ H1) = 0 by the above

discussion. A similar argument shows that

CH1(D0 ×k L) −→ CH1(Y0 ×k L)

is surjective. This finishes the proof of the lemma.

The following proposition is the main result of this section; it will be used for the
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4. Irrationality of low degree hypersurfaces

induction step in our inductive argument.

Proposition 4.4.7. Let Λ be a ring of positive characteristic such that the expo-
nential characteristic of k0 is invertible in Λ. Let X → SpecR be the projective
family from (4.4.3) with generic fibre X for some l ≥ 2. Let Y0 and Y1 be the ir-
reducible components of the special fibre as in (4.4.7) and (4.4.8) and denote their
scheme-theoretic intersection by Z := Y0 ∩ Y1. Let

h ∈ R[x0, . . . , xn, y1, . . . , yr+1, z1, . . . , zs]

be any homogeneous polynomial such that its reduction h0 modulo the maximal ideal
in R has coefficients in k0, i.e. h0 ∈ k0[x0, . . . , xn, y1, . . . , yr+1, z1, . . . , zs] and such
that X is smooth over K = k(t) away from WX := {x0h = 0} ⊂ X. Then

TorΛ(Z,WZ) | TorΛ(X̄,WX̄),

where WZ := {x0h0 = 0} ∪ Zsing ⊂ Z and WX̄ := WX ×K K̄ ⊂ X̄ := X ×K K̄. In
particular,

TorΛ(Z,WZ) | TorΛ(X̄ ′,W ′),

where X ′ is as in Lemma 4.4.2, X̄ ′ := X ′ ×K K̄, and W ′ := {x0zs+1h = 0} ⊂ X̄ ′.

Remark 4.4.8. As a consequence of Lemma 4.4.1, the smoothness of X \ WX is
automatically satisfied in characteristic 0. This is not true in general, but we will
choose in our applications WX carefully so that the condition holds (over any field).

Proof. Since Λ is a ring of positive characteristic,

m := TorΛ(X̄,WX̄)

is a positive integer m ∈ Z≥1.
Step 1. We will check that the assumptions in Theorem 4.3.3 are satisfied for

the projective family X → SpecR from (4.4.3) with the closed subset

WX := {x0h = 0} ∪ Y sing
1 ∪ Zsing ⊂ X .

As in Theorem 4.3.3, let WY := WX ∩ Y . We note that WX agrees with WX ∩ X.
The generic fibre X of X → SpecR is geometrically integral by Corollary 4.4.4. The
special fibre Y ◦ := Y \WY consists of two components Y ◦ = Y ◦

0 ∪ Y ◦
1 such that Y ◦

0 ,
Y ◦

1 , and their intersection Z◦ := Y ◦
0 ∩ Y ◦

1 are smooth and integral, see also Lemma
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4.4. Double cone construction

4.4.5. In particular, Y ◦ is an snc scheme, see Definition 2.3.1. The singular locus
of X is contained in {x0 = 0} by Lemma 4.4.1. It follows from this that Y ◦

i is a
Cartier divisor on X ◦ for i = 0, 1. The generic fibre of the R-scheme X ◦ := X \WX

is equal to X \ WX and thus smooth by assumption. In particular, X ◦ → SpecR
is strictly semi-stable, see Definition 2.3.2. It follows that the assumptions (1) and
(2) in Theorem 4.3.3 are satisfied for X → SpecR and the closed subset WX ⊂ X .
This concludes Step 1.

Recall that Z is integral and let δZ◦ ∈ Z◦
k(Z) denote the diagonal point of Z◦,

which is dense open in Z.

Step 2. We will show that there is a one-cycle γ ∈ CH1(Y1 ×kk(Z),Λ), supported
on {x0(λyj + x0) = 0} ⊂ Y1 ×k k(Z), such that

m · δZ◦ = (ι∗γ)|Z◦
k(Z)

∈ CH0(Z◦
k(Z),Λ), (4.4.10)

where ι : Y ◦
1 ×k k(Z) ↪→ Y1 ×k k(Z) denotes the natural open embedding and

(ι∗γ)|Z◦
k(Z)

the pullback of the one-cycle to the Cartier divisor Z◦
k(Z) ⊂ Y ◦

1 ×k k(Z)
along the natural regular embedding.

By Step 1, Theorem 4.3.3 implies that the cokernel of the map

ΨΛ
Y ◦
L

: CH1(Y ◦
0 ×k L,Λ) ⊕ CH1(Y ◦

1 ×k L,Λ) −→ CH0(Z◦ ×k L,Λ)

from (4.3.1) (with 0 < 1) is m-torsion for every field extension L/k. In particular,

m · δZ◦ ∈ im ΨΛ
Y ◦
k(Z)

.

Note that CH1(Y ◦
0 ×k k(Z),Λ) = 0 by Lemma 4.4.6 and that the pull-back

ι∗ : CH1(Y1 ×k k(Z),Λ) −→ CH1(Y ◦
1 ×k k(Z),Λ)

is surjective by [Ful98, Proposition 1.8]. Hence there exists a one-cycle γ ∈ CH1(Y1×k

k(Z),Λ) such that m · δZ◦ = (ι∗γ)|Z◦
k(Z)

. By Lemma 4.4.6 we can further assume
that γ is supported on {x0(λyj + x0) = 0} ⊂ Y1 ×k k(Z). This concludes Step 2.

Step 3. We specialize now λ → 0 and aim to compute the image of (4.4.10)
under the corresponding specialization map on Chow groups (see Lemma 2.2.1);
we will show that the specialization of the one-cycle γ vanishes and so does the
specialization of m · δZ◦ .

Consider the discrete valuation ring B = k0[λ](λ) with residue field k0 and fraction
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4. Irrationality of low degree hypersurfaces

field k0(λ). Recall that k is an algebraic closure of k0(λ). Then consider the flat
projective B-schemes

Z :=
{
f +

l∑
i=0

aix
i
0y
i
j = 0

}
⊂ PN+1

B ,

Y1 :=
{
f +

l∑
i=0

aix
i
0y
i
j + xd−2

0 (λyj + x0)w = 0
}

⊂ PN+2
B ,

where f and ai are as in (4.4.1). Note that Z and Y1 are the geometric generic fibre of
Z and Y1, respectively. Let Z◦ ⊂ Z and Y◦

1 ⊂ Y1 be the complement of the closure
of WZ in Z and of WY1 in Y1, respectively. Note that Z◦ = Z\WZ and Y ◦

1 = Y1\WY1

are the geometric generic fibres of Z◦ and Y◦
1 , respectively. We denote the special

fibres by Z◦
0 and Y ◦

1,0, respectively. By Lemma 2.2.1, there exist specialization maps
induced by Fulton’s specialization map for the flat OZ,Z0-schemes Z◦ ×B OZ,Z0 ,
Y◦

1 ×B OZ,Z0 , and Y1 ×B OZ,Z0

spZ◦ : CH0(Z◦ ×k k(Z),Λ) −→ CH0(Z◦
0 ×k0 k0(Z0),Λ),

spY ◦
1

: CH1(Y ◦
1 ×k k(Z),Λ) −→ CH1(Y ◦

1,0 ×k0 k0(Z0),Λ),

spY1 : CH1(Y1 ×k k(Z),Λ) −→ CH1(Y1,0 ×k0 k0(Z0),Λ),

where Y1,0 denotes the special fibre of the B-scheme Y1.
We apply now the specialization spZ◦ to the zero-cycle (4.4.10). By Lemma 2.2.1,

we get

m · δZ◦
0

= spZ◦(m · δZ◦) = spZ◦((ι∗γ)|Z◦
k(Z)

) = spY ◦
1

(ι∗γ)|Z◦
0,k0(Z0)

, (4.4.11)

where |Z◦
k(Z)

and |Z◦
0,k0(Z0)

denote the pullback along the regular embedding of the
Cartier divisor Z◦

k(Z) and Z◦
0,k0(Z0) in Y ◦

1 ×k k(Z) and Y ◦
1,0 ×k0 k0(Z0), respectively.

Recall that the one-cycle γ is supported on {x0(λyj + x0) = 0} ⊂ Y1 ×k k(Z).
Thus the specialization spY1(γ) ∈ CH1(Y1,0,Λ) is supported on {x2

0 = 0} ⊂ Y1,0. In
particular

spY ◦
1

(ι∗γ) = 0 ∈ CH1(Y ◦
1,0),

as the subset {x0 = 0} ⊂ Y1,0 is contained in the specialization of WY1 and sp
commutes with pullbacks along open immersions. Hence, the right hand side of
(4.4.11) vanishes, which concludes Step 3. By Step 3,

TorΛ(Z0,WZ0) | m,
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4.5. Base case

where WZ0 ⊂ Z0 is the specialization of WZ ⊂ Z. We note that Z = Z0 ×k0 k and
WZ = WZ0 ×k0 k, because the defining equations of Z and WZ are defined over k0.
Hence, the proposition follows from Lemma 4.2.6 (e), as m = TorΛ(X̄,WX̄).

4.5. Base case

Our argument will rely on an inductive application of a degeneration as in Section
4.4. For the start of the induction we will use the explicit example of a singu-
lar hypersurface with nontrivial unramified cohomology from the proof of [Sch21a,
Theorem 7.1]. We recall the example in what follows.

Let k be an algebraically closed field and let m ≥ 2 be an integer coprime to the
exponential characteristic of k. Let n ≥ 2 and r ≤ 2n − 2 be positive integers. Let
x0, . . . , xn, y1, . . . , yr+1 be the coordinates of Pn+r+1 and let π ∈ k be an element that
is transcendental over the prime field of k. Consider the homogeneous polynomial

g(x0, . . . , xn) := π ·
(

n∑
i=0

x
⌈n+1
m ⌉

i

)m
− (−1)nxm⌈n+1

m ⌉−n
0 x1x2 · · ·xn (4.5.1)

in k[x0, . . . , xn] of degree deg g = m
⌈
n+1
m

⌉
≤ n + m, see [Sch21a, Equation (21)].

Using this we define the homogeneous polynomial

F := g(x0, . . . , xn)xm+n−deg(g)
0 +

r∑
j=1

x
n−deg cj
0 cj(x1, . . . , xn)ymj +(−1)nx1x2 . . . xny

m
r+1

in k[x0, . . . , xn, y1, . . . , yr+1] of degree m+ n, where

cj(x1, . . . , xn) := (−x1)ε1(−x2)ε2 · · · (−xn)εn ∈ k[x1, . . . , xn] (4.5.2)

with εi the (i− 1)-th digit in the 2-adic representation of j, i.e. j = ∑
i εi2i−1 with

εi ∈ {0, 1}. Consider the associated degree m+ n hypersurface

Z := {F = 0} ⊂ Pn+r+1
k . (4.5.3)

Theorem 4.5.1. Let l ∈ k[x0, . . . , xn] be any nontrivial homogeneous polynomial
and consider

WZ := {yr+1l = 0} ∪ Zsing ⊂ Z

where Z is as in (4.5.3). Then TorZ/m(Z,WZ) = m.
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4. Irrationality of low degree hypersurfaces

We have the following immediate corollary.

Corollary 4.5.2. Let h, l′, l′′ ∈ k[x0, . . . , xn] be nontrivial homogeneous polynomi-
als such that h is irreducible of degree m + n + deg l′. Let k′ = k(ρ) be a purely
transcendental field extension of k. Consider the hypersurface

Zρ := {ρh+ l′ · F = 0} ⊂ Pn+r+1
k′

of degree m+ n+ deg l′. Then TorZ/m(Z̄ρ,WZ̄ρ
) = m, where Z̄ρ = Zρ ×k′ k̄′ and

WZ̄ρ
:= {yr+1l

′l′′ = 0} ∪ Zsing
ρ ×k′ k̄′ ⊂ Z̄ρ.

Proof. Consider the pair (Zρ,WZρ) and let (Z0,WZ0) be the pair obtained by spe-
cializing ρ → 0, i.e.

Z0 = {l′ · F = 0} ⊂ Pn+r+1
k ,

WZ0 = {yr+1l
′l′′ = 0} ∪ Zsing

0 ⊂ Z0.

Note that the scheme Z0 is reducible, but the open subscheme U0 := Z0\WZ0 ⊂ Z0 is
integral as the polynomial F is irreducible. Hence, the torsion order TorZ/m(Z0,WZ0)
is defined, see Remark 4.2.5. We observe that U0 = Z \ WZ , where the pair
(Z,WZ) is as in Theorem 4.5.1 with l = l′ · l′′ ∈ k[x0, . . . , xn]. Thus, we get
TorZ/m(Z0,WZ0) = m by Theorem 4.5.1. Hence, m divides TorZ/m(Z̄ρ,WZ̄ρ

) by
Lemma 4.2.9. Conversely, any Z/m-torsion order can be at most m. Hence,
TorZ/m(Z̄ρ,WZ̄ρ

) = m, as claimed.

Proof of Theorem 4.5.1. This follows from arguments similar to those in the proof
of [Sch21a, Theorem 6.1 and 7.1]; we give some details for the reader’s convenience.
Let P = {x0 = · · · = xn = 0} ⊂ Pn+r+1

k and consider the blow-up Y := BlPZ, which
can be described via the vanishing locus of

gx
m+n−deg(g)
0 ym0 +

r∑
j=1

x
n−deg cj
0 cj(x1, . . . , xn)ymj + (−1)nx1x2 . . . xny

m
r+1, (4.5.4)

inside the projective bundle PPn(O(−1)⊕O⊕(r+1)) over Pn, where y0 denotes a local
coordinate that trivializes O(−1) and y1, . . . , yr+1 trivialize O⊕(r+1). The projection
to the x-coordinates induces a morphism f : Y → Pnk . We furthermore pick an
alteration τ ′ : Y ′ → Y of order coprime to m, which can be done by [Tem17], see
also [IT14]. The corresponding alteration of Z is denoted by τ : Y ′ → Z.

As detailed in [Sch21a, §7], an application of [Sch21a, Theorem 5.3] shows that the
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4.5. Base case

pullback of the class α := (x1/x0, . . . , xn/x0) ∈ Hn(k(Pn), µ⊗n
m ) yields an unramified

class
γ := f∗α ∈ Hn

nr(k(Y )/k, µ⊗n
m ) = Hn

nr(k(Z)/k, µ⊗n
m )

of order m such that for any subvariety E ⊂ Y ′ which does not dominate Pn via f◦τ ′,
the class (τ ′)∗γ vanishes in Hn(k(E), µ⊗n

m ). Moreover, the class f∗α vanishes at the
generic point of the exceptional divisor D0 of Y → Z, which is cut out by y0 = 0,
and at the generic point of the strict transform Dr+1 of the divisor {yr+1 = 0} ⊂ Z

under the blow-up morphism Y → Z. Indeed, the divisors D0 and Dr+1 in Y map
via f onto Pn and the generic fibres D0,η and Dr+1,η of f |Di are the hypersurfaces
in (different) Prk(Pn) given by

r∑
j=1

cj(x1, . . . , xn)ymj + (−1)nx1x2 . . . xny
m
r+1 = 0 and

π ·
(

1 +
n∑
i=1

x
⌈n+1
m ⌉

i

)m
ym0 − (−1)nx1x2 · · ·xnym0 +

r∑
j=1

cj(x1, . . . , xn)ymj = 0,

respectively, see (4.5.4) and (4.5.1). Thus D0,η and Dr+1,η are each isomorphic as
k(Pn)-varieties to a subvariety of the hypersurface given by the vanishing of the n-th
Fermat-Pfister form of degree m

∑
ε∈{0,1}n

(−x1)ε1 . . . (−xn)εnymj(ε)

with j(ε) =
n∑
i=0

εi2i−1 as defined in [Sch21a, Equation (7)]. The vanishing of f∗α

along the generic points of D0 and Dr+1 follows from [Sch21a, Corollary 4.3]. Since
the generic fibre of f is smooth (m is invertible in k), we conclude via [BO74] that

((τ ′)∗γ)|E = 0 ∈ Hn(k(E), µ⊗n
m ) (4.5.5)

for any subvariety E ⊂ Y ′ with τ(E) ⊂ WZ = Zsing ∪ {yr+1l = 0}, where l ∈
k[x0, . . . , xn] is any nontrivial homogeneous polynomial in x0, . . . , xn as in the state-
ment of the theorem.

A computation with the Merkurjev pairing similar to [Sch19b, §3] or [Sch21b, The-
orem 8.6] then shows TorZ/m(Z,WZ) = m; we sketch the argument for convenience.
For a contradiction assume that there is a positive integer m′ < m with

m′ · δZ = z +m · ζ ∈ CH0(Zk(Z))
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4. Irrationality of low degree hypersurfaces

for some zero-cycle z whose support supp z lies in (WZ)k(Z) and some zero-cycle ζ ∈
CH0(Zk(Z)) that reflects the fact that we work with Z/m-torsion orders. We restrict
the above identity to the regular locus of Zk(Z) and pull this pack to τ−1(Zsm

k(Z)).
The localization sequence then yields

m′ · δτ = z′ +m · ζ ′ ∈ CH0(Y ′
k(Z)),

where δτ = τ∗δZ is the point induced by the graph of τ : Y ′ → Z, z′ is a zero-cycle
with supp z′ ⊂ τ−1(WZ)k(Z) and ζ ′ ∈ CH0(Y ′

k(Z)). Note that this used Zsing ⊂ WZ .
We pair the above zero-cycle via the Merkurjev pairing (see [Mer08, §2.4] or [Sch21b,
§5]) with the unramified class γ from above. This yields

⟨m′ · δτ , τ∗γ⟩ = 0,

because γ is m-torsion, hence pairs to zero with m · ζ ′, and it restricts to zero on
generic points of subvarieties of τ−1(WZ) by (4.5.5), hence pairs to zero with z′.
Conversely, the definition of the Merkurjev pairing directly implies that

0 = ⟨m′ · δτ , τ∗γ⟩ = m′ · τ∗τ
∗γ = m′ · deg(τ) · γ ∈ Hn(k(Z), µ⊗n

m ),

as δτ ∈ Y ′
k(Z) is the point associated to the graph Γτ ⊂ Y ′ ×Z of τ . This contradicts

the fact that deg(τ) is coprime to m, that 1 ≤ m′ < m, and that γ has order m.
This concludes the proof of the theorem.

4.6. Proof of the main results

Let k be an algebraically closed field and let X ⊂ PN+1
k be a smooth Fano hypersur-

face, i.e. a smooth hypersurface of degree d ≤ N + 1. Then deg : CH0(X) → Z is an
isomorphism and so the torsion order Tor(X) of X is the torsion order TorZ(X,W )
of X relative to any closed zero-dimensional subset W ⊂ X, see Lemma 4.2.6 (d).
The main results of this chapter, stated in the introduction, will follow from the
following result.

Theorem 4.6.1. Let k be a field and let m ≥ 2 be an integer invertible in k. Let
n ≥ 2, r ≤ 2n − 2, and let

s ≤
n∑
l=1

(
n

l

)⌊
n− l

m

⌋
be non-negative integers. Write N := n+ r + s. Then the torsion order Tor(Xd) of
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a very general Fano hypersurface Xd ⊂ PN+1
k of degree d ≥ m+ n is divisible by m.

Remark 4.6.2. For s = 0, the result is proven in [Sch21a, Theorem 7.1].

Proof of Theorem 4.6.1. Note that the torsion order of any variety is divisible by
the torsion order of the base-change to any field extension. Moreover, the definition
of very general (see Definition 2.4.1) is stable under extension of the base field. Up
to replacing k by a field extension, we can therefore assume that k is algebraically
closed and uncountable.

We fix positive integers n ≥ 2 and r ≤ 2n − 2. For a non-negative integer s as
in the theorem, we define inductively an integral degree d-hypersurface Z = Zs of
dimension N = n+ r + s.

Step 1. Suppose there exists an integral degree d-hypersurface Zs ⊂ Pn+r+s+1
k

given by the vanishing of a homogeneous polynomial of the form

f
(s)
0 +a

(s)
0 +a

(s)
r+1y

m
r+1 +

r∑
j=1

m∑
i=1

a
(s)
i,j ·yij ∈ k[x0, . . . , xn, y1, . . . , yr+1, z1, . . . , zs] (4.6.1)

for some homogeneous polynomials

f
(s)
0 , a

(s)
0 , a

(s)
r+1, a

(s)
i,j ∈ k[x0, . . . , xn, z1, . . . , zs]

such that

(1) f
(s)
0 + a

(s)
0 ∈ k[x0, . . . , xn, z1, . . . , zs] is an irreducible polynomial of degree d;

(2) for each j, if xem0 | a(s)
m,j for a non-negative integer e, then xei0 | a(s)

i,j for all
1 ≤ i ≤ m. We denote the maximal such e by e(s)

j ;

(3) TorZ/m(Zs,Ws) = m, where Ws := {x0a
(s)
r+1yr+1h

(s) = 0}∪Zsing
s ⊂ Zs for some

homogeneous polynomial h(s) ∈ k[x0, . . . , xn, z1, . . . , zs].

Assume that there exists some 1 ≤ j0 ≤ r such that e(s)
j0

≥ 1. Then we construct an
integral degree d-hypersurface Zs+1 of the same form (4.6.1) satisfying the condition
(1), (2), and (3) as follows.

Consider k′ = k(λ) an algebraic closure of the purely transcendental field extension
k(λ) of k. Rewrite the equation (4.6.1) asf (s)

0 + a
(s)
r+1y

m
r+1 +

∑
j ̸=j0

m∑
i=1

a
(s)
i,j · yij

+ a
(s)
0 +

m∑
i=1

a
(s)
i,j0
yij0 .
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4. Irrationality of low degree hypersurfaces

We are now in the situation of Section 4.4. Note that condition (1) implies the
assumption (4.4.2). Let Zs+1 be the integral degree d-hypersurface X ′ ×K K̄ ⊂
Pn+r+s+2
K̄

, where X ′ is as in Lemma 4.4.2 and K = k′(t). We choose an isomorphism
k ≃ K̄, which exists because both fields are algebraically closed, have the same
characteristic and have the same uncountable transcendence degree over their prime
fields. Thus we can view Zs+1 as a variety over k. We aim to check that Zs+1

satisfies the assumptions above. Recall from Lemma 4.4.2 that Zs+1 ⊂ Pn+r+s+2
k is

cut out by the homogeneous polynomialf (s)
0 + a

(s)
r+1y

m
r+1 +

∑
j ̸=j0

m∑
i=1

a
(s)
i,j · yij

+ a
(s+1)
0 +

m∑
i=1

a
(s+1)
i,j0

yij0 , (4.6.2)

where a(s+1)
0 , a

(s+1)
i,j0

∈ k[x0, . . . , xn, z1, . . . , zs+1] are defined as in (4.4.6). Note this
uses also Lemma 4.4.2 (3). Hence, the defining equation of Zs+1 has the form (4.6.1)
with

f
(s+1)
0 := f

(s)
0 , a

(s+1)
r+1 := a

(s)
r+1, and a

(s+1)
i,j := a

(s)
i,j for j ̸= j0.

Since f (s+1)
0 and a

(s+1)
0 do not contain any yi, condition (1) follows from Lemma

4.4.2 (4). As a(s+1)
i,j = a

(s)
i,j for j ̸= j0, condition (2) is clearly satisfied for j ̸= j0

and we note that e(s+1)
j = e

(s)
j for j ̸= j0. For j = j0, condition (2) follows from

Lemma 4.4.2 (2). Proposition 4.4.7 shows that TorZ/m(Zs+1,Ws+1) = m, where
Ws+1 = {x0a

(s)
r+1yr+1h

(s)zs+1 = 0} ⊂ Zs+1. Note that the derivative of (4.6.2) with
respect to yr+1 is equal to ma(s)

r+1y
m−1
r+1 ; thus the singular locus of Zs+1 is contained

in {a(s)
r+1yr+1 = 0} ⊂ Zs+1. By definition, a(s+1)

r+1 = a
(s)
r+1 and so condition (3) is

satisfied for h(s+1) = h(s)zs+1.

Step 2. Consider the hypersurface Z0 := Zρ with defining equation ρh+xd−m−n
0 F

as in Corollary 4.5.2, where h ∈ k[x0, . . . , xn] is an irreducible polynomial of degree
d, e.g.

h =


xd0 +

n∑
i=1

xi−1x
d−1
i if p > 0 and p | d,

n∑
i=0

xdi otherwise,

where p is the characteristic of k. We will prove that Z0 satisfies the condition (1),
(2), and (3) above. Consider the following polynomials in k[x0, . . . , xn]

f
(0)
0 := ρh+ x

d−deg(g)
0 g, a

(0)
0 := 0, a

(0)
r+1 := (−1)nxd−m−n

0 x1x2 . . . xn,

a
(0)
i,j := 0, for 1 ≤ i ≤ m− 1 and 1 ≤ j ≤ r,
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a
(0)
m,j := x

d−m−deg(cj)
0 cj(x1, . . . , xn), for 1 ≤ j ≤ r,

where g is defined in (4.5.1) and the cj ’s are defined in (4.5.2). Then, by construction,

ρh+ xd−m−n
0 F = f

(0)
0 + a

(0)
0 + a

(s)
r+1y

m
r+1 +

r∑
j=1

m∑
i=1

a
(0)
i,j · yij ∈ k[x0, . . . , xn, y1, . . . , yr+1]

is of the form (4.6.1). The polynomial f (0)
0 is irreducible because the polynomial h

is irreducible and ρ is a transcendental parameter over the prime field of k, which
is algebraically independent from π. Hence condition (1) holds. Condition (2) is
clearly satisfied as a(0)

i,j = 0 for 1 ≤ i ≤ m − 1. In particular, we see from the
definition of a(0)

m,j above that

e
(0)
j =

⌊
d−m− deg(cj)

m

⌋
. (4.6.3)

Corollary 4.5.2 shows that condition (3) holds as well, where we note that we can
choose h(0) = 1. This concludes Step 2.

By Steps 1 and 2 above, we can apply the double cone construction (see Section
4.4) as long as at least one of the ej ’s defined in (2) is positive. In each step, we
reduce one of them by 1. Hence, the number of steps is equal to the sum

r∑
j=1

e
(0)
j =

r∑
j=1

⌊
d−m− deg(cj)

m

⌋
.

This sum becomes maximal when r is maximal, i.e. r = 2n− 2. Then the sum reads

2n−2∑
j=1

e
(0)
j =

n−1∑
l=1

(
n

l

)⌊
d−m− l

m

⌋
.

Let now Xd be a very general hypersurface of degree d and dimension N over k.
Up to replacing k by a larger algebraically closed field (which does not affect the
torsion order by Lemma 4.2.6), we can by Lemma 2.4.3 assume that Xd degenerates
to Zs. The intersection of the hyperplane section {x0 = 0} with N − 1 general
hyperplane sections is a closed subset W in the total space of the degeneration which
has relative dimension 0 and whose restriction to the special fibre Zs is contained in
Ws. Applying Lemma 4.2.9 to the degeneration with W as closed subset yields that

TorZ/m(Xd,WXd) = m,
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4. Irrationality of low degree hypersurfaces

where WXd := W ∩ Xd ⊂ Xd is a closed non-empty zero-dimensional subset of Xd.
Thus, Lemma 4.2.6 implies that m divides Tor(Xd), which concludes the proof.

The following lemmas yield explicit estimates for the bound given in Theorem 4.6.1.

Lemma 4.6.3. Let n,m ≥ 2 be positive integers. Then

(⌊
n

m

⌋
− 1

)
(2n−1 − 1) ≤

n∑
l=1

(
n

l

)⌊
n− l

m

⌋
≤
⌊
n

m

⌋
(2n−1 − 1). (4.6.4)

Proof. The sum in question can be rewritten as follows

n∑
l=1

(
n

l

)⌊
n− l

m

⌋
= 1

2

n−1∑
l=1

(
n

l

)⌊
n− l

m

⌋
+ 1

2

n−1∑
l=1

(
n

n− l

)⌊
n− l

m

⌋

= 1
2

n−1∑
l=1

(
n

l

)⌊
n− l

m

⌋
+ 1

2

n−1∑
l=1

(
n

l

)⌊
l

m

⌋

= 1
2

n−1∑
l=1

(
n

l

)(⌊
n− l

m

⌋
+
⌊
l

m

⌋)
.

The estimates in (4.6.4) follow now from the observation(⌊
n

m

⌋
− 1

)
≤
(⌊

n− l

m

⌋
+
⌊
l

m

⌋)
≤
⌊
n

m

⌋
for all 0 ≤ l ≤ n together with the summation formula for binomial coefficients.

The more explicit formulas for m = 2 and m = 3 below are used in Theorem 4.1.1
and Theorem 4.1.2.

Lemma 4.6.4. Let n be a positive integer. Then the following formulas hold

n∑
l=1

(
n

l

)⌊
n− l

2

⌋
= (n− 1)2n−2 −

⌊
n

2

⌋
, (4.6.5)

n∑
l=1

(
n

l

)⌊
n− l

3

⌋
= n− 2

3 2n−1 − n

3 + δ, (4.6.6)

where δ depends on the remainder of n modulo 6 and is given by the following table.

n mod 6 0 1 2 3 4 5
δ 1

3
2
3

2
3 −1

3 0 2
3 .
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4.6. Proof of the main results

Proof. We check (4.6.5) by the following computation:

n∑
l=1

(
n

l

)⌊
n− l

2

⌋
=

n∑
l=1

n− l

2

(
n

l

)
− 1

2

n∑
l=1

n−l odd

(
n

l

)

= n

2 (2n − 1) − 1
2

n∑
l=1

l

(
n

l

)
− 1

2

n∑
l=1

n−l odd

[(
n− 1
l − 1

)
+
(
n− 1
l

)]

= n

2 (2n − 1) − n2n−2 − 2n−2 +
(1

4 − (−1)n 1
4

)
= (n− 1)2n−2 −

⌊
n

2

⌋
.

We turn to (4.6.6) and prove first a combinatorial formula for a lacunary sum of
binomial coefficients, see e.g. [Rio68, Section 4, Problem 8, p.161]. Let ξ be a
primitive third root of unity in C, then the following holds

3
∑

l≡r (3)

(
n

l

)
=

n∑
l=0

(
n

l

)
(1 + ξl−r + ξ2l−2r)

= 2n + ξ−r(1 + ξ)n + ξ−2r(1 + ξ2)n

= 2n + (−1)n(ξn+r)2 + (−1)nξn+r.

Write n = 3a+ b for integers a ∈ Z≥0 and b ∈ {0, 1, 2}. Then we get

n∑
l=1

(
n

l

)⌊
n− l

3

⌋
=

n∑
l=1

n− l

3

(
n

l

)
− 1

3
∑

n−l≡1 (3)
l ̸=0

(
n

l

)
− 2

3
∑

n−l≡2 (3)
l ̸=0

(
n

l

)

= n

3 (2n−1 − 1) − 1
3
∑

l≡1 (3)

(
n

l

)
− 2

3
∑

l≡2 (3)

(
n

l

)
+ b

3

= n− 2
3 2n−1 − n

3 + b

3 − (−1)n
9

(
ξ2b+2 + ξb+1 + 2ξ2b+1 + 2ξb+2

)
.

A simple computation shows that

b

3 − (−1)n
9

(
ξ2b+2 + ξb+1 + 2ξ2b+1 + 2ξb+2

)
= δ,

which proves (4.6.6) and thus the lemma.

Proof of Theorem 4.1.1. The statement for d = 4 follows from [Tot16a] for N ≤ 4
(see also [Sch19b, Theorem 1.1]) and [PS23, Theorem 1.1] for N = 5, see also
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4. Irrationality of low degree hypersurfaces

Example 4.3.6.
Let now d ≥ 5 and N ≤ d+1

16 2d be positive integers. If 3 ≤ N ≤ (d− 2) + 2d−2 − 2,
then the theorem follows from [Sch19b, Theorem 1.1], because we can then write
N uniquely as N = n + r for integers n, r ≥ 1 satisfying 2 ≤ n ≤ d − 2 and
2n−1 − 2 ≤ r ≤ 2n − 2. Hence we can assume that N ≥ d− 4 + 2d−2. Let n = d− 2,
r = 2d−2 − 2 and s = N − n− r be non-negative integers. We claim that

s ≤ (d− 3)2d−4 −
⌊
d− 2

2

⌋
.

Indeed, otherwise we get

N = n+ r + s > d− 4 + 2d−2 + (d− 3)2d−4 −
⌊
d− 2

2

⌋
≥ d+ 1

16 2d,

which yields a contradiction to the assumption N ≤ d+1
16 2d. Thus, Theorem 4.6.1

implies by Lemma 4.6.4 that Tor(Xd) is divisible by 2 for a very general degree d hy-
persurface Xd ⊂ PN+1. In particular, Xd does not admit an integral decomposition
of the diagonal.

Proof of Theorem 4.1.2. Let d ≥ 5 and 3 ≤ N ≤ d+1
48 2d be integers. If 3 ≤ N ≤

(d− 3) + 2d−3 − 2, then the theorem follows from [Sch21a, Theorem 7.1], because we
can write N = n + r for unique positive integers n, r satisfying 2 ≤ n ≤ d − 3 and
2n−1 − 2 ≤ r ≤ 2n − 2. Hence we can assume that N ≥ d− 5 + 2d−3. Let n = d− 3,
r = 2d−3 − 2 and s = N − n− r be non-negative integers. We claim that

s ≤ d− 5
3 2d−4 − d− 3

3 + δ,

where δ is defined as in Lemma 4.6.4. (Note that n = d− 3.) Indeed otherwise

N = n+r+s > d−3+2d−3−2+d− 5
3 2d−4−d− 3

3 +δ = d+ 1
48 2d+2d

3 +δ−4 ≥
⌊
d+ 1

48 2d
⌋
,

which yields a contradiction to the assumption that N is an integer satisying the
inequality N ≤ d+1

48 2d. Thus, Theorem 4.6.1 implies together with Lemma 4.6.4 that
3 | Tor(Xd) for a very general degree d hypersurface Xd ⊂ PN+1. In particular, Xd

has no an integral decomposition of the diagonal.

Proof of Theorem 4.1.3. This is Theorem 4.6.1 with the bound in Lemma 4.6.3.
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5. Torsion order of complete intersections

5.1. Introduction

The torsion order Tor(X) of an integral variety X over a field k is the smallest
positive integer e ∈ Z≥1 such that a decomposition

e · ∆X = z ×X + Z ∈ CHdimX(X ×k X) (5.1.1)

exists, where z ∈ CH0(X) is a zero-cycle and Z is a cycle on X ×kX whose support
does not dominate the second factor; we set Tor(X) = ∞ if no such decomposition
exists. The notion originates from work of Bloch [Blo80] (using an idea of Colliot-
Thélène) and Bloch–Srinivas [BS83] and has been studied for instance in [CL17,
Kah17, Sch21a, LS25]. Slight variants of the torsion order have been considered in
[ACTP17] and [Voi17].

A rationally (chain) connected smooth projective variety X has finite torsion order
andX admits a decomposition of the diagonal (meaning Tor(X) = 1) ifX is (retract)
rational or A1-connected. Thus the non-rationality of smooth projective (rationally
connected) varieties can be shown by proving that the torsion order is strictly larger
than 1 (or equivalently disproving a decomposition of the diagonal). This approach
to the rationality problem has been successfully started by Voisin [Voi15]. The
rationality problem itself has been extensively studied for a very general member of
many classes of algebraic varieties using various methods. We refer the reader to
the recent surveys [Deb24, Sch25b] for an overview of the methods and results.

Two other properties of a smooth projective integral variety are captured by its
torsion order. If f : X −→ Y is a generically finite morphism between smooth
projective integral varieties over a field k, then a “pull-push-argument” shows that
Tor(Y ) divides deg f · Tor(X). In particular, Tor(Y ) provides a lower bound for
the degree of any unirational parametrization of Y . The torsion order of a smooth
projective integral k-variety is also the smallest positive integer such that the kernel
of the degree morphism deg : CH0(XL) −→ Z is e-torsion for any field extension
L/k, where Tor(X) = ∞ if and only if no such integer exists.
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5. Torsion order of complete intersections

In this chapter, we provide new and improved lower bounds for the torsion order
of very general complete intersections in projective space as well as hypersurfaces in
products of projective spaces and Grassmannians.

5.1.1. Complete intersections

An argument of Rojtman [Roi80] for hypersurfaces extended to complete intersec-
tions by Chatzistamatiou–Levine [CL17, Proposition 4.1] shows that the torsion
order of a Fano complete intersection of multidegree (d1, . . . , ds) in PN+s over any
field divides d1! · · · · · ds!, in particular it is finite.

In the same paper, Chatzistamatiou–Levine provide a lower bound for very general
Fano complete intersections by building on earlier work of Totaro [Tot16a] and Kollár
[Kol95]. The torsion order of a very general complex complete intersection X of
multidegree (d1, . . . , ds) and dimension N is divisible by some prime power pm′ if

di ≥ pm
′
⌈
N + s+ 1 − d1 − · · · − ds + di

pm′ + 1

⌉
for some i ∈ {1, . . . , s} if p is odd or N is even, see [CL17, Theorem 7.2]. By using
the Fano index r(X) := dimX + s+ 1 − d1 − · · · − ds, the statement roughly means
that Tor(X) is divisible by a positive integer m if some degree di satisfies

di ≥ m · r(X) +m.

For hypersurfaces, this bound was significantly improved by Schreieder [Sch19b,
Sch21a]: A very general hypersurface X of degree d and Fano index r(X) > 0 over
a field k has torsion order divisible by a integer m > 0, if m is invertible in k and

d ≥ log2(r(X) +m) +m.

We extend the bound of Schreieder to complete intersections.

Theorem 5.1.1. The torsion order of a very general complete intersection of mul-
tidegree (d1, . . . , ds) and positive Fano index r over a field k is divisible by a positive
integer m if m ∈ k∗ and there exists a degree di such that di ≥ log2(r +m) +m.

A complete intersection of multidegree (d1, . . . , ds) is very general if it is (up to a
field extension) isomorphic to the geometric generic fibre of the parameter space of
complete intersection of the given multidegree, see Section 2.4.
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5.1. Introduction

In fact we obtain slightly better bounds, which recover the bounds for the torsion
order of hypersurfaces in Chapter 4. For instance, we obtain the following result
for the 2-divisibility of the torsion order, which yields the same bound in positive
characteristic as the stable irrationality bound of Nicaise–Ottem [NO22] in charac-
teristic 0. The results in [NO22] are proven using a motivic method, which builds
on earlier work of Nicaise–Shinder [NS19] and Kontsevich–Tschinkel [KT19]. The
motivic method was recently improved by Hotchkiss–Stapleton [HS25] to handle
A1-connectedness.

Theorem 5.1.2. Let k be a field of characteristic different from 2. Then the torsion
order of a very general complete intersection of multidegree (d1, . . . , ds), dimension
at least 4 and Fano index r is divisible by 2 if r ≤ 2 or some degree di ≥ 4 and

r ≤ (di + 1)2di−4 −
⌊
di + 2

2

⌋
.

In particular, such complete intersections are neither (retract) rational nor A1-
connected.

Note that the torsion order of complete intersections with non-positive Fano index
r might be infinite, e.g. non Fano complete intersection over C have infinite torsion
order. The case of hypersurfaces in the above theorem is covered by [Moe23], who
showed the stable irrationality in char 0, and Theorem 4.1.1. The latter results also
cover the case of quartic fivefolds, see also [NO22] and [PS23, Theorem 1.1].

5.1.2. Hypersurfaces in rational varieties

We illustrate the flexibility of our approach by considering also hypersurfaces in other
rational varieties. Among them hypersurfaces in products of projective spaces are
probably the most extensively studied ones with regard to the rationality problem,
see for example [BB18, AO18, ABBP20, NO22, Moe23].

To the best of our knowledge, there seems to be no upper bound for the tor-
sion order of hypersurfaces in products of projective spaces known in the literature.
Although one might be able to adapt Rojtman’s argument for complete intersec-
tion also to these examples, which we do not pursue here. Instead we provide the
following lower bound.

Theorem 5.1.3. Let k be a field and let m, s ∈ Z≥1 be positive integers such that
m is invertible in k. Then the torsion order of a very general hypersurface of mul-
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5. Torsion order of complete intersections

tidegree (d1, d2, . . . , ds) in PM1
k ×k · · · ×k PMs

k is divisible by m, if

M1 ≥ 4 and (d1, d2, . . . , ds) ≥ (log2(M1) +m,M2 + 1,M3 + 1, . . . ,Ms + 1).

In particular, it is neither stably rational nor retract rational nor A1-connected.

This extends and generalizes earlier results by Nicaise–Ottem [NO22, Proposition
6.2], where stable irrationality for s = 2 is shown in characteristic 0.

A different class of examples are hypersurfaces in Grassmannians, which are
related to Gushel-Mukai varieties, see e.g. [DK18]. We obtain the following re-
sult by relating certain hypersurfaces in Grassmannians directly with the ones in
[Sch19b, LS25].

Theorem 5.1.4. Let l, n ∈ Z≥1 be positive integers such that l(n− l) ≥ 4. Consider
the complex Grassmannian Gr(l, n) and fix a Plücker embedding Gr(l, n) ↪→ PNC .
Then the torsion order of the intersection of Gr(l, n) with a very general complex
hypersurface of degree d ≥ 4 in PNC is divisible by 2, if l(n− l) ≤ (d+ 1)2d−4.

The restriction to the complex numbers is mostly for simplicity of the argument
and it should be possible to obtain a similar result also in positive characteristic,
see Remark 5.4.10.

The stable rationality for hypersurfaces in the Grassmannian Gr(2, n) is studied
in an unpublished work of Ottem1 and also in work of Yoshino [Yos24, Yos25]. For
l = 2, Yoshino obtained a slightly better bound (2(n− 2) ≤ (d+ 1)2d−4 + 2) for the
stable irrationality of hypersurfaces in Gr(2, n), see [Yos25, Theorem 1.3].

5.1.3. Outline of the argument

Nicaise–Ottem [NO22] proves the (stable) irrationality of algebraic varieties using a
degeneration to snc schemes, where the obstruction to rationality lies in some lower
stratum using the motivic volume. A cycle-theoretic analogue of this method was
given first by Pavic–Schreieder [PS23] for proper families with a generalization to
non-proper families by Lange–Schreieder [LS25], see Chapter 4.

We elaborate the idea of [LS25] to consider non-proper degenerations to snc
schemes by studying affine degenerations to which the method of [PS23, LS25] is
applicable. In fact, we reformulate most of the assumptions in terms of basic com-
mutative algebra statements. An iterated application of this affine degeneration

1available at his webpage: https://www.mn.uio.no/math/personer/vit/johnco/papers/gr25.pdf.
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5.2. Affine degenerations

allows us to construct affine complete intersections from affine hypersurfaces, where
the torsion order of the former is controlled by the torsion order of the latter.

Applying this machinery to the concrete hypersurface examples from [Sch19b,
Sch21a, LS25] provides affine complete intersections with a (non-trivial) lower bound
on the torsion order. We emphasize that this ultimately relies on certain vanishing
results for unramified cohomology classes found for instance in [Sch19a, Sch19b].

The main results are obtained by considering different compactifications of these
affine examples together with a standard degeneration argument. To control the
compactification, we use the theory of Gröbner basis.

We would like to point out that we use degenerations similar to and inspired by
the ones in [NO22, Moe23]. While they use one degeneration into many components,
which they control via tropical geometry, we consider several simple degenerations
into 2 components.

The framework of affine degenerations is developed in Section 5.2. In Section 5.3,
we check that the hypersurfaces from [Sch19b, Sch21a, LS25] as well as special
complete intersections related to an example of Hassett–Pirutka–Tschinkel [HPT18a]
fit in our framework of affine degeneration. This essentially boils down to some
elementary computations using the explicit equations. The final section (Section 5.4)
is devoted to the proof of the main results.

5.2. Affine degenerations

In this section, we construct (strictly semi-stable) families over a dvr, which satisfy
the assumptions of Theorem 4.3.8. In particular, we need to write down a family
whose special fibre consists of two irreducible components and whose total space is
regular. This is straightforward in the affine setting. Let A be a smooth k-algebra
of finite type and let f1, f2 ∈ A, then the natural morphism

Spec
(
A⊗k k[t](t)/(t− f1f2)

)
−→ Spec k[t](t) (5.2.1)

is a family over the dvr k[t](t) with regular total space such that the special fibre is
equal to

SpecA/(f1f2) ≃ Spec (A/(f1)) ∪ Spec (A/(f2)) .

A key assumption in Theorem 4.3.8 is the “rationality” condition (3), which we
reformulate to an algebraic condition for degenerations as (5.2.1) in the first part.
In the second part, we provide two general constructions of families as in (5.2.1)
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which satisfy the assumptions in Theorem 4.3.8.

5.2.1. Strongly rational algebras

The assumption (3) in Theorem 4.3.8 states that the irreducible components of the
special fibre are isomorphic to an open subscheme of affine space. Rephrasing this
geometric condition algebraically leads to the following definition.

Definition 5.2.1. Let k be a field. A finite type k-algebra B is called strongly
k-rational if B is isomorphic as a k-algebra to the localization of a polynomial ring
over k and B ̸= 0.

Example 5.2.2. (1) The polynomial ring k[x1, . . . , xn] is clearly a strongly k-
rational algebra for every n ≥ 0.

(2) The finite type k-algebra k[x1, x2]/(1 + x1x2) is strongly k-rational, as

k[x1, x2]/(1 + x1x2) ≃ k[x2, x
−1
2 ].

(3) If B is a strongly k-rational algebra, then B ⊗k L is strongly L-rational for
every field extension L/k.

The following remark verifies that the spectrum of a strongly rational k-algebra
is isomorphic to an open in affine space, in particular rational.

Remark 5.2.3. Let B be a strongly k-rational algebra. Then there exists a polyno-
mial ring A = k[x1, . . . , xn] and a multiplicative subset S ⊂ A such that B ≃ S−1A.
Since B is also of finite type over k by the definition of strongly rational k-algebra,
we find that SpecB → SpecA = Ank is an open immersion by [Oda04, Theorem 2.7],
see also the Added part in loc. cit. for an alternative argument2.

The above remark implies that strongly k-rational algebras are geometrically in-
tegral and smooth k-algebras. We provide an algebraic proof for the convenience of
the reader.

Lemma 5.2.4. A strongly k-rational algebra B is a geometrically integral, smooth
k-algebra.

Proof. It suffices to prove that B is an integral domain and (formally) smooth over
k, which is obvious as B is by definition isomorphic as a k-algebra to the localization
of a polynomial ring over k.

2We found the argument and reference through an answer of Martin Brandenburg on mathoverflow.
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5.2. Affine degenerations

5.2.2. Affine strictly semi-stable families

We provide a general setup to construct affine strictly semi-stable schemes over the
dvr k[t](t) such that its special fibre consists of two irreducible components which
are rational.

Definition 5.2.5. Let k be a field and let A be an integral smooth k-algebra of finite
type and of Krull dimension N +1. We say that two elements f1 ∈ A[z] := A⊗k k[z]
and f2 ∈ A are admissible with respect to A if the quotient ring A[z]/(f1, f2) is a
geometrically integral k-algebra of dimension N and the k-algebras A[z]/(f1) and
A/(f2) are strongly k-rational and of Krull dimension N + 1 and N , respectively.

The above definition is motivated by the following proposition.

Proposition 5.2.6. Let k be a field and let A be an integral smooth k-algebra of
finite type and of Krull dimension N + 1. Assume that f1 ∈ A[z] and f2 ∈ A are
admissible with respect to A in the sense of Definition 5.2.5. Then the affine scheme

Spec(A[z]∂zf1 ⊗k R)/(t− f1f2) (5.2.2)

is a strictly semi-stable R := k[t](t)-scheme. Moreover, the k(t)-algebra

A[z] ⊗k k(t)/(t− f1f2) (5.2.3)

is an integral domain.

Proof. We check the definition of strictly semi-stable R-schemes, see Definition 2.3.2.
Note first that the k[t]-algebra

B := A[z, t]/(t− f1f2) ≃ A[z]

is a smooth k-algebra and thus in particular flat. As k[t] is an unramified k-algebra,
B is a flat k[t]-algebra by [GW23, Remark 18.30]. Thus the R-algebra

B ⊗k[t] R = (A[z] ⊗k R)/(t− f1f2)

is flat. Localizing at the multiplicative subset {(∂zf1)n : n ∈ N} ⊂ B ⊗k[t] R,
then implies that (5.2.2) is a flat R-scheme. Since B is clearly an integral domain
and being an integral domain is preserved under localization, it follows that the
k(t)-algebra (5.2.3) is an integral domain and the affine scheme (5.2.2) is integral.
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The generic fibre of the R-scheme (5.2.2) is the spectrum of the k(t)-algebra

(A⊗k k(t))[z, w]/(t− f1f2, w∂zf1 − 1), (5.2.4)

which is a standard smooth A ⊗k k(t)-algebra in the sense of [Stacks, Tag 00T6].
Thus (5.2.4) is a smooth k(t)-algebra, as A is a smooth k-algebra by assumption.

The special fibre of the R-scheme (5.2.2) has two irreducible components, namely
SpecA[z]∂zf1/(f1) and SpecA[z]∂zf1/(f2), which are both smooth k-schemes by
Lemma 5.2.4 and clearly Cartier divisors in (5.2.2). The intersection is the spectrum
of the k-algebra

A[z]∂zf1/(f1, f2) ≃ (A/(f2)) [z, w]/(f1, w∂zf1 − 1),

which is a smooth k-algebra by a similar argument as for (5.2.4). Note that this
uses the fact that A/(f2) is strongly k-rational and thus a smooth k-algebra by
Lemma 5.2.4.

The following example provides a way to construct admissible pairs with respect
to strongly k-rational algebras.

Example 5.2.7. Let k be a field and let B be a strongly k-rational algebra, e.g.
a polynomial ring. Let f ∈ B[z] such that B[z]/(f) is geometrically integral of
Krull dimension dimB. Then the pair f1 = f + y ∈ B[y, z] and f2 = y ∈ B[y] is
admissible with respect to B[y]. Indeed, the assumptions on B and f together with
the k-algebra isomorphisms

B[y, z]/(f1, f2) ≃ B[z]/(f), B[y, z]/(f1) = B[y, z]/(f+y) ≃ B[z], B[y]/(f2) = B

imply directly that f1 and f2 are admissible with respect to B[y].

5.2.3. The key construction

In this part, we provide the key construction of a new admissible pair from an
admissible pair. The idea is the following simple observation: Let f1 ∈ A[z] and
f2 ∈ A be admissible with respect to a strongly k-rational algebra A for some field
k. Then the generic fibre of the family (5.2.1) is the spectrum of the k(t)-algebra

A[z] ⊗k k(t)/(t− f1f2) ≃ A[z, y] ⊗k k(t)/(t+ f1y, f2 + y). (5.2.5)
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Note that the k(t)-algebras

A[z, y]⊗kk(t)/(t+f1y) ≃ (A[z] ⊗k k(t))f1
and A[z, y]⊗kk(t)/(f2+y) ≃ A[z]⊗kk(t)

are strongly k-rational. Thus g1 := t + f1y and g2 := f2 + y are admissible with
respect to A[z, y] ⊗k k(t) if the k(t)-algebra (5.2.5) is geometrically integral.

As integral varieties over a field K with a K-rational point in the smooth locus
are geometrically integral, see e.g. [Stacks, Tag 0CDW], we introduce the following
extra condition for f1 ∈ A[z] and f2 ∈ A: for every field extension F/k and every
(q1, q2) ∈ F 2 there exists an F-algebra epimorphism

A[z]∂zf1 ⊗k F/(f1 + q1, f2 + q2) −↠ F. (⋆)

The following lemma shows that this extra condition guarantees that the k(t)-
algebra (5.2.5) admits a k(t)-rational point in the smooth locus.

Lemma 5.2.8. Let k be a field and let A be an integral smooth k-algebra of finite
type. Assume that f1 ∈ A[z] and f2 ∈ A are admissible with respect to A in the
sense of Definition 5.2.5 and satisfy condition (⋆). Then the k(t)-scheme

Spec(A[z]∂zf1 ⊗k k(t))/(t− f1f2)

contains a k(t)-rational point and is geometrically integral over k(t).

Proof. The existence of a k(t)-rational point is equivalent to showing that the k(t)-
algebra

(A[z]∂zf1 ⊗k k(t))/(t+ f1y, f2 + y)

admits a k(t)-algebra epimorphism to k(t). The latter can be constructed as

(A[z, y]∂zf1 ⊗k k(t))/(t+ f1y, f2 + y) −↠ (A[z]∂zf1 ⊗k k(t))/(t+ f1, f2 + 1) −↠ k(t),

where the first surjection is the quotient by the ideal (y−1) and the second surjection
exists by (⋆) applied to the field extension F = k(t) and the pair (q1, q2) = (t, 1).

Thus the smooth and integral k(t)-variety

Spec(A[z]∂zf1 ⊗k k(t))/(t− f1f2),

see Proposition 5.2.6, is geometrically integral over k(t) by [Stacks, Tag 0CDW].
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Corollary 5.2.9. Let k be a field and let A be a strongly k-rational algebra. If
f1 ∈ A[z] and f2 ∈ A are admissible with respect to A in the sense of Definition 5.2.5
and satisfy the condition (⋆), then the two pairs (h1, h2) and (h̃1, h̃2) with

h1 := t+ f1y ∈ A[y, z] ⊗k k(t) and h2 := f2 + y ∈ A[y] ⊗k k(t)

h̃1 := f1 + y ∈ A[y, z] ⊗k k(t) and h̃2 := t+ f2y ∈ A[y] ⊗k k(t)

are admissible with respect to A[y] ⊗k k(t) and also satisfy (⋆).

Proof. We check the definition of an admissible pair: Note that

A[y, z] ⊗k k(t)/(h1, h2) ≃ A[z] ⊗k k(t)/(t− f1f2) ≃ A[y, z] ⊗k k(t)/(h̃1, h̃2)

Thus the quotient is geometrically integral over k(t) by Lemma 5.2.8. Recall that
for i = 1, 2 the k(t)-algebras

A[z, y]⊗kk(t)/(t+fiy) ≃ (A[z] ⊗k k(t))fi and A[z, y]⊗kk(t)/(fi+y) ≃ A[z]⊗kk(t)

are strongly k(t)-rational. Thus the pairs (h1, h2) and (h̃1, h̃2) are admissible with
respect to A[y] ⊗k k(t). To show condition (⋆), let F/k(t) be a field extension and
let (q1, q2) ∈ F 2. Then the composition

A[y, z]∂zh1 ⊗k F/(h1 + q1, h2 + q2) −→ A[z]∂zf1 ⊗k F/(t+ f1 + q1, f2 + 1 + q2) (⋆)−−→ F

yields an F -algebra epimorphism, where the first map is the quotient by the ideal
(y−1) and the second map exists because f1 and f2 satisfy the condition (⋆). Hence,
the pair (h1, h2) satisfies condition (⋆). The same argument works for (h̃1, h̃2).

We end this part by reformulating (⋆) for the construction in Example 5.2.7.

Example 5.2.10. Let k be a field and let B be a strongly k-rational algebra, e.g.
a polynomial ring. Let f ∈ B[z] be neither a zero-divisor nor a unit. Assume that
B[z]/(f) is geometrically integral and that f satisfies the condition

∀F/k ∀q ∈ F ∃ F-algebra epimorphism B[z]∂zf ⊗k F/(f + q) −↠ F. (⋆⋆)

Then the pair f1 = f + y ∈ B[y, z] and f2 = y ∈ B[y] is admissible with respect to
B[y] by Example 5.2.7 and satisfies condition (⋆), as

B[y, z]∂z(f+y) ⊗k F/(f + y + q1, y + q2) ≃ B[z]∂zf ⊗k F/(f − q2 + q1)
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for every field extension F/k and q1, q2 ∈ F .

5.2.4. Admissible pairs and torsion orders

In this part, we apply Theorem 4.3.8 to the degeneration (5.2.2), which provides us
a flexible way to understand the torsion order of complete intersections by under-
standing the torsion order of hypersurfaces.

The first theorem is a key technical result, which controls the torsion order in
affine degeneration of the form (5.2.2) and can be seen as an algebraic version of
Theorem 4.3.8.

Theorem 5.2.11. Let k be an algebraically closed field and let Λ be a commutative
ring with 1 and of finite characteristic e ∈ Z≥1 such that e ∈ k∗. Let A be an integral
smooth k-algebra of finite type. Assume that f1 ∈ A[z] and f2 ∈ A are admissible
with respect to A and satisfy condition (⋆). Let l ∈ A[z] be a non-trivial element
and consider

WZ := SpecA[z]/(f1, f2, l · ∂zf1) ⊂ Z := SpecA[z]/(f1, f2)

WX̄ := SpecA[z] ⊗k k(t)/(t− f1f2, l · ∂zf1) ⊂ X̄ := SpecA[z] ⊗k k(t)/(t− f1f2),

where k(t) is an algebraic closure of a purely transcendental extension k(t)/k. Then
X̄ is an integral variety and TorΛ(Z,WZ) | TorΛ(X̄,WX̄).

Proof. Let R := k[t](t) and consider the R-scheme

X := Spec (A[z] ⊗k R/(t− f1f2)) . (5.2.6)

Note that Z is the intersection of the two irreducible components of the special fibre
and X̄ is the geometric generic fibre of X . We aim to apply Theorem 4.3.8 to the
family (5.2.6); thus we check that the assumptions in Theorem 4.3.8 are satisfied.

The family (5.2.6) is flat and separated over R by [GW20, Proposition 14.20 and
Proposition 9.15]. It is clearly of finite type.

The generic fibre X is geometrically integral, as it is integral by Proposition 5.2.6,
Cohen-Macaulay by [Eis95, Proposition 18.13], and contains an open (dense) sub-
scheme, which is geometrically integral by Lemma 5.2.8.

Consider the closed affine subscheme

WX := Spec (A[z] ⊗k R/(t− f1f2, l · ∂zf1)) ⊂ X
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Note that WX ×X Z = WZ and WX ×X X̄ = WX̄ for WZ and WX̄ as in the statement
of the theorem. The open subscheme X ◦ := X \WX ⊂ X is given by

Spec (A[z] ⊗k R/(t− f1f2))l·∂zf1
= SpecA[z]l·∂zf1 ⊗k R/(t− f1f2),

where we used that l, f1 ∈ A[z]. Thus X ◦ is a strictly semi-stable R-scheme by
Proposition 5.2.6 and so condition (2) of Theorem 4.3.8 is satisfied. The special
fibre of the family (5.2.6) consists of the two irreducible varieties

Y0 ≃ SpecA[z]/(f1) and Y1 ≃ A[z]/(f2).

By definition of an admissible pair, the intersection Z = Y0 ∩Y1 ≃ SpecA[z]/(f1, f2)
is (geometrically) integral and the varieties Y0 and Y1 are isomorphic to an open sub-
scheme of affine space, see Remark 5.2.3. Hence condition (1) and (3) hold. In total,
we have shown that the assumptions of Theorem 4.3.8 are satisfied for the family X
and the closed subscheme WX . Thus the theorem follows from Theorem 4.3.8.

The following theorem provides a framework to inductively construct certain affine
complete intersection from affine hypersurfaces by simultaneously controlling the
(relative) torsion order. As the torsion order is related to the rationality, see the
discussion in the introduction, the proposition can be seen as an affine analogue and
generalization of [NO22, Theorem 7.7], where stable irrationality is studied.

Theorem 5.2.12. Let k be an uncountable algebraically closed field and let m ≥ 2
and n, r ≥ 0 be integers with m ∈ k∗. If there exist non-constant polynomials

f1, . . . , fr ∈ k[x1, . . . , xn+r] and f ∈ k[x1, . . . , xn+r, z]

such that

(C1) the k-algebra B := k[x1, . . . , xn+r]/(f1, . . . , fr) is strongly k-rational;

(C2) the affine scheme SpecB[z]/(f) is an integral k-variety of dimension dimB;

(C3) there exists a non-zero polynomial l ∈ k[x1, . . . , xn+r, z] such that

TorZ/m (SpecB[z]/(f),SpecB[z]/(f, l · ∂zf)) = m;

(C4) f ∈ B[z] satisfies condition (⋆⋆).
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Then for every integers d and M with d ≥ M ≥ 1, there exist polynomials

f̌ , f̃ ∈ k[x1, . . . , xn+r, w1, . . . , wM , z] and fr+1 ∈ k[w1, . . . , wM ]

of degree deg f̌ = deg f + d, deg f̃ = deg f and deg fr+1 = d such that

(a) the polynomials f1, . . . , fr+1 and f̃ satisfy the properties (C1)–(C4) if addi-
tionally d = M or M ≥ 2;

(b) the polynomials f1, . . . , fr and f̌ satisfy the properties (C1)–(C4) and the de-
grees with respect to the x, z- and w-coordinates are degx,z f̌ = deg f and
degw f̌ = d+ 1.

We call d the added degree and M the number of added variables.

Proof. The theorem is a consequence of the following claim, which we prove by
applying inductively the results from Section 5.2 together with a simple degeneration
argument.

Claim. For all integers d and M with d = M ≥ 1 or d > M ≥ 2, there exist
polynomials

f̃ ∈ k[x1, . . . , xn+r, z, w1, . . . , wM ] and fr+1 ∈ k[w1, . . . , wM ]

of degree deg f and d respectively, such that f̃ and fr+1 are admissible with respect
to B[w1, . . . , wd] for B as in (C1) and satisfy condition (⋆) from Section 5.2 as well
as

TorZ/m
(
SpecB[z, w1, . . . , wM ]/(f̃ , fr+1), SpecB[z, w1, . . . , wM ]/(f̃ , fr+1, l · ∂z f̃)

)
= m

for some l ∈ k[x1, . . . , xn+r, z]. Additionally, we have f̃ − f ∈ k[w1, . . . , wM ] of
degree 1.

The claim immediately implies (a), see Definition 5.2.5 and (⋆). The explicit
construction of f̃ and fr+1 in the claim allows us to construct f̌ and deduce (b).

The proof of the claim is divided into two steps. In the first step we show the
claim for d = M ≥ 1 via the results from Section 5.2. The second step proves the
claim for d > M ≥ 2 by applying a simple degeneration argument together with
Lemma 4.2.9.
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Step 1. Assume that d = M ≥ 1. We construct inductively f̃ and fr+1. If d = 1,
then Example 5.2.10 applied to the strongly k-rational algebra B and f ∈ B[z] shows
that

f̃ = f + w ∈ k[x1, . . . , xn+r, w, z] and fr+1 = w ∈ k[w]

are admissible with respect to B[w] and satisfy the condition (⋆). Note that

B[w, z]/(f̃ , fr+1) = B[z]/(f),

which shows the claim for d = 1.

Suppose that for some d ≥ 1 there exists polynomials f̃ ∈ k[x1, . . . , xn+r, w1, . . . , wd, z]
and fr+1 ∈ k[w1, . . . , wd] as in the claim with M = d. Consider a purely transcen-
dental field extension k(t)/k. Then the polynomials

g̃ := f̃ + wd+1 ∈ k(t)[x1, . . . , xn+r, w1, . . . , wd+1, z] and

gr+1 := t+ wd+1fr+1 ∈ k(t)[w1, . . . , wd+1]

are admissible with respect to B[w1, . . . , wd+1] and satisfy condition (⋆) by Corol-
lary 5.2.9. Note that

B′ := B ⊗k k(t)[w1, . . . , wd+1, z]/(g̃, gr+1) ≃ B ⊗k k(t)[w1, . . . , wd, z]/(t− f̃fr+1).

Thus, Theorem 5.2.11 and the assumption on the relative torsion order in the claim
imply

TorZ/m
(
SpecB′ ⊗k(t) k(t), Spec(B′ ⊗k(t) k(t))/(l · ∂z g̃)

)
= m.

Up to identifying k(t) with k via a field isomorphism, which exists as both fields are
algebraically closed field extensions of the same (uncountable) transcendence degree
over the same prime field, we can assume that the polynomials g̃ and gr+1 are defined
over k. Note that g̃ and gr+1 are admissible with respect to B[w1, . . . , wd+1] and
satisfy condition (⋆). We also have deg g̃ = deg f̃ , deg gr+1 = d+ 1, and degw g̃ = 1
as well as

TorZ/m (SpecB[w1, . . . , wd+1, z]/(g̃, gr+1), SpecB[w1, . . . , wd+1, z]/(g̃, gr+1, l · ∂z g̃)) = m.

Thus, we have constructed inductively polynomials as in the claim for d = M , which
concludes the first step.
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Step 2. Assume that 2 ≤ M < d. By Step 1, there exist polynomials

f̃ ∈ k[x1, . . . , xn+r, w1, . . . , wM , z] and fr+1 ∈ k[w1, . . . , wM ]

of degree deg f̃ = deg f and deg fr+1 = M , which satisfy the conditions in the claim
for d = M . In fact, it follows from the construction in Step 1 that we can take

f̃ = f + w1 + · · · + wM ∈ k[x1, . . . , xM , w1, . . . , wM , z] and

fr+1 = t2 − wM (t1 − wM−1g) ∈ k[w1, . . . , wM ]
(5.2.7)

for some t1 ∈ k with t1 = 0 if and only if M = 2, some t2 ∈ k∗ which is transcendental
over the prime field of k, and some polynomial g ∈ k[w1, . . . , wM−2] of degree M−2.
Let k(t) be an algebraic closure of a purely transcendental field extension k(t)/k.
Consider the polynomials

g̃ := f̃ ∈ k(t)[x1, . . . , xN , w1, . . . , wM , z] and

gr+1 := fr+1 + twM (wM−1 − δM,2)h ∈ k(t)[w1, . . . , wM ],
(5.2.8)

where the polynomials f̃ and fr+1 are as in (5.2.7), h ∈ k[w1, . . . , wM−1] is an
arbitrary polynomial of degree d− 2, and δM,2 is the Kronecker delta, i.e. δM,2 = 1
if M = 2 and δM,2 = 0 otherwise.

We check that the polynomials g̃ and gr+1 in (5.2.8) satisfy the conditions in the
claim by using some abstract field isomorphism k ≃ k(t), see also Step 1.

The admissibility of g̃ and gr+1 with respect toB⊗kk(t)[w1, . . . , wM ] and condition
(⋆) can be shown via similar arguments as in Section 5.2. We provide some details
for the convenience of the reader. Identify k(t) with k(t, t2) and consider

A := B ⊗k k(t, t2)[w1, . . . , wM ].

Note that A is strongly k(t, t2)-rational, as B is strongly k-rational by (C1), see
Example 5.2.2 (3); in particular A is a smooth geometrically integral k(t, t2)-algebra
of finite type by Lemma 5.2.4. Viewing g̃ and gr+1 from (5.2.8) as elements in A[z],
we find that

A[z]/(g̃) ≃ B[w1, . . . , wd, z]/(f̃) ⊗k k(t, t2)

A/(gr+1) (5.2.8)= A/ (t2 − wM (t1 − wM−1g − t(wM−1 − δM,2)h))

are strongly k(t, t2)-rational by the definition of admissible (Definition 5.2.5) for
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f̃ and fr+1 and Example 5.2.2 (2). The elements g̃ ∈ A[z] and gr+1 ∈ A satisfy
condition (⋆), as for every field extension F/k(t, t2) and any q1, q2 ∈ F , we have an
F -algebra epimorphism

A[z]∂z g̃ ⊗k(t,t2) F

(g̃ + q1, gr+1 + q2) −↠ B ⊗k F [w1, . . . , wM−2, z]∂zf(
f + w1 + · · · + wM−2 + δM,2 + t2+q2

t1−δM,2g + q1
) (C4)

−↠ F. (†)

The first arrow is the quotient by the ideal (wM−1 − δM,2) together with an isomor-
phism of F -algebras using the explict description of g̃ and gr+1 from (5.2.8). This
uses that t1 − δM,2g ∈ k∗. In particular, we see that the k(t, t2)-scheme

SpecA[z]∂z g̃/(g̃, gr+1) = Spec (A/(gr+1)) [z]∂z g̃/(g̃) (5.2.9)

contains a k(t, t2)-rational point and is smooth over k(t, t2), as it is a standard
smooth SpecA/(gr+1)-scheme and the k(t, t2)-algebra A/(gr+1) is strongly k(t, t2)-
rational by the above, see also Lemma 5.2.4. The scheme (5.2.9) is an open sub-
scheme of SpecA[z]/(g̃, gr+1), see e.g. the argument in Remark 5.2.3. Both schemes
are integral k(t, t2)-varieties, as A[z]/(g̃, gr+1) is a localization of the integral domain

B ⊗k k(t)[t2, w1, . . . , wM , z]/(g̃, gr+1)
(5.2.8)

≃ B ⊗k k(t)[w1, . . . , wM , z]/(f̃). (5.2.10)

Thus, the k(t, t2)-scheme (5.2.9) is geometrically integral by [Stacks, Tag 0CDW].
Since (5.2.9) is an open subscheme of the k(t, t2)-variety SpecA[z]/(g̃, gr+1), which is
also Cohen-Macaulay by [Eis95, Proposition 18.13], the variety SpecA[z]/(g̃, gr+1)
is also geometrically integral over k(t, t2). Hence g̃ and gr+1 are admissible with
respect to A, in particular also with respect to B ⊗k k(t)[w1, . . . , wM ].

The statement about the torsion order follows now directly from Lemma 4.2.9 via
the degeneration t → 0. Hence, the polynomials g̃ and gr+1 satisfy the conditions
in the claim for d > M ≥ 2, which concludes Step 2 and the proof of the claim.

We turn to the construction of f̌ and the proof of (b). Let d and M be positive
integers such that d ≥ M . Then, the claim applied for the integers d+ 1 and M + 1
shows that there exists polynomials

f̃ ∈ k[x1, . . . , xn+r, w1, . . . , wM+1, z] and fr+1 ∈ k[w1, . . . , wM+1]

of degree deg f and d + 1, respectively, such that the conditions (C1)–(C4) are
satisfied for f1, . . . , fr+1 and f̃ . In fact, the construction in Step 2 shows that the
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polynomials

f̃ = f + w1 + · · · + wM+1 ∈ k[x1, . . . , xn+r, w1, . . . , wM+1, z] and

fr+1 = t2 − wM+1 (t1 − wMg − t(wM − δM+1,2)h) ∈ k[w1, . . . , wM+1]

work for some specific t, t2 ∈ k∗ and t1 ∈ k and some polynomials g ∈ k[w1, . . . , wM−1]
and h ∈ k[w1, . . . , wM ] of degree M−1 and d−1, respectively, see (5.2.7) and (5.2.8).
We note that there is a B-algebra isomorphism

B[w1, . . . , wM+1, z]/(f̃ , fr+1) ≃ B[w1, . . . , wM , z]/(f̌), (5.2.11)

where f̌ is the degree (d+ deg f) polynomial

f̌ := t2 + (f + w1 + · · · + wM )(t1 − wMg − t(wM − δM+1,2)h) (5.2.12)

in k[x1, . . . , xn+r, w1, . . . , wM , z]. It is straightforward to see from the isomorphism
(5.2.11) and the explicit form of f̌ in (5.2.12) that (b) holds for f̌ as in (5.2.12).

Remark 5.2.13. (a) The proof shows that the polynomial l in (C3) for the poly-
nomials f1, . . . , fr and f also works for f1, . . . , fr+1 and f̃ as well as for
f1, . . . , fr and f̌ .

(b) The proof shows that the polynomial f̃ can be choosen as f̃ = f + h for some
linear polynomial h ∈ k[w1, . . . , wM ], see the claim in the above proof.

(c) If M = 2, then we can also choose the polynomials in (5.2.8) as

g̃ := f̃ = f + w1 + w2 and gr+1 := t2 − w1w2 + twd1 .

Indeed, the proof uses the strongly k(t, t2)-rationality of A/(gr+1), the exis-
tence of the epimorphism (†), and the isomorphism (5.2.10) as well as that
gr+1 specializes to fr+1 from (5.2.7) via t → 0. The last two properties are
obviously still satisfied for the new choice of gr+1. We can replace (†) by

A[z]∂z g̃⊗k(t,t2)F/(g̃+q1, gr+1+q2) −↠ B⊗kF [z]∂zf/ (f + t2 + t+ q2 + q1 + 1) −↠ F

where the first map is the quotient by the ideal (w1 − 1) and the second map
exists by (C4). The strongly k(t, t2)-rationality of A/(gr+1) follows from

A/(gr+1) ≃ B ⊗k k(t, t2)[w1, w2]/(t2 − w1(w2 + twd−1
1 )) ≃ B ⊗k k(t, t2)[w1]w1 .
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5.3. Base examples

To apply the machinery of affine degenerations from Section 5.2, we need explicit
equations of (rationally connected) hypersurfaces with no integral decomposition of
the diagonal.

5.3.1. Schreieder’s hypersurface examples

In [Sch19b, Sch21a], Schreieder constructs examples of singular hypersurfaces with
non-trivial unramified cohomology classes, in particular these examples have no de-
composition of the diagonal. Starting from these explicit hypersurfaces, Schreieder
and the first named author [LS25] manage to increase the dimension of the hypersur-
face examples via a degeneration argument, see Theorem 4.3.8. In this subsection,
we recall these constructions from Chapter 4 and show that they fit into our affine
degeneration framework, leading to the following result.

Theorem 5.3.1. Let k be an algebraically closed and uncountable field. Let n′,m ≥
2 be integers such that m is invertible in k. Then for every integer N satisfying

3 ≤ N ≤ n′ + 2n′ − 2 +
n′−1∑
l=0

(
n′

l

)⌊
l

m

⌋

and any integer d ≥ n′ +m, there exists an irreducible polynomial

f ∈ k[x1, . . . , xN , z]

of degree d satisfying condition (⋆⋆) and such that

TorZ/m (Spec k[x1, . . . , xN , z]/(f),Spec k[x1, . . . , xN , z]/(f, ∂zf)) = m. (5.3.1)

In particular, f satisfies (C1)–(C4) in Theorem 5.2.12 for n = N , r = 0.

We start with the singular hypersurface examples in [Sch21a], see also Section 4.5.

Example 5.3.2. Let k be an algebraically closed field containing an element π ∈ k,
which is transcendental over the prime field of k. Fix integers m,n ≥ 2 such that m
is invertible in k and consider the polynomial

g := π ·
(

1 +
n∑
i=1

x
⌈n+1
m

⌉
i

)m
− (−1)nx1x2 . . . xn ∈ k[x1, . . . , xn]. (5.3.2)
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For an integer N satisfying n+ 1 ≤ N ≤ n+ 2n − 2, we consider the polynomial

f0 := g(x1, . . . , xn) +
N−n∑
j=1

cj(x1, . . . , xn)xmn+j + (−1)nx1x2 . . . xnz
m (5.3.3)

in k[x1, . . . , xN , z], where g is as in (5.3.2) and cj := (−x1)ε1(−x2)ε2 . . . (−xn)εn in
k[x1, . . . , xn] for the unique εi ∈ {0, 1} satisfying j = ∑n

i=1 εi2i−1. We note that
deg f0 = n+m and that c1(x1, . . . , xn) = x1.

In fact, f0 is the dehomogenization of the homogeneous polynomial F appearing
in (4.5.3). Thus, Theorem 4.5.1 implies that f0 is an irreducible polynomial and

TorZ/m (Spec k[x1, . . . , xN , z]/(f0),Spec k[x1, . . . , xN , z]/(f0, ∂zf0)) = m,

as ∂zf0 = (−1)nmx1 · · ·xnzm−1. In particular, f0 satisfies the conditions (C1)–(C3)
in Theorem 5.2.12 for n = N and r = 0; the lemma below shows condition (C4).

Lemma 5.3.3. Let the notation be as in Example 5.3.2. Then for any field extension
F/k and any element q ∈ F , there exists an F -algebra epimorphism

F [x1, . . . , xN , z, w]/(f0 + q, (−1)nmx1 · · ·xnzm−1w − 1) −↠ F. (5.3.4)

Proof. Let F/k be a field extension and let q ∈ F . It clearly suffices to construct
the epimorphism in the case that N = n + 1. If q ∈ F is defined over k, then the
existence of an epimorphism (5.3.4) is straightforward, as k is algebraically closed.
Indeed, there exists clearly an k-algebra epimorphism

k[x1, . . . , xn+1, z, w]/(f0 + q, w∂zf0 − 1) −↠ k[xn+1]/(xmn+1 + π(n+ 1)m + q) −↠ k,

where the first morphism is the quotient by the ideal (x1 − 1, . . . , xn − 1, z − 1) and
the second homomorphism exists as k is algebraically closed. Since tensor product
is right-exact, the F -algebra surjection (5.3.4) exists for q ∈ k.

Thus, we may assume now that q ∈ F \ k. Let ζ ∈ k be such that ζ⌈n+1
m

⌉ = −1,
which exists as k is algebraically closed. Then the quotient by the ideal

(x2 − ζx1, x3 − 1, . . . , xn+1 − 1, z − 1) ⊂ F [x1, . . . , xn+1, z, w]

yields an F -algebra homomorphism

F [x1, . . . , xn+1, z]∂zf0/(f0 + q) −↠ F [x1]x1/(π(n− 1)m + x1 + q) ≃ F.
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where we used for the isomorphism that π(n− 1)m + q ̸= 0, as q /∈ k.

Starting from the above examples, we constructed in Section 4.4 a series of hy-
persurface examples without a decomposition of the diagonal via the “double cone
construction”, see also [Moe23]. We state an affine version of this construction.

Example 5.3.4. Let k be an algebraically closed field and letN,m, d ∈ Z be positive
integers such that N,m ≥ 2, m is invertible in k, and 2m ≤ d. Suppose there exists
an irreducible polynomial f ∈ k[x1, . . . , xN , z] of the form

f := bzm +
m∑
i=0

aix
i
j0 (5.3.5)

for some index j0 ∈ {1, . . . , N} and some polynomials

b, a0, . . . , am ∈ k[x1, . . . , x̂j0 , . . . , xN ]

not containing the variable xj0 and of degree deg b = d−m, deg ai ≤ d− i such that

TorZ/m (Spec k[x1, . . . , xN , z]/(f),Spec k[x1, . . . , xN , z]/(f, ∂zf)) = m.

For example, the polynomial f0 in (5.3.3) satisfies the assumptions for j0 = n+ 1.
Let K/k be an algebraically closed field extension of transcendence degree 2 and

let λ, t denote a transcendental basis of K/k. Consider the K-scheme

X := {f(x1, . . . , xN , z) + w0 + (λxj0 + 1)w1 = t− w0w1 = 0} ⊂ AN+3
K ,

where x1, . . . , xN , z, w0, w1 are the coordinates of AN+3
K . Note that X is as a K-

scheme isomorphic to

X ≃ SpecK[x1, . . . , xN , z, w0, w
−1
0 ]/(f(x1, . . . , xN , z) + w0 + (λxj0 + 1)tw−1

0 )

≃ SpecK[x1, . . . , xN , z, w0, w
−1
0 ]/

(
bzm +

m∑
i=0

ai(w0xj0 − λ−1)i + w0 + tλxj0

)
,

where the second isomorphism is given by the transformation xj0 7→ (w0xj0 − λ−1).
If deg ai ≤ d−2i for all i ∈ {0, . . . ,m}, then X is isomorphic to an open subscheme

of the affine degree d hypersurface in AN+2
K given by the irreducible polynomial

f̃ := bzm +
m∑
i=0

ai(w0xj0 − λ−1)i + w0 + tλxj0 ∈ K[x1, . . . , xN , z, w0]. (5.3.6)
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By degenerating X via t → 0, it follows from Proposition 4.4.7 that

TorZ/m
(
SpecK[x1, . . . , xN , z, w0]/(f̃), SpecK[x1, . . . , xN , z, w0]/(f̃ , w0 · ∂z f̃)

)
= m,

see also the proof of Theorem 4.6.1. Note that f̃ is again of the form (5.3.5).
Observe that f̃ automatically satisfies the condition (⋆⋆). Indeed, since b is a non-

zero polynomial over an infinite field k, there exists α := (αi)i=1,...,ĵ0,...,N ∈ kN−1

such that b(α) ̸= 0. Then the quotient by the ideal

(z − 1, xj0 , xi − αi : i ̸= j0)

induces for any field extension F/K and any q ∈ F the following F -algebra epimor-
phism

F [x1, . . . , xN , z, w0, w]/(f̃+q, w∂z f̃−1) −↠ F [w0]/ (f(α1, . . . , αN , 1) + w0 + q) ≃ F,

where we set αj0 := −λ.

Repeatedly applying the “double cone construction” to the polynomial f0 in (5.3.3)
yields polynomials of degree deg f0 in a polynomial ring of larger Krull dimension.

Remark 5.3.5. Let n,m ≥ 2 be integers such that n,m ≥ 2. Then forN = n+2n−2
the polynomial f0 from Equation (5.3.3) reads

f0 = g(x1, . . . , xn) +
2n−2∑
j=1

cj(x1, . . . , xn)xmn+j + (−1)nx1x2 . . . xnz
m (5.3.7)

in k[x1, . . . , xn+2n−2, z], where g, c1, . . . , c2n−2 ∈ k[x1, . . . , xn] are some specific non-
zero polynomials, see Example 5.3.2. In particular, we see that the “double cone
construction” is applicable for j0 ∈ {n+ 1, n+ 2, . . . , n+ 2n − 2}.

A quick analysis of the change of the polynomials ai under the “double cone
construction” f → f̃ shows that we can apply the construction from Example 5.3.4
in total

2n−2∑
j=1

⌊
n− deg cj

m

⌋
=

n−1∑
l=0

(
n

l

)⌊
l

m

⌋
times, see the proof of Theorem 4.6.1 and also Lemma 4.4.2.

We summarize the results of the above examples (Example 5.3.2 and Exam-
ple 5.3.4) before turning to the proof of the Theorem 5.3.1. Let k be an algebraically
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closed and uncountable field and let n,m ≥ 2 be integers such that m is invertible
in k∗. For every integer N with n+ 1 ≤ N ≤ n+ 2n − 2, there exists a polynomial

f ∈ k[x1, . . . , xN , z] (5.3.8)

which is irreducible of degree n+m and satisfies the conditions (⋆⋆) and (5.3.1).

Proof of Theorem 5.3.1: The construction of the polynomial f involves the existence
of a polynomial in (5.3.8) together with Theorem 5.2.12 (b). Let N, d be integers
satisfying

d ≥ n′ +m and 4 ≤ N ≤ n′ + 2n′ − 2 +
n′−1∑
l=0

(
n′

l

)⌊
l

m

⌋
.

Then there exists an integer 2 ≤ n ≤ n′ such that

n+ 1 ≤ N − 1 < N ≤ n+ 2n − 2 +
n−1∑
l=0

(
n

l

)⌊
l

m

⌋
.

Note that d ≥ n′ + m ≥ n + m. If d = n + m, then there exists by (5.3.8) an
irreducible polynomial f ∈ k[x1, . . . , xN , z] of degree d satisfying condition (⋆⋆) and
(5.3.1). So, we can assume d > n + m, then there exists by (5.3.8) an irreducible
polynomial f̃ ∈ k[x1, . . . , xN−1, z] of degree n+m satisfying condition (⋆⋆) and

TorZ/m
(
Spec k[x1, . . . , xN−1, z]/(f̃), Spec k[x1, . . . , xN−1, z]/(f̃ , ∂z f̃)

)
= m.

Note that this uses Lemma 4.2.6 (b) and (e). Applying Theorem 5.2.12 (b) to the
polynomial f̃ with r = 0 and added degree d−n−m and 1 added variable, there exists
an irreducible polynomial f ∈ k[x1, . . . , xN , z], denoted by f̌ in Theorem 5.2.12, of
degree d = n+m+ (d− n−m) satisfying condition (⋆⋆) and such that

TorZ/m (Spec k[x1, . . . , xN , z]/(f), Spec k[x1, . . . , xN , z]/(f, ∂zf)) = m,

i.e. the polynomial f satisfies the claims in the theorem.
It remains to show the theorem for N = 3. Since k is an uncountable field, there

exists π, ρ ∈ k which are algebraically independent over the prime field of k. We
claim that for any d ≥ 2 +m the polynomial

f := ρxd3 + π

(
1 + x

⌈ 3
m

⌉
1 + x

⌈ 3
m

⌉
2

)m
− x1x2 + x1x

m
3 + x1x2z

m ∈ k[x1, x2, x3, z]
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satisfies the properties stated in the theorem. Indeed, a direct computation shows
that if f ∈ k[x1, x2, x3][z] would be reducible, then it has to be divisible by x1x2,
which it is clearly not. Thus f is irreducible. We note that f degenerates via ρ → 0
to a polynomial f0 of the form (5.3.3), thus it follows from Lemma 4.2.9 that

TorZ/m (Spec k[x1, x2, x3, z]/(f),Spec k[x1, x2, x3, z]/(f, ∂zf)) = m,

see also [LS25, Corollary 6.2]. The condition (⋆⋆) follows by a similar argument as
in Lemma 5.3.3, which shows the claim and thus the theorem.

5.3.2. A special quartic fourfold

We provide three examples of affine complete intersections, namely a quartic four-
fold, a (2, 2, 2)-fourfold, and a (3, 3)-fivefold, which also fit in our framework of affine
degenerations from Section 5.2, which are used in the proof of Theorem 5.1.2 for
the case of small Fano index r ≤ 2, see also Proposition 5.4.3. These are based on
a special quartic fourfold example from [LS25, Example 4.6], which is birational to
the quadric surface bundle example in [HPT18a]. Throughout this section, let k be
an algebraically closed field of characteristic char k ̸= 2.

Example 5.3.6. Consider the irreducible polynomial

h := y2
1 + x1x2y

2
2 + x2y

2
3 + x1(1 + x2

1 + x2
2 − 2x1 − 2x2 − 2x1x2) ∈ k[x1, x2, y1, y2, y3].

The argument sketched in Example 4.3.6 shows that the Z/2-torsion order of the
affine scheme

X := Spec k[x1, x2, y1, y2, y3]/(h)

relative to the closed subscheme W := {x1x2y1 = 0} ⊂ X is equal to 2. In fact, the
argument presented there can be adapted3 to show that

TorZ/2 (Spec k[x1, x2, y1, y2, y3]/(h), Spec k[x1, x2, y1, y2, y3]/(h, x1x2y1y2y3)) = 2.

We would like to emphasize that this relies on some vanishing results for unramified
cohomology classes, for instance [Sch19b, Theorem 9.2].

By replacing y1 = x1z1, y2 = z2, and y3 = x1z3 and dividing the resulting
polynomial by x1, we find that X is birational to the affine hypersurface associated

3the polynomial g in Example 4.3.6 is invariant under any permutation of the coordinates x0, x1, x2.
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to the following irreducible polynomial in A := k[x1, x2, z1, z2, z3]:

f := x1z
2
1 + x2z

2
2 + x1x2z

2
3 + (1 + x2

1 + x2
2 − 2x1 − 2x2 − 2x1x2). (5.3.9)

In particular, we see from the above explicit change of coordinates that

TorZ/2 (SpecA/(f),SpecA/(f, x1x2z1z2z3)) = 2. (5.3.10)

To see that the polynomial f fits in our framework of affine degeneration, we check
the condition (⋆⋆) by a similar argument as in the proof of Lemma 5.3.3.

Lemma 5.3.7. For any field extension F/k and any q ∈ F , there exists an F -algebra
epimorphism

F [x1, x2, z1, z2, z3, w]/(f + q, w∂z3f − 1) −↠ F,

where f ∈ k[x1, x2, z1, z2, z3] is the polynomial in (5.3.9).

Proof. Let F/k be a field extension and let q ∈ F . If q is defined over k, then there
is a k-algebra epimorphism

k[x1, x2, z1, z2, z3, w]/(f + q, 2wx1x2z3 − 1) −↠ k[z1, z2]/(z2
1 + z2

2 − 2 + q) −↠ k,

where the first morphism is the quotient by the ideal (x1 − 1, x2 − 1, z3 − 1) and
the second morphism exists as k is algebraically closed. Thus the lemma follows
for q ∈ k ⊂ F by the right-exactness of the tensor product. Thus, we may assume
q ∈ F \ k. Then, the quotient by the ideal (x1 + x2 − 1, z1 − 1, z2, z3 − 2) yields the
claimed F -algebra epimorphism

F [x1, x2, z1, z2, z3, w]/(f+q, 2wx1x2z3−1) −↠ F [x1, w]/(x1+q, 4wx1(x1−1)+1) ≃ F,

where we used that q ̸= 0, 1.

We recall the explicit birational equivalence of the (affine) quartic fourfold in
Example 5.3.6 with a (2, 2, 2)-complete intersection from [HPT18b, §3.1], which is
based on a construction of Beauville [Bea77].

Example 5.3.8. Consider the polynomials

p1 := −y1+z2
2+z3z4−2, p2 := y1+y2z3+z2

1−2, p3 := y1z5−y2z4+1+z2
5 (5.3.11)
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in k[y1, y2, z1, z2, z3, z4, z5], see [HPT18b, Equation (3.3)]. Then there exists an
isomorphism of k-algebras

k[y1, y2, z1, z2, z3, z4, z5]z3/(p1, p2, p3) ≃ k[x1, x2, z1, z2, z3]z3/(f),

where f ∈ k[x1, x2, z1, z2, z3] is as in (5.3.9). In particular, the affine (2, 2, 2)-
complete intersection {p1 = p2 = p3 = 0} ⊂ A7

k is birational to the affine quartic
fourfold {f = 0} ⊂ A5

k. Indeed, the following sequence of isomorphism provides the
claimed isomorphism:

k[y1, y2, z1, z2, z3, z4, z5]z3/(−y1 + z2
2 + z3z4 − 2, y1 + y2z3 + z2

1 − 2, y1z5 − y2z4 + 1 + z2
5)

≃ k[z1, z2, z3, z4, z5]z3/
(
(z2

2 + z3z4 − 2)z5 + (z2
2 + z3z4 + z2

1 − 4)z−1
3 z4 + 1 + z2

5

)
= k[z1, z2, z3, z4, z5]z3/

(
z−1

3 z4z
2
1 + (z5 + z−1

3 z4)z2
2 + z3z4z5 + z2

4 + 1 + z2
5 − 2z5 − 4z−1

3 z4
)

≃ k[x1, x2, z1, . . . , z5]z3/
(
x1 − z−1

3 z4, x2 − x1 − z5, x1z
2
1 + x2z

2
2 + x2z3z4 + (z5 − 1)2 − 4x1

)
≃ k[x1, x2, z1, z2, z3]z3/

(
x1z

2
1 + x2z

2
2 + x1x2z

2
3 + (x2 − x1 − 1)2 − 4x1

)
.

We could not verify the condition (C1) for any two of the three pi’s. It seems
that the polynomials p1, p2, p3 in (5.3.11) do not fit directly in the setup of Theo-
rem 5.2.12. Instead, we consider a different affine chart of the projective closure of
{p1 = p2 = p3 = 0} ⊂ A7.

Example 5.3.9. Consider the k-algebra k[y1, y2, z1, z2, z3, z4, z5] and the polynomi-
als p1, p2, p3 from (5.3.11). We perform the following change of coordinates

(x1, . . . , x5, x6, x7) := (y2z
−1
4 , z1z

−1
4 , z2z

−1
4 , z3z

−1
4 , z−1

4 , y1z
−1
4 , z5z

−1
4 ).

Then the quadric polynomials p1, p2, p3 from (5.3.11) read

q1 := −x6x5 + x2
3 + x4 − 2x2

5 ∈ k[x1, . . . , x7],

q2 := x6x5 + x1x4 + x2
2 − 2x2

5 ∈ k[x1, . . . , x7],

q3 := x6x7 − x1 + x2
5 + x2

7 ∈ k[x1, . . . , x7].

(5.3.12)

The above constructions imply that the affine (2, 2, 2)-complete intersection given
by q1, q2, q3 satisfies the assumptions in Theorem 5.2.12 for m = 2.

Corollary 5.3.10. For q1, q2, q3 ∈ k[x1, . . . , x7] as in (5.3.12) the following holds:

(i) The k-algebra k[x1, x3, x4, x5, x6, x7]/(q1, q3) ≃ k[x3, x5, x6, x7] is strongly k-
rational;
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(ii) X := Spec k[x1, . . . , x7]/(q1, q2, q3) is an integral k-variety of dimension 4.

(iii) Set W := {x2x4x5 = 0} ⊂ X, then TorZ/2(X,W ) = 2;

(iv) For any field extension F/k and q ∈ F , there exists an F -algebra epimorphism

F [x1, . . . , x7, w]/(q1, q2 + q, q3, w∂x2q2 − 1) −↠ F.

Proof. Statement (i) is obvious and statement (ii) follows from [HPT18b]. The
isomorphisms in Example 5.3.8 and the change of coordinates in Example 5.3.9
imply that

k[x1, x2, z1, z2, z3]x1z3/(f) −→ k[x1, . . . , x7]x4x5/(q1, q2, q3),

(x1, x2, z1, z2, z3) 7−→ (x−1
4 , x7x

−1
5 + x−1

4 , x2x
−1
5 , x3x

−1
5 , x4x

−1
5 )

is an isomorphism of k-algebras, where f is as in (5.3.9). Via this isomorphism
statement (iii) follows from (5.3.10). We turn to the proof of statement (iv). Let
F/k be a field extension and let q ∈ F . Note first F [x1 . . . , x7]/(q1, q2 + q, q3) is
equal to

F [x2, x3, x5, x6, x7]/(x6x5 + (x2
5 + x2

7 + x6x7)(2x2
5 + x6x5 − x2

3) + x2
2 − 2x2

5 + q).

Thus the quotient by the ideal (x2 − 1, x3 − 1, x5, x7 − 1) induces the F -algebra
epimorphism

F [x1, . . . , x7, w]/(q1, q2 + q, q3, 2x2w − 1) −↠ F [x6]/(−x6 + q) ≃ F,

which shows statement (iv) and thus completes the proof of the corollary.

We conclude this section by constructing an affine (3, 3)-fivefold whose relative
Z/2-torsion order is divisible by 2. By applying the results from Section 5.2 to
an affine (2, 3)-complete intersection isomorphic to the affine quartic fourfold in
Example 5.3.6.

Example 5.3.11. From the explicit form of the polynomial f in (5.3.9), we see that
there exists an k-algebra isomorphism

k[x1, x2, z1, z2, z3]/(f) ≃ k[x1, x2, x3, z1, z2, z3]/(f1, f2)
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where f1, f2 ∈ k[x1, x2, x3, z1, z2, z3] are the polynomials

f1 := x3−z2
3 , f2 := x1z

2
1 +x2z

2
2 +x1x2x3+(1+x2

1+x2
2−2x1−2x2−2x1x2). (5.3.13)

Note that the k-algebra B := k[x1, x2, x3, z1, z2]x1x2/(f2) is strongly k-rational
and that B[z3]/(f1) is a geometrically integral k-algebra of Krull dimension 4, as
it is a localization of a geometrically integral k-algebra. Moreover, we have for any
field extension F/k and any element q ∈ F an F -algebra epimorphism

B ⊗k F [z3]∂z3f1/(f1 + q) = k[x1, x2, x3, z1, z2, z3]x1x2z3/(f1 + q, f2) −↠ F (5.3.14)

given by the ideal (z3 − α, x2 − x3, x1 − x2 − 1, z1 −
√

−1x3, z2 − 2), where α ∈ k∗

is chosen such that α2 + q ̸= −1, 0. In particular, we find that f1 + x4 ∈ B[z3, x4]
and x4 ∈ B[x4] are admissible with respect to B[x4] and satisfy condition (⋆) by
Example 5.2.10.

Thus, we can apply Theorem 5.2.11 and find by (5.3.10) that the affine scheme

X ′ := Spec k(t)[x1, x2, x3, x4, z1, z2, z3]x1x2/(t− x4(f1 + x4), f2),

is a geometrically integral k(t)-variety of dimension 5 satisfying

TorZ/2(X ′ ×k(t) k(t),W ′ ×k(t) k(t)) = 2,

where W ′ := {x1x2z1z3 = 0} ⊂ X ′ and k(t)/k is a purely transcendental field
extension of transcendence degree 1. In fact, the k(t)-scheme

X := Spec k(t)[x1, x2, x3, x4, z1, z2, z3]/(t− x4(f1 + x4), f2)

is an integral k-variety by a similar argument as in Proposition 5.2.6 and hence of
dimension 5. Moreover, X is Cohen-Macaulay by [Eis95, Proposition 18.13] and
contains an open dense geometrically integral subscheme. Thus X is geometrically
integral and it satisfies

TorZ/2(X ×k(t) k(t),W ×k(t) k(t)) = 2

for the closed subscheme W := {x1x2z1z3 = 0} ⊂ X.

Corollary 5.3.12. Let f1, f2 ∈ k[x1, x2, x3, z1, z2, z3] be the polynomials as in (5.3.13)
and let K := k(t) be the algebraic closure of a purely transcendental field extension
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k(t)/k of transcendence degree 1. Then the following holds:

(i) The K-algebra B := K[x1, x2, x3, x4, z2, z3]/(t − x4(f1 + x4)) is strongly K-
rational;

(ii) X := SpecB[z1]/(f2) is an integral K-variety of dimension 5;

(iii) Set W := {x1x2z1z3 = 0} ⊂ X, then TorZ/2(X,W ) = 2;

(iv) For any field extension F/k and q ∈ F , there exists an F -algebra epimorphism

F [x1, x2, x3, x4, z1, z2, z3]∂z1f2/(t− x4(f1 + x4), f2 + q) −↠ F.

Proof. The first statement follows directly from the isomorphism of K-algebras

B = K[x1, x2, x3, x4, z2, z3]/(t− x4(x3 − z2
3 + x4)) ≃ K[x1, x2, x4, z2, z3]x4 .

The statement (ii) and (iii) are proven in Example 5.3.11. To prove statement (iv),
let F/K be a field extension and let q ∈ F . Then the quotient by the ideal(

x4 − 1, z2 − 2, 1 − x1 + x2, z1 − 1, z3 −
√

1 − t
)

yields for q ̸= 0 an F -algebra epimorphism

F [x1, x2, x3, x4, z1, z2, z3]∂z1f2/(t− x4(f1 + x4), f2 + q) −↠ F [x1]/(x1 + q) ≃ F.

For the q = 0, (5.3.14) implies the existence of such an F -algebra epimorphism.

5.4. Applications and main results

In this section we apply the machinery developed in Section 5.2 to the base examples
in Section 5.3 in order to construct certain affine complete intersections. Taking the
closure of these complete intersections in different compactification of affine space
AN enables us to prove the main results stated in the introduction.

5.4.1. Complete intersections

We start with the most straightforward compactification of AN , namely PN . In the
following proposition, we construct affine complete intersections with given (relative)
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torsion order. Their projective closure can be controlled via the theory of Gröbner
basis and graded monomial orderings, see Proposition 2.6.4.

Proposition 5.4.1. Let k be an uncountable and algebraically closed field and
let n,m ≥ 2 be two integers such that m ∈ k∗. For s ≥ 1, consider an s-tuple
(d1, . . . , ds) ∈ Zs≥1 of positive integers satisfying d1 ≥ n+m.

Then for all integers N and M satisfying the inequalities

s− 1 ≤ M ≤
s∑
i=1

di − n−m and 4 ≤ N ≤ n+ 2n − 1 +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
, (5.4.1)

there exist polynomials g1, . . . , gs ∈ k[x1, . . . , xN , y1, . . . , yM ] of degree deg gi = di

such that the scheme

X := Spec k[x1, . . . , xN , y1, . . . , yM ]/(g1, . . . , gs)

is an (integral) k-variety of dimension N +M − s and satisfies TorZ/m(X,W ) = m,
where W := {l · ∂x1g1 = 0} ⊂ X for some non-zero polynomial l ∈ k[x1, . . . , xN ].

Moreover, if s ≤ M then the leading monomials of g1, . . . , gs are relatively prime
for some graded monomial ordering.

Proof. Let s ≥ 1 and let (d1, . . . , ds) ∈ Zs≥1 be a tuple of positive integers such
that d1 ≥ n + m. We can assume without loss of generality that each di ≥ 2,
as d1 ≥ n + m = 4 and for any k-algebra A we have a k-algebra isomorphism
A[z]/(z) ≃ A. Let N,M, d be positive integers satisfying the inequalities in (5.4.1).
Since N satisfies the bounds in (5.4.1), Theorem 5.3.1 shows that for every integer
d′ ≥ n+m there exist non-zero polynomials

f ∈ k[x1, . . . , xN ] and l ∈ k[x1, . . . , xN ] (5.4.2)

such that f is irreducible of degree d′ and satisfies condition (⋆⋆) with z = x1 as
well as

TorZ/m (Spec k[x1, . . . , xN ]/(f),Spec k[x1, . . . , xN ]/(f, l · ∂x1f)) = m. (5.4.3)

In particular, the properties (C1)–(C4) in Theorem 5.2.12 are satisfied for f and the
integers n = N − 1 and r = 0. We will use the existence of such f several times
throughout the proof.

If s = 1, then we set d′ := d1 −M and note that d′ ≥ m+ n by (5.4.1). Consider
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the irreducible polynomial f ∈ k[x1, . . . , xN ] of degree d′ from (5.4.2). Then, we
define a polynomial g1 ∈ k[x1, . . . , xN , w1, . . . , wM ] of degree d1 by setting g1 := f ,
if M = 0, or by applying Theorem 5.2.12 (b) to f and with r = 0, added degree M
and M added variables and setting g1 := f̌ , if M > 0. In both cases we know that
the affine scheme

Spec k[x1, . . . , xN , y1, . . . , yM ]/(g1)

is an integral k-variety of dimension N + M − 1 and satisfies TorZ/m(X,W ) = m,
where W := {l · ∂x1g1 = 0} ⊂ X for l as in (5.4.2). This proves the case s = 1.
Assume from now on s ≥ 2. We distinguish three cases depending on M .

Case a. If M ≥ 2s − 2, we set d′ := min{d1, d1 + · · · + ds − M}. Note that
n+m ≤ d′ ≤ d1 by (5.4.1). Since each di ≥ 2 by assumption, we have

2s− 2 ≤ M + d′ − d1 ≤ d2 + · · · + ds.

Thus there exist (not necessarily unique) integers M2, . . . ,Ms ∈ Z≥2 such that 2 ≤
Mi ≤ di and M2+· · ·+Mr = M+d′−d1. We set M1 := d1−d′. Let f ∈ k[x1, . . . , xN ]
be the irreducible polynomial of degree d′ as in (5.4.2). By applying Theorem 5.2.12
(b) to f with added degree M1 and M1 added variables if M1 > 0, we can assume
that there exists an irreducible polynomial f̌ ∈ k[x1, . . . , xN , y1, . . . , yM1 ] of degree
d1, which satisfies the properties (C1)–(C4) in Theorem 5.2.12. Then we repeatedly
apply Theorem 5.2.12 (a) to f̌ with added degrees d2, . . . , ds and M2, . . . ,Ms added
variables in order to obtain polynomials

g1 ∈ k[x1, . . . , xN , y1, . . . , yM ], g2 ∈ k[yM1+1, . . . , yM1+M2 ],

g3 ∈ k[yM1+M2+1, . . . , yM1+M2+M3 ], . . . , gs ∈ k[yM−Ms+1, . . . , yM ]
(5.4.4)

of degree deg gi = di such that the scheme

X := Spec k[x1, . . . , xN , y1, . . . , yM ]/(g1, . . . , gs)

is an integral k-variety of dimensionN+M−s (see (C2)) and satisfies TorZ/m(X,W ) =
m, where W := {l · ∂x1g1 = 0} ⊂ X for some l ∈ k[x1, . . . , xN ] (see (C3)). In fact, l
can be choosen as in (5.4.2), see Remark 5.2.13. The claim about the leading mono-
mials follows directly from (5.4.4) by choosing the graded lexicographical ordering,
see Example 2.6.1. Note that this uses implicitely that the degree of g1 does not
change under the construction in Theorem 5.2.12 (a), see Remark 5.2.13.

Case b. Assume s ≤ M < 2s−2. Define the integer s′ := M+2−s and note that
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2 ≤ s′ < s by the assumption on M . Similar to Case a, we apply Theorem 5.2.12 (a)
repeatedly s′ −1 times with added degrees d2, . . . , ds′ and 2, 2, . . . , 2 added variables
starting with the polynomial f ∈ k[x1, . . . , xN ] of degree d′ := d1 as in (5.4.2). Thus,
we obtain polynomials

g1 ∈ k[x1, . . . , xN , y1, . . . , y2s′−2], g2 ∈ k[y1, y2], . . . , gs′ ∈ k[y2s′−3, y2s′−2] (5.4.5)

of degree deg gi = di as well as degx g1 = d1 such that

X ′ := Spec k[x1, . . . , xN , y1, . . . , y2s′−2]/(g1, . . . , gs′)

is an integral k-variety of dimension N + s′ − 2 = N +M − s (see (C2)) and satisfies
TorZ/m(X ′,W ′) = m, where W ′ := {l · ∂x1g1 = 0} ⊂ X ′ for l′ ∈ k[x1, . . . , xN ] as in
(5.4.2) (see (C3)). By Remark 5.2.13 (c), we can assume that

gs′ = a− y2s′−3y2s′−2 + by
ds′
2s′−3 ∈ k[y2s′−3, y2s′−2]. (5.4.6)

for some elements a, b ∈ k∗. We define additionally the polynomials

gs′+1 := y2s′−1 + y
ds′+1
2s′−2, gs′+2 := y2s′ + y

ds′+2
2s′−1, . . . , gs := ys+s′−2 + ydss+s′−3 (5.4.7)

in k[y2s−1, . . . , yM ] of degree deg gi = di. Then there is an obvious isomorphism of
affine k-schemes

X := Spec k[x1, . . . , xN , y1, . . . , yM ]/(g1, . . . , gs)

≃ Spec k[x1, . . . , xN , y1, . . . , y2s′−2]/(g1, . . . , gs′) = X ′,

where g1, . . . , gs′ are as in (5.4.5). In particular, X is an affine k-variety of dimension
N + M − s. The isomorphism sends W ′ ⊂ X ′ to W := {l · ∂x1g1 = 0} ⊂ X, which
immediately implies that TorZ/m(X,W ) = TorZ/m(X ′,W ′) = m. The explicit forms
of g1, . . . , gs in (5.4.5), (5.4.6), and (5.4.7) imply that the leading monomials are
relatively prime for the graded lexicographical ordering (Example 2.6.1).

Case c. If M = s− 1, then consider the polynomial g1 := f ∈ k[x1, . . . , xN ] as in
(5.4.2) and define the polynomials

g2 := y1 + h2(x1, . . . , xN ), g3 := y2 + h3(x1, . . . , xN ), . . . , gs := yM + hs(x1, . . . , xN )

in k[x1, . . . , xN , y1, . . . , yM ], where h2, . . . , hs ∈ k[x1, . . . , xN ] are arbitrary polyno-
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mials of degree deg hi = di. Then the claims in the proposition reduce in this case
via the obvious isomorphism of affine k-schemes

Spec k[x1, . . . , xN , y1, . . . , yM ]/(g1, . . . , gs) ≃ Spec k[x1, . . . , xN ]/(f) =: X ′

to the same statements about X ′, which are known by Theorem 5.3.1.

As a first consequence, we obtain a new lower bound on the torsion order of
complete intersections in projective space. Recall that any (smooth) complete inter-
section of dimension at least 2 in projective space satisfies h1,0 = 0, see e.g. [SGA7,
Exposé XI, Théorème 1.5]. In particular, its torsion order is infinite or it has trivial
Chow group of zero-cycles (CH0(−) ≃ Z), see Lemma 4.2.7.

Theorem 5.4.2. Let k be a field and let n,m ≥ 2 be integers. Then the torsion order
of a very general complete intersection of multidegree (d1, . . . , ds) and dimension
D ≥ 4 is divisible by m, if d1 ≥ n+m and the Fano index

r := D + s+ 1 −
s∑
i=1

di ≤ 2n +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
−m. (5.4.8)

Proof. Since the torsion order of any k-variety is divisible by the torsion order of
its base change to any field extension L/k and the notion of very general is stable
under field extension by Lemma 2.4.3 (ii), we can assume without loss of generality
that the field k is algebraically closed and uncountable.

Let (d1, . . . , ds) ∈ Zs≥1 and D ≥ 4 be positive integers satisfying d1 ≥ n+m and

D + s+ 1 −
s∑
i=1

di ≤ 2n +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
−m.

Then we easily find integers N and M with

s ≤ M ≤
s∑
j=1

di − n−m and 4 ≤ N ≤ n+ 2n − 1 +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋

such that D = N +M − s. By Proposition 5.4.1 with N and M as above, we know
that there exist polynomials

f1, . . . , fs ∈ k[x1, . . . , xN , y1, . . . , yM ]

of degree deg fi = di such that the leading monomials of f1, . . . , fs are relatively
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prime for some graded monomial ordering and the affine k-variety

X◦ := Spec k[x1, . . . , xN , y1, . . . , yM ]/(f1, . . . , fs)

has dimension D and satisfies TorZ/m(X◦,W ◦) = m for some closed W ◦ ⊂ X◦.
Let X be the projective closure of X◦ in PN+M and denote by H∞ the hyperplane

PN+M \ AN+M . Then it follows immediately that X is a (projective) k-variety of
dimension D satisfying

TorZ/m(X,W ) = m, (5.4.9)

where W ⊂ X is the unique reduced closed subscheme satisfying X \W = X◦ \W ◦

in X. Moreover, Proposition 2.6.4 implies that

X = Proj k[x0, . . . , xN , y1, . . . , yM ]/(fh1 , . . . , fhs ),

where fhi ∈ k[x0, . . . , xN , y1, . . . , yM ] is the homogenization of the polynomial fi,
see Definition 2.6.3. Thus X is an integral complete intersection of multi-degree
(d1, . . . , ds) in PN+M = PD+s such that the Z/m-torsion order relative to some
non-empty closed subscheme is equal to m.

Let Xd1,...,ds be a very general complete intersection of multidegree (d1, . . . , ds) in
PD+s over k. We aim to show that m divides Tor(Xd1,...,ds) by using (5.4.9). By
Lemma 2.4.3 (iii), up to a base change to an algebraically closed field extension of k
the variety Xd1,...,ds degenerates to X. Since the torsion order is stable under base
changes to algebraically closed field extensions, see Lemma 4.2.6, we can assume that
Xd1,...,ds degenerates to X. The intersection of H∞ and D − 1 general hyperplane
sections yields a closed subscheme W of the total space of the degeneration, which
has relative dimension 0 and whose restriction to X is contained in W . The latter
uses that H∞ ∩ X ⊂ W by construction. Thus, we conclude from Lemma 4.2.9
applied to the total space of the degeneration with closed subscheme W that

TorZ/m(Xd1,...,ds ,Wd1,...,ds) = TorZ/m(X,W ) (5.4.9)= m,

where Wd1,...,ds := W ∩ Xd1,...,ds is a non-empty zero-dimensional closed subscheme
of Xd1,...,ds . In particular, we find that m divides the torsion order Tor(Xd1,...,ds) by
Lemma 4.2.6, as the torsion order of Xd1,...,ds is infinite or CH0(Xd1,...,ds) ≃ Z.

Proof of Theorem 5.1.1: Let r,m ∈ Z≥1 be positive integers. If m = 1, then the
statement of the theorem is trivial, so we can assume that m ≥ 2. We aim to
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deduce the theorem from Theorem 5.4.2. Up to reordering (d1, . . . , ds) ∈ Zs≥1, we
can assume that d1 ≥ log2(r +m) +m. We set n := d1 −m and note that

n ≥ ⌈log2(r +m)⌉ ≥ ⌈log2(3)⌉ = 2.

Note also that the dimension of a complete intersection X of multidegree (d1, . . . , ds)
with positive Fano index r > 0 is at least

dimX ≥
s∑
i=1

di − s ≥ d1 − 1 ≥ ⌈log2(1 +m)⌉ +m− 1 ≥ 3.

We observe that dimX = 3 if and only if s = 1, m = 2 and d1 = 4. Note that
the statement for quartic threefolds has been proven in [CTP16], see also [Sch21a,
Theorem 1.1]. Thus we can assume that dimX ≥ 4. Since

r ≤ 2n −m ≤ 2n +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
−m,

Theorem 5.1.1 follows directly from Theorem 5.4.2.

5.4.2. Complete intersections of small Fano index

Starting from the examples in Section 5.3.2, we obtain additional affine complete
intersection of small Fano index.

Proposition 5.4.3. Let k be an uncountable algebraically closed field of character-
istic different from 2. Let (d1, . . . , ds) ∈ Zs≥2 be an s-tuple for some integer s ≥ 1.
Then for all integers M satisfying

s ≤ M ≤ d1 + · · · + ds − 3,

there exist polynomials f1, . . . , fs ∈ k[x1, . . . , x4+M ] of degree deg fi = di whose
leading monomials are relative prime for some graded monomial ordering such that

X := Spec k[x1, . . . , x4+M ]/(f1, . . . , fs)

is a (integral) k-variety of dimension 4 +M − s and satisfies TorZ/2(X,W ) = 2 for
some non-empty closed subscheme W ⊂ X.

The construction of f1, . . . , fs is very similar to the construction in Proposi-
tion 5.4.1 replacing the base example from Section 5.3.1 with the examples from
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Section 5.3.2. We provide some details for the convenience of the reader.

Proof. Up to reordering the di’s, we can assume that d1 ≥ d2 ≥ · · · ≥ ds. If d1 ≥ 4,
then the proposition is a special case of Proposition 5.4.1 with n = m = 2 and
N = 4, except if M = d1 + · · · + ds − 3, then take N = 5. So we can assume from
now on that each di ∈ {2, 3}. We distinguish three cases.

Case a. Assume d1 = · · · = ds = 2 and s ≥ 3. Define s0 := 2s − M and note
that 3 ≤ s0 ≤ s. Let q1, q2, q3 ∈ k[x1, . . . , x7] be the polynomials as in (5.3.12) and
define the polynomial

qi := x4+i + x2
3+i ∈ k[x1, . . . , x4+s0 ].

for i ∈ {4, . . . , s0}. Then we have an isomorphism of k-algebras

k[x1, x3, . . . , x4+s0 ]/(q1, q3, q4 . . . , qs0) ≃ k[x1, x3, . . . , x7]/(q1, q3).

Thus, it follows from (5.3.10) that the assumption (C1)–(C4) of Theorem 5.2.12 are
satisfied for q1, q3, q4, . . . , qs0 and f = q2 with z = x2. Applying Theorem 5.2.12 (a)
with added degree 2 and 2 added variables (s−s0) times yields quadratic polynomials

f1 ∈ k[x1, . . . , x4+2s−s0 ], f2 := q1 ∈ k[x1, . . . , x4+s0 ],

fi := qi ∈ k[x1, . . . , xs0 ], fs0+j ∈ k[x4+s0+2j−1, x4+s0+2j ]

for i ∈ {3, . . . , s0} and j ∈ {1, . . . , s− s0} such that the affine scheme

X := Spec k[x1, . . . , x4+M ]/(f1, . . . , fs)

is an integral k-variety of dimension 4 + M − s and TorZ/2(X,W ) = 2 for some
non-empty closed subscheme W ⊂ X.

Note that the leading monomials of the polynomials q1, . . . , qs0 with respect to
the graded monomial ordering given by x2 > x3 > · · · > x4+s0 > x1 are

LM(q1) = x2
3, LM(q2) = x2

2, LM(q3) = x2
5, LM(qi) = x2

3+i

for i ∈ {4, . . . , s0}; in particular the leading monomials of q1, . . . , qs0 are relatively
prime. It follows from Theorem 5.2.12 that the leading monomials of the polynomials
f1, . . . , fs are relatively prime for the graded monomial ordering given by

x2 > x3 > · · · > x4+M > x1,

129



5. Torsion order of complete intersections

see also Remark 5.2.13 (c). Thus, we can assume now d1 = 3.
Case b. Assume d1 = 3 and M ̸= 3s − 3. We aim to apply a similar argument

as in Proposition 5.4.1, which we spell out for the convenience of the reader.
Let f ∈ k[x1, x2, z1, z2, z3] be the polynomial of degree 4 as in (5.3.9). It is shown

in Example 5.3.6 and Lemma 5.3.7 that the polynomial f satisfies the assumption
(C1)–(C4) of Theorem 5.2.12 for r = 0. Define

s1 := max{e ∈ {0, 1, . . . , s− 2} : M − s− e ≥ 0}

and set M0 := M − s + s1 ∈ Z. Note that 2s1 ≤ M0 ≤ d2 + d3 + · · · + ds1+1.
Then there exists integers M2, . . . ,Ms1+1 ∈ Z≥2 such that M2 + · · · +Ms1+1 = M0.
By applying Theorem 5.2.12 (a) s1-times to the polynomial f with added degree
d2, . . . , ds1+1 and M2, . . . ,Ms1+1 added variables, we find polynomials

f̃ ∈ k[x1, x2, z1, z2, z3, y1, . . . , yM0 ], f2 ∈ k[y1, . . . , yM2 ],

f3 ∈ k[yM2+1, . . . , yM2+M3 ], . . . , fs1+1 ∈ k[yM0−Ms1+1 , . . . , yMs1+1 ]
(5.4.10)

of degree deg f̃ = 4 and deg fi = di for i = 2, . . . , s1 + 1 such that

X := Spec k[x1, x2, z1, z2, z3, y1, . . . , yM0 ]/(f̃ , f2, f3, . . . , fs1+1)

is a k-variety of dimension M0 + 4 − s1 satisfying TorZ/2(X,W ) = 2 for some non-
empty closed subschemeW ⊂ X. Moreover, the polynomial f̃ is of the form f̃ = f+h
for some linear polynomial h ∈ k[y1, . . . , yM0 ], see Remark 5.2.13 (b).

For each j ∈ {s1 + 2, . . . , s− 1} define the polynomial

fj :=

z
dj
2 + z4 if j = s1 + 2,

z
dj
j+1−s1

+ zj+2−s1 otherwise.
(5.4.11)

in k[z2, z4, z5, . . . , zs+1−s1 ]. Then we have

Spec k[x1, x2, z1, . . . , zs+1−s1 , y1, . . . , yM0 ]/(f̃ , f2, f3, . . . , fs−1) ≃ X.

Consider the following polynomials

f1 := x1z
2
1 +x2z

2
2 +x1x

3−ds
3 +(1+x2

1+x2
2−2x1−2x2−2x1x2)+h, fs := x3−x2z

ds−1
3 ,

in k[x1, x2, x3, z1, . . . , zs+1−s1 , y1, . . . , yM0 ], where h ∈ k[y1, . . . , yM0 ] is the linear
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polynomial h = f̃ − f for f as in (5.3.9), see Remark 5.2.13 (b). Then the above
isomorphism yields

X ≃ Spec k[x1, x2, x3, z1, . . . , zs+1−s1 , y1, . . . , yM0 ]/(f1, . . . , fs),

Note that 3 + s+ 1 − s1 +M0 = 4 +M . The leading monomials of the polynomials
f1, . . . , fs are relative prime for the graded monomial ordering

x1 > z1 > x2 > x3 > z2 > · · · > zs+1−s1 > y1 > y2 > · · · > yM0 ,

which concludes this case.
Case c. Assume d1 = 3 and M = 3s − 3, in particular d1 = · · · = ds = 3. By

Corollary 5.3.12, there exist cubic polynomials c1, c2 ∈ k[x1, x2, . . . , x7] such that the
assumptions (C1)–(C4) of Theorem 5.2.12 are satisfied. By applying Theorem 5.2.12
(a) (s− 2)-times with added degree 3 and 3 added variable each time, we obtain

f1, . . . , fs ∈ k[x1, . . . , x3s+1]

with degree deg fi = 3 such that the affine scheme

X := Spec k[x1, . . . , x3s+1]/(f1, . . . , fs)

is an integral k-variety of dimension 2s + 1 and satisfy TorZ/2(X,W ) = 2 for some
non-empty closed subscheme W ⊂ X, which completes the third and final case.

Theorem 5.4.4. Let k be a field of characteristic different from 2. Then the torsion
order of a very general complete intersection X ⊂ PN of multidegree (d1, . . . , ds) ∈
Zs≥2 is divisible by 2 if N ≥ 4 + s and the Fano index r := N + 1 − d1 − · · · − ds ≤ 2.

Remark 5.4.5. Theorem 5.4.4 covers the complete intersection of s1 cubic hyper-
surface and s2 quadrics in P3s1+2s2+1, in particular the complete intersection of s
quadrics in P2s+1. These cases are not contained in Theorem 5.4.2. The special
case of a (2, 3)-fourfold, originally due to Skauli [Ska23], was recently reproved by
Fiammengo–Lüders [FL25] using the methods of [PS23, LS25]. The input from
[HPT18a] here is replaced with the stable irrationality result of cubic threefolds due
to Engel–de Gaay Fortman–Schreieder [EGFS25], which builds on [Voi17].

Proof. We prove the theorem by essentially the same argument as in Theorem 5.4.2.
Since the torsion order and the notion of very general behave well under field
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extensions, we can assume that k is algebraically closed and uncountable. By
Proposition 5.4.3, there exists an affine complete intersection X◦ of multidegree
(d1, . . . , ds) in ANk such that TorZ/2(X◦,W ◦) = 2 for some non-empty closed sub-
scheme W ◦ ⊂ X◦. Moreover, the leading monomial of a set of defining equations of
X◦ are relatively prime for some graded monomial ordering. Let X be the closure
of X◦ in PN and denote by H∞ the hyperplane PN \ AN . Proposition 2.6.4 shows
that X is a complete intersection in PN of multidegree (d1, . . . , ds) such that

TorZ/2(X,W ) = TorZ/2(X◦,W ◦) = 2

for the non-empty closed subset W ⊂ X satisfying X \W = X◦ \W ◦ ⊂ X.
LetXd1,...,ds be a very general complete intersection in PN of multidegree (d1, . . . , ds).

Since the base change to an algebraically closed field extension does not affect the
torsion order by Lemma 4.2.6, we can assume that Xd1,...,ds degenerates to X by
Lemma 2.4.3 (iii). The intersection of Xd1,...,ds with H∞ and dimX − 1 general hy-
perplanes gives a non-empty zero-dimensional closed subscheme Wd1,...,ds ⊂ Xd1,...,ds

specializing to a closed subscheme of W . Thus, Lemma 4.2.9 implies that

2 | TorZ/2(Xd1,...,ds ,Wd1,...,ds).

In particular, we find that 2 divides Tor(Xd1,...,ds) by Lemma 4.2.6, as Tor(Xd1,...,ds) =
∞ or CH0(Xd1,...,ds) ≃ Z by Lemma 4.2.7.

Proof of Theorem 5.1.2: The case r ≤ 2 is exactly Theorem 5.4.4. We turn to the
other case. Let di ≥ 4 be a integers and set n := di − 2 ≥ 2. A small computation
shows that

2n +
n−1∑
j=0

(
n

j

)⌊
j

2

⌋
− 2 = 2n + (n− 1)2n−2 −

⌊
n

2

⌋
− 2 = (n+ 3)2n−2 −

⌊
n+ 4

2

⌋
,

see Lemma 4.6.4. Thus, Theorem 5.4.2 with m = 2 implies the theorem.

5.4.3. Hypersurfaces in products of projective spaces

We aim to compactify AN to a product of projective spaces. This leads to new
bounds on the torsion order of hypersurfaces in products of projective spaces and
subsequently also statements about the irrationality of such hypersurfaces.
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Proposition 5.4.6. Let k be an uncountable and algebraically closed field and let
n,m ≥ 2 and s ≥ 0 be integers such that m ∈ k∗. Then for any (s+ 1)-tuples

(M0,M1, . . . ,Ms), (d0, d1, . . . , ds) ∈ Zs+1
≥1

satisfying d0 ≥ n+m, di ≥ Mi + 1 for all i ∈ {1, . . . , s}, and

4 ≤ M0 ≤ n+ 2n − 1 +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
, (5.4.12)

there exists an irreducible polynomial f ∈ k[y0,1, . . . , y0,M0 , y1,1, . . . , y1,M1 , y2,1, . . . , ys,Ms ]
of multidegree (d0, d1, . . . , ds) such that

TorZ/m
(
Spec k[y0,1, . . . , ys,Ms ]/(f), Spec k[y0,1, . . . , ys,Ms ]/(f, ∂y0,M0

f)
)

= m

Proof. Fix (non-negative) integers n, m, and s as in the statement of the proposition.
Let M0,M1, . . . ,Ms, d0, d1, . . . , ds be positive integers satisfying d0 ≥ n + m, di ≥
Mi + 1 for each i ∈ {1, . . . , s}, and (5.4.12).

Since d0 ≥ n+m and M0 satisfies the bounds in (5.4.12), Theorem 5.3.1 shows that
there exists an irreducible polynomial f ∈ k[y0,1, . . . , y0,M0 ] of degree d0 satisfying

TorZ/m
(
Spec k[y0,1, . . . , y0,M0 ]/(f), Spec k[y0,1, . . . , y0,M0 ]/(f, ∂y0,1f)

)
= m

and condition (⋆⋆) with z = y0,1. Hence, the proposition holds for s = 0 and we can
assume now that s ≥ 1. Note that the conditions (C1)–(C4) in Theorem 5.2.12 are
satisfied for f and the integers n = M0 − 1 and r = 0.

We repeatedly apply Theorem 5.2.12 (b) to f with added degrees d1 −1, . . . , ds−1
and M1, . . . ,Ms added variables and obtain an irreducible polynomial

f̌ ∈ k[y0,1, . . . , y0,M0 , y1,1, . . . , y1,M1 , y2,1, . . . , ys,Ms ]

of multidegree (d0, d1, . . . , ds) such that

TorZ/m
(
Spec k[y0,1, . . . , ys,Ms ]/(f̌), Spec k[y0,1, . . . , ys,Ms ]/(f̌ , ∂y0,M0

f̌)
)

= m,

which finishes the proof of the proposition.

We consider the closure of the above affine examples in a product of projective
spaces. Similar arguments as in Theorem 5.4.2 show then the following result.
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5. Torsion order of complete intersections

Theorem 5.4.7. Let k be a field and let n,m ≥ 2 be integers. Then the torsion
order of a very general hypersurface in PM0 × · · · × PMs of multidegree

(d0, d1, . . . , ds) ≥ (n+m,M1 + 1, . . . ,Ms + 1)

is divisible by m, if

4 ≤ M0 ≤ n+ 2n − 1 +
n−1∑
l=0

(
n

l

)⌊
l

m

⌋
.

Proof. Since the notion of very general is stable under field extension by Lemma 2.4.3
(ii) and the torsion order of a k-variety is divisible by the torsion order of its base
change to a field extension, we can assume without loss of generality that the field
k is algebraically closed and uncountable.

Let M0, . . . ,Ms ∈ Z≥1 be positive integers such that

4 ≤ M0 ≤ n+ 2n − 1 +
n−1∑
l=0

(
n

l

)⌊
l

m

⌋
.

For any (s + 1)-tuple (d0, . . . , ds) ∈ Zs+1
≥1 with d0 ≥ n + m and di ≥ Mi + 1 for

i ∈ {1, . . . , s}, Proposition 5.4.6 shows that there exists an irreducible polynomial

f◦ ∈ k[y0,1, . . . , y0,M0 , y1,1, . . . , y1,M1 , y2,1, . . . , ys,Ms ]

of multidegree (d0, d1, . . . , ds) such that the Z/m-torsion order of the integral k-
variety

X◦ := {f◦ = 0} ⊂ AM0 × · · · × AMs

relative to some closed subscheme W ◦ ⊂ X◦ is equal to m.

Let Y := PM0 ×· · ·×PMs be the product of projective space and view AM0+···+Ms ⊂
Y as a standard open subscheme; denote its complement by H∞. Let X ⊂ Y be the
closure of the locally closed subscheme X◦ inside Y and let

f ∈ k[y0,0, . . . , y0,M0 , y1,0, . . . , y1,M1 , y2,0, . . . , ys,Ms ]

be the (multi-)homogenization of f◦. Then it follows immediately that

X = {f = 0} ⊂ Y = PM0 × · · · × PMs ,
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is an integral hypersurface of multidegree (d0, d1, . . . , ds) satisfying TorZ/m(X,W ) =
m for some closed non-empty subscheme W ⊂ X, in fact W is the unique closed
und reduced subscheme such that X \W = X◦ \W ◦ ⊂ X.

Up to a base change to an algebraically closed field extension, which does not a
effect the torsion order (Lemma 4.2.6), we can assume that a very general hyper-
surface Xd0,...,ds of multidegree (d0, d1, . . . , ds) in PM0 × · · · ×PMs degenerates to X,
see Lemma 2.4.3 (iii).

Consider the total space X of the degeneration, which is a hypersurface in the
product of projective spaces PM0 × · · · ×PMs over some discrete valuation ring. The
intersection W of X with H∞ and M0+· · ·+Ms−2 general hyperplane sections gives
a closed subscheme of relative dimension 0, whose intersection with X is contained
in W , as X ∩H∞ ⊂ W by construction.

Applying Lemma 4.2.9 we find that

TorZ/m(Xd0,...,ds ,W ∩Xd0,...,ds) = TorZ/m(X,W ) = m, (5.4.13)

where W ∩Xd0,...,ds ⊂ Xd0,...,ds is a non-empty zero-dimensional closed subscheme.
A simple computation using the Künneth formula shows that H1,0(Xd0,...,ds) = 0,

which uses that M0 > 1. Thus Lemma 4.2.7 shows that Tor(Xd0,...,ds) = ∞ or
CH0(Xd0,...,ds) = Z. In the latter case, Lemma 4.2.6 and (5.4.13) show that the
Tor(Xd0,...,ds) is divisible by m.

Proof of Theorem 5.1.3: Let the assumptions be as in the statement of Theorem 5.1.3.
We set n := log2(M1) and note that n ≥ log2(4) = 2. Moreover,

M1 = 2n ≤ 2n + n− 1 +
n−1∑
j=0

(
n

j

)⌊
j

m

⌋
.

Thus the statement follows directly from Theorem 5.4.7.

5.4.4. Hypersurfaces in Grassmannians

To illustrate the flexibility of the method, we consider also hypersurfaces in Grass-
mannians over C. Recall briefly some standard facts of Grassmannians, see e.g. [EH16,
Section 3.2]. Let k be a field and l, n ∈ Z≥1 be positive integers such that l ≤ n.
We denote the Grassmannian variety, whose closed points parametrize l-dimensional
vector subspaces of kn, by Gr(l, n). Throughout this section, we fix a Plücker em-
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5. Torsion order of complete intersections

bedding
ιPl : Gr(l, n) ↪→ P(nl)−1

k =: P,

which is a closed embedding. Let U ⊂ P be a standard open affine chart of the
projective space P. Then it follows from the construction of the Grassmannian that
the scheme-theoretic intersection V := U ∩ Gr(l, n) ⊂ P is isomorphic to Al(n−l).
In fact, V is the intersection of dimU − dimV hyperplanes in U see e.g. [EH16,
Proposition 3.2].

Lemma 5.4.8. Let the notation be as above. Then for any integral affine hyper-
surface X◦ ⊂ V ≃ Al(n−l) of degree d, there exists an integral affine hypersurface
Y ◦ ⊂ U ≃ A(nl)−1 of degree d such that the scheme-theoretic closure X of X◦ in
Gr(l, n) is isomorphic to

X ≃ Y ×P Gr(l, n),

where Y ⊂ P denotes the scheme-theoretic closure of Y ◦ in P = P(nl)−1.

Proof. Since V is the intersection of hyperplanes in U , we can write the global sec-
tions of U as k[U ] = k[V ][y1, . . . , ydimU−dimV ]. In particular, there exist morphisms
of k-varieties

ιV : V ↪→ U and pV : U −→ V

such that pV ◦ ιV = idV . We claim that the fibre product Y ◦ = U ×V X
◦ satisfies

the property claimed in the lemma. Note that Y ◦ is an integral affine hypersurface
of degree d, as k[U ] = k[V ][y1, . . . , ydimU−dimV ]. Consider the morphisms

f : Y ◦ pV−−→ X◦ ↪→ Gr(l, n) and g : Y ◦ ↪→ P = P(nl)−1,

where the unspecificied arrows are the natural inclusions. Then it follows from the
universal property of the fibre product that the scheme-theoretic image Im f of f is
isomorphic to the fibre product

Im f ≃ Im g ×P Gr(l, n).

Note that Y = Im g. Thus it suffices to show that Im f is equal to the scheme-
theoretic closure X of X◦ in Gr(l, n).

The equality of morphisms pV ◦ ιV = idV implies that as sets f(Y ◦) is equal to
the set-theoretic image of X◦ in Gr(l, n) via the natural inclusion. Since Y ◦ and X◦

are reduced schemes, we find that Im f is equal to the scheme-theoretic closure X
of X◦ in Gr(l, n), see e.g. [GW20, Remark 10.32].
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The lemma together with the examples of affine hypersurfaces in Theorem 5.3.1
shows the following theorem about the torsion order of very general hypersurfaces
in Grassmannians.

Theorem 5.4.9. Let n′,m ≥ 2 and l, n ≥ 1 be positive integers such that l ≤ n

and set N :=
(n
l

)
− 1. Fix a Plücker embedding Gr(l, n) ↪→ PN of the Grassmannian

Gr(l, n) over C. Then the intersection of Gr(l, n) with a very general hypersurface
of degree d ≥ n′ +m in PNC has torsion order divisible by m, if

4 ≤ dim Gr(l, n) = l(n− l) ≤ 2n′ − 1 +
n′−1∑
j=0

(
n′

j

)⌊
j

m

⌋
+ d−m. (5.4.14)

Proof. Let n′,m, l, n be integers as in the theorem and write N :=
(n
l

)
−1. Since l(n−

l) satisfies the bound (5.4.14), there exists by Proposition 5.4.1 an affine hypersurface

X◦ ⊂ Al(n−l)

of degree d ≥ n′ + m such that TorZ/m(X◦,W ◦) = m for some closed subscheme
W ◦ ⊂ X◦.

Let X ⊂ Gr(l, n) and Y ⊂ PN be the k-varieties constructed in Lemma 5.4.8;
let H∞ := PN \ U be complement of the standard affine open U = AN in PN . We
denote by W ⊂ X the unique reduced closed subscheme of X, whose complement is
equal to X◦ \W ◦ in X.

Let Yd be a very general hypersurface of degree d in projective space PN over
k. Up to replacing C by an algebraically closed field extension, we can assume
by Lemma 2.4.3 (iii) that Yd degenerates to Y . Let Xd be the intersection of Yd
with Gr(l, n), which is embedded in PN via the fixed Plücker embedding. Then
Xd degenerates to X. The intersection of Xd with H∞ and dimXd − 1 general
hyperplanes is a non-empty closed zero-dimensional subscheme Wd of Xd, which
specializes to a closed subscheme of W ⊂ X.

Thus Lemma 4.2.9 implies that TorZ/m(Xd,Wd) = m. We aim to deduce that m
divides Tor(Xd), which could be ∞. By Lemma 4.2.7 and Lemma 4.2.6, it suffices
to prove that H0(Xd,Ω1

Xd
) = 0. Consider the long exact sequence associtated to the

conormal short exact sequence of the (Cartier) divisor Xd in Gr(l, n)

· · · −→ H0(Gr(l, n),Ω1
Gr(l,n)) −→ H0(Xd,Ω1

Xd
) −→ H1(Xd, OXd(−d)) −→ . . .

It is well-known that the integral cohomology ring of a Grassmannian is generated by
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5. Torsion order of complete intersections

the Schubert classes and thus only non-trivial in even degree. In particular the first
term in the above exact sequence vanishes. The vanishing of the last term follows
directly from Kodaira’s vanishing theorem applied to ample line bundles of the form
OGr(l,n)(j) on Gr(l, n) for j > 0. Thus we have H0(Xd,Ω1

Xd
) = 0 by exactness,

which implies that m divides Tor(X) by the above argument.

Remark 5.4.10. The assumption on the base field being C is mostly for simplic-
ity and the argument also works over arbitrary fields up to the computation of
h1,0(Xd) = 0.

Proof of Theorem 5.1.4: The statement follows from Theorem 5.4.9 together with
the equality

n′−1∑
j=0

(
n′

j

)⌊
j

2

⌋
= (n′ − 1)2n′−2 −

⌊
n′

2

⌋
,

see Lemma 4.6.4.
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6.1. Introduction

We observe in this small note that algebraic equivalence specializes in strictly semi-
stable families (see Definition 2.3.2) via a slightly refined version of Fulton’s special-
ization map, which is constructed as follows:

Let R be a discrete valuation ring with (perfect) residue field k and fraction field
K. Let X be a regular proper flat R-scheme such that its reduced special fibre is
an snc divisor in X in the sense of Definition 2.3.1. Such schemes X are called
DNC-models in [BGS95]. For example, proper and strictly semi-stable R-schemes
(see Definition 2.3.2) are DNC-models. We denote the generic fibre by Xη and the
irreducible components of the special fibre (with reduced scheme structure) by Xi

with i ∈ I. Since each Xi is a Cartier divisor on X (X is regular), there exists a
homomorphism

ι∗i : CHl+1(X ) −→ CHl(Xi),

where ιi : Xi ↪→ X is the natural inclusion, see [Ful98, Proposition 2.6, Section 20.1].
Recall the localization exact sequence from [Ful98, Proposition 1.8]

CHl+1(X) ι∗−→ CHl+1(X ) j∗
−→ CHl(Xη) −→ 0,

where ι : X ↪→ X and j : Xη ↪→ X are the natural inclusions. This implies that the
homomomorphism ∑

i

ι∗i : CHl+1(X ) −→
⊕
i∈I

CHl(Xi)

induces a homomorphism

rsp: CHl(Xη) −→
⊕
i∈I

CHl(Xi)/ Im ΦX , (6.1.1)
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where ΦX is the composition

ΦX : CHl+1(X) ι∗−→ CHl+1(X )
∑

ι∗i−→
⊕
i∈I

CHl(Xi),

see also Definition 3.4.4. We additionally denote the composition with the projection
onto the CHl(Xi) factor by ΦX ,Xi . The morphism ΦX has been used for instance in
[PS23, Definition 3.1] for l = 0 to obtain an obstruction to a decomposition of the
diagonal of the (geometric) generic fibre, see also (4.3.2).

Since intersecting with divisor is commutative by [Ful98, Corollary 2.4.2], we see
that the image of rsp is contained in the subgroup of ⊕i CHl(Xi)/ Im ΦX consisting
of classes of elements (αi)i ∈

⊕
i CHl(Xi) which satisfy

αi · (Xi ∩Xj) = αj · (Xi ∩Xj) ∈ CHl−1(Xi ∩Xj).

We omit this in the following to simplify notation and the arguments. A version of
this subgroup is studied under the name prelog Chow ring in [BBG23, BBG22].

The homomorphism rsp can be thought of as a refined version of Fulton’s special-
ization map: Write X = ∑

i aiXi ∈ Pic(X ) for some non-negative integers ai ∈ Z≥0.
Then for any (l + 1)-cycle α̃ ∈ CHl+1(X ) the additivity of the intersection product
with divisors yields

ι∗α = X · α =
∑
i

ai(Xi · α) =
∑
i

aiιXi,X ∗ι
∗
iα ∈ CHl(X),

where ι : X ↪→ X , ιi : Xi ↪→ X , and ιXi,X : Xi ↪→ X are the natural inclusions. In
particular, we obtain the following commutative diagram

CHl+1(X ) ⊕
i CHl(Xi) CHl(X)

CHl(Xη)
⊕

i CHl(Xi)/ Im Φ CHl(X),

∑
i
ι∗i

j∗

ι∗

∑
i
aiιXi,X ∗

rsp

sp

where sp is Fulton’s specialization map ([Ful98, §20.3]) the dashed arrow is the
induced homomorphism on the quotient; this uses that ι∗ι∗ = 0, as X is a principal
Cartier divisor on X . Thus Fulton’s specialization map factors through rsp.

The main result of this note is that the refined specialization map respects alge-
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braic equivalence in equicharacteristic 0.

Proposition 6.1.1 (Corollary 6.5.4). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic 0 such that R is a localization of a
finite type k-algebra. Let X be a projective DNC model over R with generic fibre
Xη and special fibre X. Denote the irreducible components (with reduced scheme
structure) by Xi with i ∈ I. Then rsp induces a morphism on the Chow group of
l-cycles modulo algebraic equivalence

rsp: Al(Xη) −→
⊕
i∈I

Al(Xi)/ Im ΦX .

This result may lead to the construction of a rationally connected variety with
non-trivial Griffiths group, i.e. an algebraic cycle which is homologous to 0 but not
algebraically equivalent to 0. A strategy using degenerations similar to the one in
Section 4.4 and [PS23, Section 5] requires a variety with a non-trivial torsion element
in the Griffiths group as a base example; such examples have been constructed in
the literature, see for instance [Sch92, RS10, Tot16b, Sch25a, Ale23]. Additionally,
we need to ensure that the algebraic cycle representing the above torsion element
in the Griffiths group lifts to the generic fibre of a suitable degeneration. An extra
argument is required to show that the base change of the lift to the geometric
generic fibre is not algebraically equivalent to 0; in the case of 1-cycles on rationally
connected varieties this is shown in [KT25, Theorem 6].

Throughout this chapter, let R be a discrete valuation ring with perfect residue
field k and fraction field K. We usually denote an R-scheme by calligraphic letters
as X , Y, or Z. The special fibre is usually denoted by the corresponding latin letter
X, Y , or Z. We use a subscript η for the generic fibre, e.g. Xη, Yη, or Zη.

We start with a brief recollection on DNC-models from [BGS95] as well as regu-
lar embeddings and lci morphisms as used in [Ful98]. Section 6.4 summarizes the
required parts of an intersection theory on regular schemes over discrete valuation
rings which is developed in the PhD thesis of A. Weber [Web15]. Proposition 6.1.1
is proved in the final section.

6.2. DNC models

Definition 6.2.1 (DNC model, [BGS95]). A DNC model is a regular proper flat
R-scheme X such that the reduced special fibre is an snc divisor in X . If a smooth
proper K-variety X is isomorphic to X ×RK, we say that X is a DNC model of X.
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Remark 6.2.2. A strictly semi-stable R-scheme as in Definition 2.3.2 is a DNC-
model, if it is proper over R.

Hironaka’s resolution of singularities implies the existence of DNC models, see for
instance [BGS95, Section (1.1)]. More precisely, we have the following:

Proposition 6.2.3. Assume that the dvr R is the localization of an algebra of finite
type over a field of characteristic 0. Then for any proper flat R-scheme X with
smooth generic fibre Xη, there exists a DNC model X̃ and a morphism of R-schemes
π : X̃ → X such that the induced morphism on the generic fibres πη : X̃η → Xη is
the identity. If X is projective over R, then so is X̃ .

Sketch of proof: Let A be a finite type k-algebra such that R is a localization of A.
Since X is of finite type over R, there exists an affine open subset U ⊂ SpecA such
that the composition X → SpecR → U is of finite type.

By Hironaka’s resolution of singularities [Hir64, Main Theorem I, p. 138], there is
an integral regular scheme X ′ together with a projective morphism X ′ → X . Then
[Hir64, Corollary 3, p. 146] implies that there exists a DNC-model X̃ as claimed.

Since the generic fibre Xη is smooth, the sequence of blow-ups used in the resolu-
tion of singularities induces an isomorphism on the generic fibre.

6.3. Regular embeddings and lci morphisms

Definition 6.3.1 ([EGAIV, Définition 16.9.2] and [Ful98, Section B.7]).

(a) A closed embedding ι : X ↪→ Y of locally Noetherian schemes is called a regular
embeddding of codimension p if every point x ∈ X admits an affine open
neighbourhood x ∈ SpecA ⊂ Y in Y such that the ideal I ⊂ A of the closed
embedding is generated by a regular sequence a1, . . . , ad ∈ A of length d, i.e.
I = (a1, . . . , ad) ⊊ A is a proper ideal and ai ∈ A/(a1, . . . , ai−1) is not a
zero-divisor for each i ∈ {1, . . . , d}.

(b) A morphism φ : X → Z of locally Noetherian schemes is called an locally
complete intersection morphism or short lci morphism if it factors as a regular
(closed) embedding followed by a smooth morphism.

Remark 6.3.2. We use here the convention of [Ful98, Section B.7] that regular
embeddings are closed and lci morphism admit a global factorization as above.

The following lemmas provide two examples of lci morphisms.
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Lemma 6.3.3 ([EGAIV, Proposition 19.1.1]). Any closed embedding φ : Z → X
of regular separated scheme of finite type over a locally Noetherian base scheme S
is a regular embedding. In particular, any projective morphism of regular separated
schemes of finite type over a locally Noetherian base scheme S is a lci morphism.

Lemma 6.3.4. Let φ : Z −→ X be a lci morphism between separated scheme of
finite type over R. Let D ⊂ X be a closed subscheme which is also an effective
Cartier divisor on X . Assume that D′ := φ−1(D) is also an effective Cartier divisor
in Z. Then the induced morphism

φ′ : D′ −→ D

is also a lci morphism.

Proof. Since φ : Z −→ X is a lci morphism, we can write φ as

Z ι−→ Y π−→ X ,

where ι is a regular embedding and π is a closed embedding. Consider the fibre
product diagram

D′ D ×X Y D

Z Y X .

φ′

ι′ π′

φ

ι π

We know that π′ is smooth morphism and ι′ is a closed embedding by base change.
We aim to show that ι′ is also a regular embedding. Since D×X Y ⊂ Y is an effective
Cartier divisor in Y by [GW20, Proposition 11.50(a)], we can replace X with Y and
assume that the morphisms π and π′ are the identity.

Since D′ and D are effective Cartier divisors, the natural inclusions ιD′ : D′ ↪→ Z
and ιD : D ↪→ X are regular embeddings. In particular the composition

φ ◦ ιD′ = ιD ◦ φ′ : D′ −→ X

is a regular embedding and locally we haveNX/D′ ≃ (ιD′)∗NX/Z⊕NZ/D′ by [EGAIV,
Proposition 19.1.5]. It suffices to show by loc. cit. that the sequence of sheaves

0 −→ φ′∗NX/D −→ NX/D′ −→ ND/D′ −→ 0
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is exact and locally split. The sequence is always right exact by [EGAIV, Proposition
16.2.7]. Since D and D′ are Cartier divisors, we have

(φ′)∗NX/D = (φ′)∗ι∗DOX (D) = (ιD′)∗φ∗OX (D) = (ιD′)∗OZ(D′);

NZ/D′ = (ιD′)∗OZ(D′).

Hence locally the above sequence reads

0 −→ (ιD′)∗OZ(D′) −→ (ιD′)∗NX/Z ⊕ (ιD′)∗OZ(D′) −→ ND/D′ −→ 0,

which is clearly (locally) split exact. Hence, φ′ is a regular embedding.

6.4. Intersection theory on regular schemes over an dvr

Throughout this subsection we will assume that for any integral separated scheme
Z of finite type over R, there exists a regular integral scheme Z ′ over R together
with a proper dominant morphism Z ′ → Z which is generically an isomorphism.
Hence the assumption A(SpecR,Z,≤ n) in [Web15, Assumption 3.1.2] is satisfied.

Example 6.4.1. The localization of an algebra of finite type over a field of charac-
teristic 0 satisfies the above condition, see Proposition 6.2.3.

The intersection theory in [Web15] is described in terms of bivariant classes.

Definition 6.4.2 ([Ful98, Definition 17.1]). Let f : X → Y be a morphism of
schemes over some base scheme S. A bivariant class c of degree p over f is a
collection of homomorphisms

c(l)
g : CHl(Y ′) −→ CHl−p(Y ′ ×Y X)

for all morphisms g : Y ′ → Y and all l, compatible with proper push-forward, flat
pull-back and (refined) Gysin maps, i.e. for every commutative diagram of fibre
products squares

X ′′ Y ′′ Z ′′

X ′ Y ′ Z ′

X Y

f ′′

h′

ψ′

h h0

f ′

g′

ψ

g

f

with g : Y ′ → Y an arbitrary morphism the following conditions are satisfied:
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6.4. Intersection theory on regular schemes over an dvr

(C1) If h is proper (and ψ = idY ′), then we have for all α ∈ CHl(Y ′′)

c(l)
g (h∗α) = h′

∗c
(l)
gh(α) ∈ CHl−p(X ′).

(C2) If h is flat of relative dimension n (and ψ = idY ′), then for all α ∈ CHl(Y ′)

c
(l+n)
gh (h∗α) = (h′)∗c(l)

g (α) ∈ CHl+n−p(X ′′).

(C3) If h0 is a regular embedding of codimension e and ψ is an arbitrary morphism,
then we have for all α ∈ CHl(Y ′)

h!
0c

(l)
g (α) = c

(l−e)
gh (h!

0α) ∈ CHl−p−e(X ′′).

We denote the group of all bivariant classes of degree p over f by Ap(f).

The most important bivariant classes are given by pullbacks along flat morphisms
and (refined) Gysin maps for regular imbeddings or more generally lci morphisms.

Example 6.4.3. 1. Any flat morphism f : X → Y of relative dimension p in-
duces a bivariant class [f ] ∈ A−p(f) given by

[f ](l)g := (f ′)∗ : CHl(Y ′) −→ CHl+p(Y ′ ×Y X),

where f ′ : Y ′ ×Y X → Y ′ is the induced flat morphism of relative dimension
p, see [Ful98, Proposition 1.7, Lemma 1.7.1, Theorem 6.2].

2. Any locally complete intersection morphism f : X → Y of codimension p (e.g.
regular imbeddings of codimension p) induces a bivariant class [f ] ∈ Ap(f)
given by

[f ](l)g := f ! : CHl(Y ′) −→ CHl+p(Y ′ ×Y X),

where f ! is the refined Gysin map in [Ful98, §6.6], see [Ful98, Proposition 6.6].

Remark 6.4.4. The work of Kleiman-Thorup [KT87, Remarks after Proposition
3.3] shows that for any regular scheme Y over R any morphism f : X → Y of R-
schemes is equipped with a unique bivariant class over f , which we denote by [f ],
see [Web15, Remark 4.2.4 (i)].

The main result of [Web15] is the existence of an intersection product on regular
schemes over a base scheme S under the assumption stated at the beginning of this
subsection.
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6. Specialization of algebraic equivalence

Theorem 6.4.5 ([Web15, Theorem 4.3.3 and Lemma 4.3.5 (ii)]). Let X be a regular
separated scheme of finite type over R. Then there exists an intersection product

·X : CHm(X ) ⊗ CHn(X ) −→ CHm+n−dim X (X )

satisfying the following properties:

(i) The Chow group CH∗(X ) := CHdim X −∗(X ) becomes a commutative graded
ring with [X] ∈ CH0(X) as unit element.

(ii) Let ιVi : Vi ↪→ X be closed subvarieties of dimension ni for i = 1, 2. Then

[V1] ·X [V2] = ι∗[ιV1 ](n2)
ιV2

([V2]) ∈ CHn1+n2−dim X (W1 ∩ W2),

where ι : V1 ×X V2 −→ X is the natural (proper) morphism.

A. Weber [Web15, Proposition 4.3.7] also constructed a pullback morphism for
any morphism f : Y → X of separated scheme of finite type over R with X regular,
which agrees with the pullback morphism along flat morphism and the Gysin map
for lci morphisms.

Proposition 6.4.6. Let f : Y → X be of regular separated scheme of finite type
over R. Assume that f is a flat morphism of relative dimension p (respectively a lci
morphism of codimension −p). Then the flat pullback map (respectively the Gysin
morphism for lci morphisms)

f∗ : CHn(X ) −→ CHn+p(Y)

satisfies for any cycles α ∈ CHm(X ) and β ∈ CHn(X ):

f∗α ·Y f∗β = f∗(α ·X β) ∈ CHn+m+p−dim X (Y).

Moreover, if f is also proper, then for any α ∈ CHm(X ) and β ∈ CHn(Y) the
following holds

f∗ (f∗α ·Y β) = α ·X f∗β ∈ CHn+m−dim X (X ).

Proof. We will show that the pullback morphism stated in [Web15, Proposition
4.3.7 (i)] coincides with the flat pullback (respectively the Gysin map) if f is flat
(respectively a lci morphism). Then the statement follows directly from [Web15,
Proposition 4.3.7].
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6.4. Intersection theory on regular schemes over an dvr

Since both homomorphism are linear, it suffices to prove equality for a closed
subvariety ιV : V ↪→ X . Then the pullback defined in [Web15, Equation (4.12)] is
given by

CHn(X )
FX/X−→ Adim X −n(idX ) f∗

−→ Adim X −n(idY) EY−→ CHn+p(Y),

where EY is the evaluation map on Y (see [Web15, Definition 4.1.12 (iii)]), FX/X is
the inverse of EX under the identity morphism idX (see [Web15, Equation (4.7)]),
and f∗ is the natural morphism of bivariant classes (see [Web15, Lemma/Definition
4.1.3]). Thus we find

EY f
∗FY/Y [V ] = EYf

∗[ιV ] = [ιV ](dimY )
f ([Y]) = [ιV ](dim X )

f (f∗[X ]) ∈ CHn+p(Y),

where the f∗ on the right hand side is the flat pullback respectively the Gysin map for
Chow groups. Applying the conditions (C2) and (C3) in the definition for bivariant
classes in Definition 6.4.2 yields

[ιV ](dim X )
f (f∗[X ]) = f∗[ιV ](dim X )

idX
[X ] = f∗[V ] ∈ CHn+p(Y).

Hence both pullback map agrees, which finishes the proof of the proposition.

In the following proposition, we check that the above defined intersection product
on regular schemes over R agrees with Fulton’s intersection product if the regular
scheme is defined over the residue field k or the fraction field K of R.

Proposition 6.4.7. Let X be a regular integral separated scheme of finite type over
R. Assume that the structure map X → SpecR factors either through Spec k or
through SpecK. Then

α ·X β = α · β ∈ CHn+m−dim X (X ),

for any α ∈ CHm(X ) and β ∈ CHn(X ), where · is Fulton’s intersection product, see
[Ful98, §8].

Proof. Let F ∈ {k,K} be either the residue field or the fraction field of R, i.e. we
have by assumption that X → SpecF → SpecR is the structure morphism of the R-
scheme X . By linearity of both intersection products it suffices to show equality for
closed (integral) subvarieties. Let ιV : V ↪→ X and ιW : W ↪→ X be closed (integral)
subvarieties of X of dimension m = dimV and n = dimW . Consider the following
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commutative diagram of Cartesian squares

V ×X W V ×F W W

V V ×F X X ,

ι′′W ι′W
ιW

γιV

ιV

pr2

where γιV is the graph morphism of ιV , which is a regular embedding, as X is
regular. Recall that the intersection product for regular schemes over R is given by

[V ] ·X [W ] = (ιV ◦ ι′′W )∗[ιV ](n)
ιW

([W ]) ∈ CHm+n−dimX(X),

see Theorem 6.4.5 (ii). By the uniqueness of the bivariant class for regular schemes
(see Remark 6.4.4), we find that the bivariant class

[ιV ] = [γιV ][pr2] ∈ Am−dim X (ιV ).

Hence, we obtain using the description of the bivariant classes in Example 6.4.3

[V ]·X [W ] = (ιV ◦ι′′W )∗[ιV ](n)
ιW

([W ]) = (ιV ◦ι′′W )∗[γιV ](m+n)
ι′W

[pr2](n)
ιW

([W ]) = (ιV ◦ι′′W )∗γ
!
ιV

([V×W ])

in CHn+m−dim X (X ). Applying [Ful98, Example 8.1.8] with δ : X → X ×F X the
diagonal embedding yields

[V ]·X [W ] = (ιV ◦ι′′W )∗γ
!
ιV

([V×W ]) = (ιV ◦ι′′W )∗δ
!([V ]×[W ]) = [V ]·[W ] ∈ CHn+m−dim X (X ),

which concludes the proof of the proposition.

6.5. Algebraic equivalence specializes

Informally speaking, we aim to show that the refined specialization map defined
in (6.1.1) commutes with action of correspondences, see (6.5.1) below for a more
precise statement.

Assume that R is a discrete valuation ring with algebraically closed residue field
k of characteristic 0 such that R is the localization of a finite type k-algebra as in
Example 6.4.1. Let X and Y be projective DNC models over R as in Definition 6.2.1;
denote the irreducible components (with reduced scheme of structure) of the special
fibres X and Y by Xi with i ∈ I and Yj with j ∈ J , respectively. We denote the
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6.5. Algebraic equivalence specializes

generic fibres by Xη and Yη, respectively.

Theorem 6.5.1. Let the notation be as above. Let Γ ∈ CHm(Xη × Yη) be an m-
cycle. Then there exist m-cycles Γi,j ∈ CHm(Xi ×k Yj) for each (i, j) ∈ I × J (see
(6.5.2) below for explicit description) such that the following holds:

(a) Let γ ∈ CHn+1(X) be an n+ 1-cycle. Then we have(∑
i∈I

Γi,j ∗ΦX ,Xi(γ)
)
j

∈ Im ΦY .

Hence ∑i∈I Γi,j ∗ induces a well-defined homomorphism on the image of rsp.

(b) For every n-cycle α ∈ CHn(Xη), we have

rsp(Γ∗α) =
(∑
i∈I

Γi,j ∗ rsp(α)
)
j

∈
⊕
j∈J

CHm+n−dimXη(Yj)/ Im ΦY (6.5.1)

Remark 6.5.2. If X and Y are smooth projectiveR-schemes, then Γ0,0 ∈ CHm(X×k

Y ) is the specialization of the m-cycle Γ ∈ CHm(Xη ×K Yη) on the generic fibre.

Proof. We give an explicit way to construct the cycles Γi,j and check that the con-
structed cycles satisfy the desired properties.

Step 1: Construction of Γi,j Let π : Z −→ X ×R Y be a resolution as in
Proposition 6.2.3 and let Zl with l ∈ L denote the irreducible components of the
special fibre Z = Z ×R k with reduced scheme structure.

For j ∈ J , consider the pullback of the effective Cartier divisor X×k Yj ⊂ X ×RY
along π, which is an effective Cartier divisor whose supported lies in Z, in particular
we can write

π∗(X ×k Yj) =
∑
l∈Lj

ajlZl

for some non-empty subset Lj ⊂ L and some positive integers ajl ∈ Z>0. For
each Zl with l ∈ Lj , there exists an i(j, l) ∈ I (not necessarily unique!) such that
π(Zl) ⊂ Xi(j,l) ×k Yj .

Let jZ : Zη ↪→ Z and jX : Xη ↪→ X be the natural inclusions of the generic
fibres. Then the localization exact sequence [Ful98, Proposition 1.8] shows that the
pullback maps j∗

Z and j∗
X on Chow groups are surjective. Let Γ̃ ∈ CHm+1(Z) and

α̃ ∈ CHn+1(X ) be algebraic cycles such that j∗
Z Γ̃ = Γ ∈ CHm(Zη) = CHm(Xη×KYη)

and j∗
X α̃ = α ∈ CHn(Xη).
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6. Specialization of algebraic equivalence

We denote the projection onto the first and second factor by p : X ×R Y → X and
q : X ×RY → Y, respectively. Since X , Y, and Z are regular schemes, the projective
morphism p ◦ π : Z → X and q ◦ π : Z → Y are lci morphisms by Lemma 6.3.3. By
Theorem 6.4.5, there exists a well-defined cycle

Γ̃ ·Z (p ◦ π)∗α̃ ∈ CHm+n−dimXη+1(Z).

The projection formula for the intersection with (pseudo-)divisors [Ful98, Proposi-
tion 2.3 (c)] and the definition of the Gysin map for effective Cartier divisors [Ful98,
Proposition 2.6] yields

ι∗Yjq∗π∗
(
Γ̃ ·Z (p ◦ π)∗α̃

)
= [Yj ] · q∗π∗

(
Γ̃ ·Z (p ◦ π)∗α̃

)
= q∗

(
[X ×k Yj ] · π∗

(
Γ̃ ·Z (p ◦ π)∗α̃

))
= q∗π∗

∑
l∈Lj

ajlZl ·
(
Γ̃ ·Z (p ◦ π)∗α̃

)
= q∗π∗

∑
l∈Lj

ajlι
∗
Zl

(
Γ̃ ·Z (p ◦ π)∗α̃

) ∈ CHm+n+dimXη(Yj),

where · means here the intersection with the Cartier divisors as defined in [Ful98,
Section 2.3]. Since ιZl is a regular embedding, Propositions 6.4.6 and 6.4.7 imply

ι∗Yjq∗π∗
(
Γ̃ ·Z (p ◦ π)∗α̃

)
= q∗π∗

∑
l∈Lj

ajl
(
ι∗ZlΓ̃ ·Zl ι

∗
Zl

(p ◦ π)∗α̃
) ∈ CHm+n+dimXη(Yj).

Applying [Ful98, Theorem 6.5, Proposition 6.6 (c)] to the obvious commuting dia-
gram shows

q∗π∗
∑
l∈Lj

ajl
(
ι∗ZlΓ̃ ·Zl ι

∗
Zl

(p ◦ π)∗α̃
)

= q∗
∑
l∈Lj

ajlπ∗
(
ι∗ZlΓ̃ ·Zl π

∗p∗ι∗Xi(j,l)α̃
)

= q∗
∑
l∈Lj

ajl
(
π∗ι

∗
Zl

Γ̃ ·Xi(j,l)×kYj p
∗ι∗Xi(j,l)α̃

)
=
∑
i∈I

q∗(π∗
∑
l∈Lj
i(j,l)=i

ajlι
∗
Zl

Γ̃ ·Xi×kYj p
∗ι∗Xiα̃) ∈ CHm+n+dimXη(Yj).
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We set
Γi,j :=

∑
l∈Lj
i(j,l)=i

ajlπ∗ι
∗
Zl

Γ̃ ∈ CHm(Xi ×k Yj). (6.5.2)

Then the above computation shows that

ι∗Yjq∗π∗
(
Γ̃ ·Z (p ◦ π)∗α̃

)
=
∑
i∈I

q∗
(
Γi,j ·Xi×kYj p

∗ι∗Xiα̃
)

(6.5.3)

in CHm+n+dimXη(Yj).
Step 2: Proof of the properties Let γ ∈ CHn+1(X) be an (n+ 1)-cycle. Since

the natural pushforward map

⊕
i∈I

CHn+1(Xi) −→ CHn+1(X)

is surjective (it is already surjective on the level of algebraic cycles) and the homo-
morphism Γi,j ∗ΦX is clearly linear, we can assume that γ ∈ CHn+1(Xi0) for some
i0 ∈ I. For j ∈ J arbitrary, we have

∑
i∈I

Γi,j ∗ΦX ,Xi(γ) =
∑
i∈I

q∗
(
Γi,j ·Xi×kYj p

∗ι∗XiιXi0 ∗γ
) (6.5.3)= ι∗Yjq∗π∗

(
Γ̃ ·Z (p ◦ π)∗ιXi0 ∗γ

)

in CHm+n+dimXη(Yj). Consider now the fibre square

Xi0 ×X Z Z

Xi0 X

ι′Xi0 p◦π
ιXi0

The horizontal arrows are closed embeddings of effective Cartier divisors (hence
regular embedddings) and the vertical arrows are lci morphisms, see in particular
Lemma 6.3.4. Thus [Ful98, Theorem 6.2 and Proposition 6.6] implies that

ι∗Yjq∗π∗
(
Γ̃ ·Z (p ◦ π)∗ιXi0 ∗γ

)
= ι∗Yjq∗π∗

(
Γ̃ ·Z ι′Xi0 ∗(p ◦ π)∗γ

)
(6.5.4)

We aim to apply the projection formula from Proposition 6.4.6, but the problem is
that Xi0 ×X Z is in general not regular (not even reduced). To fix this, we write the
effective Cartier divisor Xi0 ×X Z in Z as

Xi0 ×X Z =
∑
l∈L

blZl,
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6. Specialization of algebraic equivalence

for some non-negative integers bl ∈ Z≥0 (not all equal to zero). Since Xi0 is regular
and defined over a perfect field k, it is smooth over k, see [GW20, Remark 6.33.].
Hence, [Ful98, Proposition 8.12 (b)] shows that

ι′Xi0 ∗(p◦π)∗γ = ι′Xi0 ∗

(
[D′] ·(p◦π) γ

)
= ι′Xi0 ∗

(∑
l

bl[Zl] ·(p◦π) γ

)
=
∑
l

blιZl ∗(p◦π)∗γ

in CHn+1+dim Z−dim X (Z) where ιZl : Zl ↪→ Z is the natural inclusion and we denote
the map Zl → Xi0 ×X Z → Xi0 for simplicity also by p ◦ π. Note that it is a
projective morphism between regular schemes and hence lci, see Lemma 6.3.3. Hence
the equation (6.5.4) can be rewritten as

∑
l

blι
∗
Yjq∗π∗

(
Γ̃ ·Z (p ◦ π)∗ιXi0 ∗γ

)
= ι∗Yjq∗π∗

(
Γ̃ ·Z ιZl ∗(p ◦ π)∗γ

)

As Zl is regular scheme, we can apply the projection formula from Proposition 6.4.6
(and use Proposition 6.4.7) to get for all l ∈ L

ι∗Yjq∗π∗
(
Γ̃ ·Z ιZl ∗(p ◦ π)∗γ

)
= ι∗Yjq∗π∗ιZl ∗

(
ι∗ZlΓ̃ ·Zl (p ◦ π)∗γ

)
= ι∗Yj ιY ∗q∗π∗

(
ι∗ZlΓ̃ ·Zl (p ◦ π)∗γ

)
CHm+n+dimXη(Yj), where we use in the last equality the functioriality of proper
pushforward and that the diagram

Zl Z

Y Y

ιZl

q◦π q◦π

ιY

commutes. Hence, we proved for every j ∈ J that

∑
i∈I

Γi,j ∗ΦX ,Xi(γ) = ι∗Yj ιY ∗

(∑
l

blq∗π∗
(
ι∗ZlΓ̃ ·Zl (p ◦ π)∗γ

))
∈ CHm+n+dimXη(Yj),

in particular it is contained in the image of ΦY , which finishes the proof of (a).

Part (b) follows directly from the construction of the Γi,j in (6.5.2) and part
(a). Proposition 6.4.6 applied to the embedding jZ : Zη ↪→ Z shows together with
Proposition 6.4.7 that

j∗
Z(Γ̃ ·Z (p ◦π)∗α̃) = j∗

Z Γ̃ ·Zη j∗
Z(p ◦π)∗α̃ = Γ ·Xη×KYη p

∗α ∈ CHm+n−dimXη(Xη ×Yη).
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In particular we find that

q∗π∗
(
Γ̃ ·Z (p ◦ π)∗α̃

)
∈ CHm+n+dim Y(Y)

restricts to Γ∗α on Yη. Hence rsp(Γ∗α) is given by (6.5.3) (in fact its image under
the quotient modulo Im ΦY) proved in Step 1, which shows (6.5.1) and thus (b).

Remark 6.5.3. The construction of Γi,j in (6.5.2) depends on several choice, namely
the choice of a resolution Z of X ×RY, the choice of a element Γ̃ ∈ CHm+1(Z) whose
restriction to the generic fibre is Γ, and the choice of an index i(j, l) ∈ I such that
the projection of Zl is contained in Xi(j,l) × Yj . In particular, the cycle Γi,j is in
general not unique. One can show that the induced homomorphism

(Γi,j ∗)i,j :
⊕
i∈I

CHn(Xi)/ Im ΦX −→
⊕
j∈J

CHl+m−dimXη(Yj)/ Im ΦY ,

is independent of these choices, when restricted to elements (αi)i ∈
⊕

i∈I CHn(Xi)
such that αi ·Xi Xi ∩Xi′ = αi′ ·Xi′ Xi ∩Xi′ for all i, i′ ∈ I.

Corollary 6.5.4. Let R be a discrete valuation ring with algebraically closed residue
field k of characteristic 0 such that R is a localization of a finite type k-algebra. Let X
be a projective DNC model over R with generic fibre Xη and special fibre X. Denote
the irreducible components (with reduced scheme structure) by Xi with i ∈ I. Then
rsp induces a morphism on the Chow group of l-cycles modulo algebraic equivalence

rsp: Al(Xη) −→
⊕
i∈I

Al(Xi)/ Im ΦX .

Proof. It suffices to check that l-cycles which are algebraically equivalent to 0 are
mapped to l-cycles which are algebraically equivalent to 0. By definition (see Sec-
tion 1.6) γ ∈ CHl(Xη) is algebraically equivalent to 0, if there exists a curve C and
an (l + 1)-cycle on Γ ∈ CHl+1(C ×K Xη) such that γ = Γ∗(c0 − c1) for two closed
points c0, c1 ∈ C. Without loss of generality we can assume that C is a smooth
projective integral curve, see [ACMV17].

By taking the closure of C ⊂ PNK in PNR and using resolution of singularities,
more precisely Proposition 6.2.3, we can assume that there exists a projective DNC-
model C of C over R. Then the corollary follows directly from Theorem 6.5.1, more
precisely (6.5.1).
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Éc. Norm. Supér. 10 (1977), 309–391.

[Ben12] O. Benoist, Espaces de modules d’intersections complètes lisses, Thèse de
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[Bou06] N. Bourbaki, Algèbre commutative, Chapitres 8 et 9, Springer (2006).

[BS83] S. Bloch and V. Srinivas, Remarks on correspondences and algebraic cy-
cles, Amer. J. Math. 105 (1983), 1235–1253.
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