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Abstract

This thesis studies algebraic cycles under degenerations to snc schemes and its ap-
plication to rationality problems of algebraic varieties. Besides a chapter on some
preliminaries, the thesis consists of four parts. The results of the first three parts
appeared in the paper [LS25] as well as the preprints [Lan24] and [LZ25].

We prove in the first part that the Chow group of zero-cycles of a smooth projec-
tive variety X over the Laurent series field C((¢)) is isomorphic to Z, if X admits
geometrically a decomposition of the diagonal and has a strictly semi-stable model
over C|[t]]. This provides an unconditional proof in some special cases of a result
Tian [Tia20], which uses the Tate conjecture for one-cycles on surfaces. We also
obtain a similar result in positive characteristic.

The second part consists of joint work with Stefan Schreieder. We provide a cycle-
theoretic method to disprove rationality by degenerating to snc schemes where the
obstruction to rationality lies in some lower dimensional stratum. This builds on
earlier work of Pavic—Schreieder [PS23]. We apply this method to obtain improved
bounds for the irrationality of hypersurfaces. More precisely, we show that a very

2d-4 gver a field

general hypersurface of degree d > 4 and dimension at most (d + 1)
of characteristic different from 2 does not admit a decomposition of the diagonal,
in particular it is not (retract) rational. This improves earlier work of Schreieder
[Sch19b] and Moe [Moe23].

In the third part, we extend in joint work with Guoyun Zhang the above result for
hypersurfaces to complete intersections and certain hypersurfaces in other rational
varieties like products of projective spaces and Grassmannians. This extends earlier
work of Chatzistamatiou—Levine [CL17] and Nicaise-Ottem [NO22]. The core of our
argument is based on some elementary commutative algebra results.

The forth part is a small observation that algebraic equivalence behaves well
under specialization in strictly semi-stable families. This might be a very first step
to provide a counterexample to a question of Voisin [Voil9], whether the Griffith
group of one-cycles is trivial for smooth projective rationally connected complex

varieties.
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1. Introduction

The majority of this thesis is based on the paper [LS25] (see Chapter 4) and the
preprints [Lan24| (see Chapter 3) and [LZ25] (see Chapter 5). These chapters are
complemented by a brief chapter on some preliminaries (Chapter 2) as well as a
small observation regarding the specialization of algebraic equivalence (Chapter 6).

Each of the main chapters contains an individual introduction; we provide here a

comprehensive introduction and overview over the thesis.

1.1. Rationality questions

The rationality question for a given smooth projective variety X over a field k asks to
decide whether X is birational to ]P’gimx . Such a variety X is called rational or more
precisely k-rational. It is well known that a quadric hypersurface ) in projective
space Pg *1 je. Q is the vanishing locus of a homogeneous quadratic polynomial, is
rational if and only if it contains a k-rational point ¢ € Q(k). In fact, the projection
from the k-rational point ¢ provides a birational map from the quadric hypersurface

to a hyperplane PV ¢ PN*! not containing ¢:

]P>N

In general the rationality question for a given smooth projective variety can be a
difficult problem. For instance, no example of a smooth rational hypersurface of
degree d > 4 is known, see [Kol, Question 52]. It is expected that at least the very
general such hypersurface is irrational.

Birational invariants are used to distinguish irrational varieties from rational ones.
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A simple birational invariant for smooth projective varieties is the m-th plurigenus
N T 0 ®m
Pm(X) = dimg H" (X, w§™)

for m > 0. The adjunction formula shows that for a smooth hypersurface X, of
degree d > N + 2 in ]P’]kv'H the m-th plurigenus p,,,(Xy4) > 0, in particular Xy is
irrational. For d < N + 2, the hypersurface Xy in PVY*! is a Fano variety (its
canonical bundle is anti-ample) and all the plurigenera vanish. In characteristic 0,
Fano varieties are examples of rationally connected varieties by the work of [KMM92,
Cam92]: A variety over a field k is called rationally connected if for any algebraically
closed field extension L/k any two very general L-rational points lie on an irreducible
rational curve. For a smooth projective (separably)! rationally connected variety all
plurigenera vanish, see [Kol96, Corollary IV.3.8] Thus rationally connected varieties
are an interesting class of varieties for rationality questions.

Several finer notions of rationality have been introduced and studied, for instance:
o stably rational: X x P} is rational for some m > 0;

e retract rational: there exists a dominant rational map IP’kN --+ X with a ratio-

nal section;
e unirational: there exists a dominant rational map IP’{CV --» X.
The following implications are easy consequences of the above definitions:
rational = stably rational = retract rational = unirational = rationally connected.

It is known that the first and third implication are strict implications by [BCTSS85]
and [AM72]. There are (geometrically rational) examples over non-closed fields
which are retract rational but not stably rational, see for instance [EM75, Theo-
rem 1.5 and Theorem 2.3]; it is an open problem to produce such examples over
closed fields, see for instance [Sch25b]. As far as we know the strictness of the last
implication is open over any field.

Various methods have been developed and used to study the rationality problem:;
we refer the reader to the survey of Schreieder [Sch25b] for an overview of recent

methods. We briefly explain two methods below, which are relevant for this thesis.

Yin positive characteristic there are rationally connected (even unirational) surfaces with non-trivial
plurigenera, see [Shi74]
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1.2. Algebraic cycles and a decomposition of the diagonal

Another (stably) birational invariant for smooth projective varieties over a field k
is the Chow group of zero-cycles CHy(X), which is the quotient of the free abelian
group generated by closed points on X modulo rational equivalence. Since rationality
is stable under field extension, we have for a smooth projective rational variety X

over a field k and any field extension L/k
CHy(X 1) ~ CHo(P{™ ) ~ 7,

where X7, := X X} L is the base change. In fact, this isomorphism is the degree map
for zero-cycles. A smooth projective variety X over a field k is called universally

CHy-trivial if for any field extension L/k the degree map
deg: CH()(XL) — 7

is an isomorphism, see [ACTP17, Section 1.2]. The property of being universally
CHp-trivial for smooth projective varieties is equivalent to having an integral de-

composition of the diagonal - a notion which goes back to Bloch—Srinivas [BS83]:

Let A be a commutative ring with 1. We say that a k-variety X of dimension n

admits a A-decomposition of the diagonal, if the diagonal Ax C X xj X satisfies
Ax =z2x X+ Z e CH,(X x; X,A), (1.2.1)

where z is a zero-cycle on X and Z is an n-cycle on X x; X, which does not dominate
the second factor. If A = Z, we say that X admits an integral decomposition of the
diagonal. The above discussion shows that smooth projective rational varieties admit
an integral decomposition of the diagonal; in fact also retract rational varieties have

an integral decomposition of the diagonal, see for instance [Sch21b, Lemma 7.5].

Voisin [Voil5] introduced a method to disprove rationality using the notion of
the decomposition of the diagonal together with a degeneration argument to mildly
singular varieties. Voisin showed in loc. cit. that a very general quartic double
solid does not admit an integral decomposition of the diagonal, quartic double
solids are known to be unirational. Thus the integral decomposition of the diag-
onal provides an obstruction to retract rationality for rationally connected varieties.
The method via the decomposition of the diagonal have been improved by Colliot-
Thélene-Pirutka [CTP16] and Schreieder [Sch19b]. In joint work with Schreieder
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(Chapter 4), we extend this method to degenerations to snc schemes, where the ob-
struction to rationality lies in some lower dimensional stratum by building on earlier

work of Pavic—Schreieder [PS23]. This extension is inspired by a motivic method.

1.3. The motivic method

A different method using the motivic volume was initiated by Nicaise-Shinder [NS19]
and Kontsevich-Tschinkel [KT19], who showed that (stable) rationality specializes
in smooth proper families over fields of characteristic 0, see also [NO21].

Let F' be a field and consider the free abelian group Z[SBr] generated by stably
birational equivalence classes of integral schemes of finite type over F'; for example
[Spec F|s denotes the class of stably rational varieties over F.

Let R be a (complete) discrete valuation ring whose residue field k is algebraically
closed of characteristic 0 and denote by K the algebraic closure of the fraction field
of R. Nicaise—Shinder showed using the weak factorization theorem that there exists

a unique ring homomorphism called stable birational volume
VOle: Z[SBR] — Z[SBk]

such that for any proper strictly semi-stable R-scheme? X with geometric generic

fibre X and special fibre X with irreducible components X; for i € I:

Volg(X7) = > (-1 Xy, where Xy = () X; (1.3.1)
0£JCI jeJ

This immediately implies the following obstruction to (stable) rationality:

Theorem 1.3.1 ([NS19]). Let R be a (complete) discrete valuation ring with al-
gebraically closed residue field k of characteristic 0. Let X be a proper strictly
semi-stable R-scheme with geometric generic fibre X and special fibre X. Denote
the irreducible components of the special fibre by X; with i € I. If

Vol (X7) = > (=D)VITH[X ], # [Spec k],
P£JCI

then X3 is not stably rational.

2A strictly semi-stable R-scheme X is a separated scheme flat and of finite type over R such that
the generic fibre is smooth and the special fibre is a geometrically reduced snc scheme whose
irreducible components are Cartier divisors in X, see Definition 2.3.2.



1.4. Chow-theoretic analogue and applications

The method has been successfully applied using tropical geometry to rationality
problems by Nicaise-Ottem [NO22|, who showed that a very general quartic fivefold
is not stably rational. The idea is to construct a strictly semi-stable family over the
dvr C[[t]] whose generic fibre is a quartic fivefold and whose special fibre consists of
two components X; and Xs such that X; and X5 are (stably) birational and the
intersection Xi9 := X7 N Xy is birational to a special quartic double fourfold; Xio
is known to be stably irrational by [HPT18a]. Then the stable birational volume
formula (1.3.1) of that family reads

[X1]ep + [Xo]sp — [Xi2]ep = 2[X1]sp — [X12]sp # [Spec Cly, € Z[SBc].

Thus the geometric generic fibre is not stably rational by Theorem 1.3.1. Since stable
rationality specializes in smooth proper families, the very general quartic fivefold is
stably irrational.

Nicaise-Ottem construct such families via tropical geometry, which reduces the
problem to finding suitable subdivision of polytopes. Moe [Moe23] studied this
approach in his thesis and used it to show that very general hypersurfaces of degree
d > 4 and dimension at most (d + 1)29=% over a field of characteristic 0 are stably
irrational by reducing to [Sch19b].

Recently, the stable birational volume in (1.3.1) has been extended to detect R-
equivalence classes by Hotchkiss—Stapleton [HS25]; in particular it can handle retract
rationality. This also uses the weak factorization theorem; hence it is currently

restricted to characteristic 0.

1.4. Chow-theoretic analogue and applications

Motivated by the result on quartic fivefolds in [NO22], Pavic-Schreieder [PS23]
constructed a cycle-theoretic analogue of the motivic method and showed that the
very general quartic fivefold admits no integral decomposition of the diagonal. To
state the analogue, consider the following complex for a proper strictly semi-stable

family & over a discrete valuation ring R:
P CHi(X;) 2% @ CHy(X:) <8 Z — 0, (1.4.1)
jel i€l

where X; with ¢ € I are the irreducible components of the special fibre, ¢;: X; — X

denote the natural inclusions, and ®y is defined by &y = > L;‘-Li*. If the discrete
1,7
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valuation ring R is complete and the generic fibre of X admits a decomposition of
the diagonal, then the complex (1.4.1) is exact by Grothendieck’s version of Hensel’s
lemma [EGAIV, Theorem 18.5.17]. This observation led to an obstruction to a
decomposition of the diagonal of the geometric generic fibre if the special fibre is a
chain of Cartier divisors and the residue field of R is algebraically closed, see [PS23,
Theorem 1.2]. The key step is a detailed analysis of the complex (1.4.1) under finite
extension of the discrete valuation ring R//R and suitable resolutions of the base-
change X xp R'. We extend this analysis to arbitrary configurations of the special
fibre (Theorem 3.1.1).

Building on [PS23] and the analysis in Chapter 3, we provide in joint work with

Schreieder a flexible obstruction to an integral decomposition of the diagonal.

Theorem 1.4.1 (Theorem 4.3.8). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic p > 0 and let A be a torsion ring in
which p is invertible, if p > 0. Let X be a strictly semi-stable R-scheme such that
the geometric generic fibre X5 is smooth and irreducible. Assume that the special
fibre X = Xo U Xy consists of two irreducible components Xy and X1 which are
isomorphic to open subschemes of affine space (of dimension at least 2) and whose
intersection Xo1 = Xog N X1 s an integral k-variety.
If Xo1 admits no A-decomposition of the diagonal, then X5 admits no A-decomposition

of the diagonal.

A key advantage is that the R-scheme X does not need to be proper, which in
practice avoids computing resolutions and allows to remove unnecessary irreducible
components of the special fibre by working directly with a suitable open subscheme.

In the joint work with Schreieder, we use this method to extend the result of

[Moe23] to retract irrationality and also to positive characteristic.

Theorem 1.4.2 (Theorem 4.1.1). Let k be a field of characteristic different from
2. Then a very general hypersurface X C IPkN+1 of degree d > 4 and dimension
N < (d+1)2%% does not admit a decomposition of the diagonal, hence is neither

stably nor retract rational.

We also obtain a weaker bound for the irrationality of hypersurface in character-
istic 2, see Theorem 4.1.2. In subsequent joint work with Zhang, we extended the
above bound to complete intersections, which improves earlier results of Nicaise—
Ottem [NO22, Theorem 7.5].

Theorem 1.4.3 (Theorem 5.1.2). Let k be a field of characteristic different from 2.

Then a very general complete intersection of multidegree (dy, . ..,ds) and dimension
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N > 4 does not admit a decomposition of the diagonal if some d; > 4 and the Fano
index

2

In particular, such complete intersections are not retract rational.

1.5. Zero-cycles over Laurent fields

The degree map
deg: CHo(X) — Z

is an isomorphism for a (smooth) projective rationally connected variety X over an
algebraically closed field. It is natural to consider other arithmetically interesting
fields, e.g. local fields, fields of cohomological dimension 1. We focus here on the
field of Laurent series k((¢)) over an algebraically closed field k of characteristic 0.

It follows from Graber—Harris—Starr [GHS03, Theorem 1.2] together with Green-
berg’s approximation theorem [Gre66] that a smooth projective rationally connected
variety X over k((t)) always contains a k((t))-rational point, in particular the de-
gree map is surjective. The kernel of the degree map for X is torsion by a pull-push
argument; this uses that the degree map is an isomorphism over W

In [EW16], Esnault—Wittenberg ask whether there exists a smooth proper ratio-

nally connected threefold X over the Laurent field C((¢)) such that
deg: CHyo(X) — Z

is not injective. Such examples over the local field Q3 were constructed by Parimala—

Suresh [PS95, Proposition 6.2]. Tian used the minimal model program to show

Theorem 1.5.1 ([Tia20, Theorem 1.1]). Let k be an algebraically closed field of
characteristic 0 and let X be a smooth projective rationally connected variety over
the field k((t)). Assume that dim X < 3 or that the Tate conjecture for one-cycles

on surfaces holds, i.e. the l-adic cycle class map
CH:(S) ® Q1 — H(S, Qu(1))

s surjective for any smooth projective surface S over a finite field. Then the degree

map induces an isomorphism CHo(X) ~ Z.

The bijectivity result for the étale cycle class map of Saito-Sato [SS10], see also
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Bloch’s simplified proof in [EW16, Appendix], relates the injectivity of the degree
map for a smooth projective variety X over k((t)) with the exactness of the complex
(1.4.1) for some strictly semi-stable model X of X over k[[t]] (if it exists), see the
argument in the proof Corollary 3.5.6 for details. Thus, the analysis of the complex
(1.4.1) in Chapter 3 yields the following result.

Theorem 1.5.2 (Corollary 3.5.6). Let X be a smooth, projective variety over a
Laurent field k((t)) with k algebraically closed of characteristic 0. Assume that X
admits a strictly semi-stable projective model X — Spec k[[t]]. If X admits geometri-
cally a A-decomposition of the diagonal, then the degree map deg: CHo(X)®A — A

is an isomorphism.

The ideas presented in Chapter 6 may lead to an improved version of the result

without the assumption on the existence of a strictly semi-stable model over k[[t]].

1.6. Algebraic equivalence in strictly semi-stable families

Recall that an l-cycle a € CH;(X) on an integral variety over a field k is called
algebraically equivalent to 0, if there exists a smooth integral variety 7', an alge-
braic cycle Z € CHyiqim7(T Xk X) and two k-rational points ty,t; € T such that
a = Zy, — Zy, € CH)(X), see [Ful98, Definition 10.3]. If k is perfect, then 7" can
be assumed to be a smooth projective integral curve, see [ACMV17, Theorem 1].
Voisin asks in [Voil9] whether there exists a smooth projective rationally connected
complex variety with a one-cycle which lies in the kernel of the cycle class map and
is not algebraically equivalent to 0. In other words, whether the Griffiths group of
one-cycles is non-trivial for some (smooth projective) rationally connected complex
variety.

Such an example might be constructible by considering a suitable degeneration
to an snc scheme as in Theorem 1.4.1 in order to reduce to a known example of a
smooth projective (not rationally connected) variety with non-trivial Griffith group
of one-cycles, see for instance [Sch92]. We provide a first step in this direction by
showing that algebraic equivalence specializes for strictly semi-stable degenerations

in equicharacteristic 0 in the following sense:

Let X be a proper strictly semi-stable scheme over a discrete valuation ring R
and denote its generic fibre by X;. We denote by X; with i« € I the irreducible
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components of the special fibre of X. Consider the homomorphism

rsp: CH;(X,) — @CHl(Xi)/Im Sy, am (&),
el
where ¢;: X; — X is the natural inclusion, &y = Zi’je 1 Ui L« similar to the defini-
tion in (1.4.1), and & € CH;41(X) is an (I 4 1)-cycle whose restriction to X, is a.
This is indeed a well-defined homomorphims by the localization exact sequence, see
[Ful98, Proposition 1.8].

Proposition 1.6.1 (Corollary 6.5.4). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic 0 such that R is a localization of a
finite type k-algebra. Let X be a strictly semi-stable R-scheme with generic fibre X,
and special fibre X. Denote the irreducible components of X by X; withi € I. Then

rsp induces a morphism on the Chow group of l-cycles modulo algebraic equivalence

rsp: Ai(X,) — @Al(Xi)/Im Dy.
i€l

1.7. Declaration of own work in joint projects

The key idea to use a non-proper version of the map ®y from (1.4.1) in the project
[LS25] (Chapter 4) is due to Stefan Schreieder. We worked together on the pre-
cise statement of the main obstruction theorem Theorem 4.3.2 and I wrote down
the argument for the theorem. I also worked out the section on the double cone
construction Section 4.4 (using a construction of Moe) and the combinatorics in
Section 4.6.

The collaboration [LZ25] (Chapter 5) started while Guoyun Zhang visited the
Leibniz Universitat Hannover (October 2024 - September 2025). I had the idea of
using commutative algebra to approach the case of complete intersection. The pre-
cise framework (Section 5.2) grew out of several joint discussions. A few parts in the
section on the base examples (Section 5.3) and the section on complete intersections
of small Fano index (Section 5.4.2) are due to Guoyun Zhang. The remaining parts

are written by myself.
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2. Preliminaries

2.1. Notations and conventions

For an abelian group G and an integer | € Z>(, we denote by G/l the tensor product
G ®z Z/1Z. All rings are assumed to be commutative with 1. The characteristic
of a ring A is the smallest positive integer ¢ € Z>1 such that any element in A is
c-torsion; it is zero if no such integer exists. The exponential characteristic of a field
k is 1 if k has characteristic zero and it is equal to the characteristic of k& otherwise.
Unless stated otherwise, the generators of a polynomial ring are assumed to have
degree 1.

Let R be a ring. By an R-scheme we always mean a separated scheme of finite
type over R. If R = k is a field, then we also say algebraic scheme over k. A
k-variety is an integral algebraic scheme over a field k.

For an R-scheme X and an R-algebra A, we denote the fibre product by X xp A :=
X Xgpec rSpec A or simply by X 4. We sometimes omit the ring R, if it is clear from

the context.

2.2. Chow groups and Fulton’s specialization map

Let Y be a separated scheme of finite type over a regular Noetherian ring R; for our
purposes R = k is a field or a discrete valuation ring. The group of l-cycles of Y is
the free abelian group generated by subvarieties of dimension [. The Chow group of
l-cycles CHy(Y') of Y is the quotient of the group of I-cycles by rational equivalence.
For a ring A, we denote the tensor product CH;(Y') ®z A by CH;(Y, A).

Let R be a discrete valuation ring with fraction field K and residue field k. Let
X — Spec R be a flat R-scheme with generic fibre X = X xp K and special fibre

Y = X xg k. Then, for any ring A, there is a specialization map on Chow groups
Sp : CHZ(X, A) — CHz(K A),

defined as follows. If A = Z and z = [Z] € Z;(X) is represented by an i-dimensional

11
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subvariety Z C X, then sp(z) is represented by the restriction of the closure of Z
in X to Y. (This restriction could be empty, in which case sp(z) =[] = 0.) This
extends Z-linearly to a well-defined map by an argument of Fulton (see [Ful75, §4.4],
[Ful98, §20.3], or [Sch21b, proof of Theorem 8.2]). The case of arbitrary coefficients
follows from this by functoriality of the tensor product. If k is algebraically closed,

then the above map induces a well-defined map
sp: CH;(X,A) — CH;(Y, A),

where X = X x K denotes the base change to an algebraic closure. (In [Ful75,
§4.4], [Ful98, §20.3], this is shown for the completion R of R; the above case then

follows via precomposing with the natural map CH;(X) — CH;(X x  Frac(R)).)

We will need the following specific result on Fulton’s specialization map.

Lemma 2.2.1. Let A be a ring and let R be a discrete valuation ring with fraction
field K and residue field k. Let p : X — SpecR and q : Y — Spec R be flat R-
schemes of finite type. Denote by X,,,Y, and Xo,Yy the generic and special fibres
of p, q, respectively. Assume that Y, is geometrically integral and that there is
a geometrically integral component Yy C Yy, such that A = Oy7yol is a discrete
valuation ring and consider the flat A-scheme X4 — Spec A, given by base change

of p. Then Fulton’s specialization map induces a specialization map
Sp: CH,(X,I XK K(Yh), A) — CHZ(X() Xk /;3()/0/),[\),

where K and k denote algebraic closures of K and k, respectively, such that the

following holds:

(1) sp commutes with pushforwards along proper maps and pullbacks along regular

embeddings;

(2) If X =Y and Xq is integral, then sp(dx,) = 0x,, where 0x, € CHo(X, xk
K(X,),A) and 6x, € CHo(Xo xx k(Xo),A) denote the diagonal points.

Proof. By functoriality of the tensor product, it suffices to prove the lemma in the
case where A = Z. The lemma is then stated under the assumption that p and ¢
are proper with connected fibres in [PS23, Lemma 5.8], but the proof does not need

those assumptions. O
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2.3. Strictly semi-stable degenerations

2.3. Strictly semi-stable degenerations

Definition 2.3.1. Let k£ be a field. An snc scheme of dimension n over k is a
geometrically reduced algebraic scheme Y over k with irreducible components Y;, ¢ €
I, such that for any subset J C I, the (scheme-theoretic) intersection Y :== (o, Y

is smooth over k and, if non-empty, equidimensional of dimension n + 1 — |J|.

We recall the definition of strictly semi-stable schemes over a discrete valuation
ring, see e.g. [deJ96] and [Har01, Definition 1.1].

Definition 2.3.2. Let R be a discrete valuation ring with fraction field K and
residue field k. A strictly semi-stable R-scheme X — Spec R is an irreducible,
reduced, separated scheme which is flat and of finite type over R with the following

properties:
e the generic fibre X = X xg K is smooth over K;
o the special fibre Y = X xg k is an snc scheme over k;
e each component of the special fibre Y is a Cartier divisor on X.

Let R be a discrete valuation ring and let R C R be an unramified extension of
discrete valuation rings, i.e. an extension R — R such that m g=m RR where mp
and mp are the maximal ideal of R and R, respectively. Then for every strictly
semi-stable R-scheme X, the base change Xz = X Xp R is a strictly semi-stable
R-scheme, see e.g. [Har01, Proposition 1.3]. For finite ramified extension of dvr’s
the base-change X becomes a strictly semi-stable R-scheme after a finite sequence

of blow-ups.

Proposition 2.3.3 ([Har01, Proposition 2.2]). Let R C R be a finite ramified ex-
tension of discrete valuation rings. Let X be a strictly semi-stable R-scheme with
special fibre Y. Assume that the irreducible components of Y are geometrically in-
tegral. Then there exists a finite sequence of blow-ups X = V™ — V™1 5 ...
Vo = Xp such that X is a strictly semi-stable R-scheme and the center of each

blow-up V1 = V¥ is an irreducible component of the special fibre of V.

2.4. Very general elements of a family

We recall the notion of a very general element in a family, as stated for instance in
[Sch25b, Section 2.5].

13



2. Preliminaries

Definition 2.4.1. Let k be a field and let w: X — B be a proper flat morphism of
algebraic k-schemes with B geometrically integral. We say that a closed point b € B
is very general (with respect to 7 ) if there exist (algebraically closed) field extensions
K/k(b) and L/k(B) and an isomorphism ¢: K — L of fields which induces an
isomorphism

Xp X ) K =X Xypy L,

where X, := 771(b) denotes the fibre over b.
If B is a fine moduli space or a parameter space of some class of algebraic varieties

and w: X — B is its universal family, we often simply say that X} is very general if
be B is.

Remark 2.4.2. If k is an uncountable algebraically closed field, then [Vial3, Lemma
2.1] shows that there exists a subset U C B(k), which is the intersection of countably
many non-empty open subsets of B, such that any point in U is very general in the

above sense.

We say an algebraic scheme X over a field L degenerates to an algebraic scheme
Y over an algebraically closed field k, if there exist a dvr R with residue field k
and fraction field K, a flat proper morphism X — Spec R, and an injection of fields
K — L such that Y ~ X xpk and X ~ X xg L, see for example [Sch19b, Section

2.6]. The following lemma is well-known.

Lemma 2.4.3. Let k be a field and let m: X — B be a proper flat morphism of

algebraic k-schemes such that B is geometrically integral.

(i) If trdegy, k > dim B, where ko C k is a subfield over which 7 is defined, then

there exists a very general element b € B.

(ii) Letk'/k be a field extension. Ifb € B is very general with respect to 7, then any
closed point b’ € By lying over b is very general with respect to mp : Xy — By,

(ii) Up to a base-change, a very general fibre Xy degenerates to the fibre Xo over

any closed point 0 € B in the above sense.

Note that there exists a subfield ky C k, which is finitely generated over its prime
field, such that 7 is defined over kg, as w: X — B is a morphism of algebraic schemes

over k.

Proof. We start proving (i). Let kg C k be a subfield such that 7 is defined over ko,

i.e. there exists a morphism my: Xy —> By of algebraic schemes over kg such that

14
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all squares in the diagram

X —"— B Spec k
Xy —25 By Spec kg

are Cartesian. Assuming trdegy k > dim B, there exists a finite field extension
kT /k and a homomorphisms of fields ko(By) — k*. By the universal property of
the fibre product, there exists a morphism ¢: Speck™ — B of k-schemes such that
the composition Speck™ — B — By factors through Spec ko(Byp). In particular, ¢
determines a closed point b € B and we claim that b is very general. Indeed, note
that X = &y xp, B and the morphisms

Speck™ -+ B — By and Speck(B) - B — Bo,

factor through Spec ko(Byp), where 7 is the inclusion of the generic point. Thus

Xb Xn(b) Et —— Xo X By Spec k()(BQ) X77 _— X() X By Spec ko(B())
Spec k™ —————— Spec ko(Bp) Spec k(B) ———— Spec ko(By).

are Cartesian squares. Here, (b) denotes the residue field of the closed point b, which
is a subfield of k™ and X, denotes the generic fibre of the morphism 7: X — B.
In particular, it suffices to find (algebraically closed) field extensions K/k* and
L/k(B) together with an isomorphism of field X' — L which fixes ko(By), see also
the argument in [Vial3, Lemma 2.1]. The existence of such fields K and L is clear,
as any two algebraically closed field extension of the same transcendence degree over
the same field are abstractly isomorphic.

By a similar argument as above, the statement (ii) reduces to the following ques-
tion on fields. Given an isomorphism of algebraically closed fields ¢: K — L
with subfields x(b) C K and k(B) C L as well as field extensions x(b')/k(b) and
k' (By)/k(B), there exist algebraically closed fields K’ and L' and an isomorphism
¢+ K' — L’ such that K’ contains x(b') and K as subfields, L’ contains k'(By) and
L as subfields, and ¢’ extends ¢. The existence follows by the same reasoning as in
the proof of (i).

We turn to the proof of (iii). Let 0 € B be any closed point. Up to replacing k

by an algebraically closed field extension whose transcendence degree over k is at

15
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least dim B, we can assume by (i) that there exists a closed point b € B, which
is very general in the sense of Definition 2.4.1. It clearly suffices to show that the
fibre X, := 7~ 1(b) degenerates to Xo. By a Bertini-type argument, there exists a
geometrically integral curve C' C B containing 0 and b, see e.g. [CP16, Corollary 1.9].
Up to replacing C by its normalization, we can assume that there exists a smooth
geometrically integral curve C and a flat proper morphism w¢: Xo — C and two
closed points ¢g, ¢ € C such that ¢ € C is very general in the sense of Definition 2.4.1
and the fibres over ¢y and ¢ are isomorphic to Xy and Xp, respectively. Thus we see

that X; degenerates to Xo, as O¢, is a dvr. ]

Example 2.4.4. We will use the following two examples of families over a field k.

(a) Complete intersections in PV: Let d := (dy,...,ds) € Z%, be a collection of

positive integers, where 1 < s < N is an integer. Then the affine scheme
By = HY(PYN  Opn (d1)) X --- xx HY(PY, Opn (dy))

parametrizes sets of s polynomials f1,..., fs € klzo,...,zy| with deg f; = d;.
Let X} C By x; PN be the closed subscheme such that the fibre of X — B;
over a point corresponding to fi,..., fs is the closed subscheme of PV cut
out by the homogeneous ideal (fi,..., fs). There exists an open subscheme
B C Bj such that the fibre over any point b € B has dimension N — s. Thus
the morphism X = &) xp, B — B is a family of complete intersections of

multidegree d.

Other choices for B include (an open subscheme of) a product of Grassmanni-
ans or an iteratated Grassmannian bundle over Spec k. We refer the reader to
[Benl12, §2.2] and [DL23, §1.2] for more details on moduli spaces for complete

intersections.

(b) The parameter space of hypersurfaces of multidegree d := (dy,...,ds) in the

product of projective spaces Péwl Xp oo X ]P’éw““ is given by

B =P (H (P, Opany (d1) ) @ -+ @5 H® (P2, Opar, (dy) ))

Consider the universal family X — B of multidegree d hypersurfaces in the

product of projective spaces ]P’é/[1 Xp oo Xk P]ka.

16



2.5. Basic constructions in toric geometry

Remark 2.4.5. Let X — B = P(H°(PY,0(d))) be the universal family of degree

d hypersurfaces in PVV. Its geometric generic fibre is given by

I N
Xy = Y. tra' =03 CPYp,
rezf t:|11=d

where |I]| == iy + - -+ iy and t; € k(B) denotes the element corresponding to the

monomial t/ = ¢ ... ¢iN in HY (]P’N, O]P)N(d)) for each I = (ig,...,in) € le\fgrl_
Hence, we see that a hypersurface is very general in the sense of Definition 2.4.1

if and only (up to an isomorphism) the coefficients of a defining equation are alge-

braically independent over the prime field of k.

2.5. Basic constructions in toric geometry

Throughout this section, let k be a field. A (split) toric variety is a normal k-variety
X which contains a torus T = (k*)@™X as an open dense subset. Toric varieties
are also constructed from collections of cones, called fans, and many properties of
the toric variety relate to combinatorical data of the fan. We recall the construction
of toric varieties from fans, introduce some notation and state a few standard facts
from toric geometry.

Let N ~ Z" be a lattice and denote by M = Homgz(N,Z) ~ Z" its dual lattice.
Consider the natural duality pairing (-,-) : M x N — Z. Morover, we denote the
tensor products M ®z R and N ®z R by Mg and Ng, respectively.

A (strongly convex, rational, polyhedral or short: scrp) cone in Ny is a set
o = Cone(S) := {Z Al s Ay > 0} C Ng,
u€esS

where S C N is a finite subset such that o N (—o) = {0}. The elements in S are
called generators of . The dimension of ¢ is the dimension of its linear span in Ng.

The dual cone of o is the subset
o’ :={m e Mg : (m,u) >0 forall u € o} C Mg,

which is again a (rational, polyhedral, not necessarily strongly convex) cone. Gor-
dan’s lemma says that ¢V N M is a finitely generated semi-group such that k[oV N M]
is an integral domain, see e.g. [CLS11, Proposition 1.2.17]. Then the affine toric

17



2. Preliminaries

variety U, associated to a cone o is U, = Speck[oV N M].

A face T of an (scrp) cone o is a subset of the form

T={u€o:(mu) =0} Co

v and it is again an (scrp) cone. A collection of (scrp) cones X is

for some m € o
called a fan if each face of a cone is also in ¥ and if the intersection of two cones in
> is a common face of both. These two conditions ensure that we can glue the affine
toric varieties associated to each cone o € ¥ along the intersection of the cones to
obtain a toric variety, which we denote by Xs. We denote the set of n-dimensional
cones in the fan ¥ by 3(n) and we usually call 1-dimensional cones rays. Recall also

the following facts from toric geometry:

(i) A Z-linear map of lattices N — N’ is compatible with a pair of fans ¥ in Ny
and ¥’ in Np if the R-linear extension maps every cone o € ¥ into a cone
o’ € ¥/. Such a compatible map of lattices gives rise to a toric morphism of
the associated toric varieties, i.e. a morphism of the varieties such that the

restriction to the tori is a group homomorphism, see [Oda78, Theorem 4.1].

(ii) The orbit-cone correspondence yields an inclusion-reversing bijection between
cones in a fan and orbits of the torus action of its associated toric variety, see
e.g. [Oda78, Theorem 4.2]. If o € ¥ is a cone in the fan, then we denote the
corresponding orbit in Xy, by O(o) and its Zariski closure by V(o).

(iii) The generators v; of the 1-dimensional faces p; of an (scrp) cone o C Ng yield a
set of generators for o. Up to scaling v;, we can assume that v; € (N \{0})Np;

is of minimal length. Then the v;’s are called the minimal generators of o.

(iv) We say that a cone is simplicial if its minimal generators are R-linear indepen-
dent. A cone is called regular if its minimal generators form part of a Z-basis
of the lattice N. We say a fan is simplicial or regular, if all its cones are so.
Note that regularity of the fan is equivalent to the regularity of the associated

toric variety, see [Oda78, Theorem 4.3].

For a more detailed account of the constructions and the facts in toric geometry
over arbitrary fields, we refer the reader to [Oda78] and the survey [Dan78]. An
earlier description of toric varieties over algebraically closed fields can be found in
[KKMS]. We refer the reader to [CLS11] for a modern treatment of toric geometry.
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2.6. Monomial orderings and Grobner basis

We recall a few basic notions related to monomial ordering of polynomial rings
following the reference [CLO25, Section 2.2].

Let k be a field and let R = k[z1,...,x,] be the polynomial ring over k in n
variables. A monomial ordering on R is a well-ordering! on the set of monomials

[0}

z® = 2" -+ zd" where a = (a1, ..., a,) € Z%, such that for every o, 8,7 € ZZ,

n
> 2P = 20T > P,

see [CLO25, Section 2.2 Definition 1]. A monomial ordering > is called graded if
la| > |B| implies z® > 2 for every a, € 7%, where |a| == a1+ -+ ay. The most

important example for Chapter 5 is the graded lexicographical ordering.

Example 2.6.1 ([CLO25, Section 2.2 Definition 5]). Consider the relation >gex
on the set of monomials z%, a € Z%;, on R = Elzy,...,x,] given by 2% >griex zP
if o] > |5] or |a| = |B] and the left-most non-zero entry in aw — 3 € Z™ is positive.
Then >gex is a graded monomial ordering on R, called the graded lexicographic

ordering.

Let R = k[z1,...,x,] be a polynomial ring over a field k£ and fix a monomial
ordering on R. For a polynomial f = )"  a,x® € R we define the leading monomial
of f as

LM(f) = max{z® : aq # 0}, (2.6.1)

where the maximum is taken with respect to the choosen monomial ordering. We
say that the leading monomials of a collection fi,..., f, of polynomials in R are

relatively prime if for all 4,7 € {1,...,r} with ¢ # j we have
ged(LM(f), LM(f;)) = 1.
Example 2.6.2. Consider the polynomials
f=32%y3+623y> —bay+5, g=a"+22 +y +ay—1, h=y>+y+1cklzy.

The leading monomials with respect to the graded lexicographic ordering (z > vy)
are
LM(f) = 2°y%, LM(g) =2°, LM(h) =y".

'a total ordering such that any non-empty subset admits a smallest element
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In particular, we see that the leading monomials of g and h are relatively prime,

while the leading monomials of f and g are not.

Definition 2.6.3. Let f € k[z1, ..., z,] be a polynomial of degree d. Then

(o, ... @) = alf (1:1 :Bn)

JEXES)
o Lo

is a homogeneous polynomial of degree d in k[xy, ..., z,], called the homogenization
of f. Let I C k[x1,...,xy,] be an ideal. Then we define the homogenization of I to be
the ideal

Ih = (fh fe I) C k[zo, 21, .., Tn],

which is a homogeneous ideal in k[zg, 1, ..., Ty].

A collection of polynomials whose leading monomials are relatively prime in the

above sense behave well under homogenization.

Proposition 2.6.4. Let R = k[x1,...,z,] be a polynomial ring over a field k and
fix a graded monomial ordering on R. If the leading monomials of a collection
of polynomials fi,...,f, € R of degree at least 1 are relatively prime, then I" =
(fh, ... ™). In particular, the scheme {ff = --- = fh =0} C P} is the projective
closure of {fi =--- = fr =0} C A}, if k is algebraically closed.

Proof. This is a consequence of the theory of Grébner basis. The assumption on the
relative primeness of the leading monomials implies that fq, ..., f, is a Grobner basis
for I by [CLO25, Section 2.9, Proposition 4 and Theorem 3|. The homogenization
of a Grébner basis of I is a basis of I", see e.g. [CLO25, Section 8.4, Theorem 4].
The claim about the projective closure is shown for example in [CLO25, Section 8.4,
Theorem 8§]. O
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3.1. Introduction

Kontsevich-Tschinkel [KT19] and Nicaise-Shinder [NS19] study the behaviour of
rationality and stable rationality in families in characteristic 0. In particular for
degenerations of a smooth projective variety, they construct a motivic obstruction
to (stable) rationality which depends only on the special fibre of the degeneration.
This approach was successfully applied by Nicaise-Ottem [NO22] to show the sta-
ble irrationality of quartic fivefolds and several complete intersections by reducing
to previously known irrationality results [HPT18a, Sch19b]. Building on [Sch19b],
[Moe23] uses the approach in [NO22] to improve Schreieder’s logarithmic bound for
stably irrational hypersurfaces in characteristic 0.

Motivated by the cycle-theoretic approaches to stable rationality in [Voil5, CTP16,
Sch19a], Pavic—Schreieder [PS23] introduce a Chow-theoretic analogue of the mo-
tivic approach for strictly semi-stable schemes X over a dvr R. These are integral
separated regular flat R-schemes such that the generic fibre X = X, is a smooth
variety and the special fibre is a geometrically reduced simple normal crossing divi-
sor Y = {J;c; Y; with irreducible components Y;. For each strictly semi-stable and
proper X — Spec R consider the complex

) Z.de

P CH.(Y)) 25 @P CHy(Y;) =5 7 — 0, (3.1.1)

Jjel el
where ®x = > > ¢t with ¢;: Y; < X the natural inclusion for i € I.
iel jel

Theorem 3.1.1. Let R be a discrete valuation ring with algebraically closed residue
field k, and let X — Spec R be a strictly semi-stable projective R-scheme. Assume
that the geometric generic fibre admits a decomposition of the diagonal (e.g. s
retract rational). Then the complex (3.1.1) is exact after base-change to any field
extension L/k, i.e. the complex (3.1.1) is exact for the strictly semi-stable family
X xr A — Spec A, where A/R is any unramified extension of dvr’s with induced
extension L/k of residue fields.
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The theorem implies that the complex (3.1.1) is exact modulo m for all m € N, as
the tensor product is right exact, see also Corollary 3.5.4 for a more general version.
While the residue field of A does not need to be algebraically closed, we would like
to emphasize that the assumption on the residue field of R being algebraically closed
is crucial, see Remark 3.5.5. Theorem 3.1.1 improves [PS23, Theorem 1.2 (2)] which
shows the exactness of the complex tensored with Z/2 if the special fibre is a chain
of Cartier divisors. We can remove the restriction to Z/2-coefficients and allow
an arbitrary configuration of the special fibre in the strictly semi-stable family. The
theorem of Pavic—Schreieder implies the (retract) irrationality of very general quartic
fivefolds [PS23, Theorem 1.1] and of very general complete intersections of two
cubics in P7 [LS23, Theorem 1.1]. One might hope to approach the other complete
intersections in [NO22| and the hypersurfaces in [Moe23] with Theorem 3.1.1.

As a consequence of Theorem 3.1.1, we study in this chapter the Chow group
of zero-cycles of geometrically retract rational varieties over Laurent fields k((t))
where k is algebraically closed. Colliot-Théléne shows in [CT83, Theorem A (iv)]
that the Chow group of degree 0 zero-cycles is trivial for geometrically rational
surfaces over fields of characteristic 0 and cohomological dimension at most 1. In
particular [CT83] applies to Laurent fields in characteristic 0. More generally, Tian
considers rationally connected varieties over Laurent fields in characteristic 0 and
shows the triviality of the Chow group of zero-cycles unconditionally in dimension
at most 3 and in all dimensions if the Tate conjecture for surfaces holds, see [Tia20,
Theorem 1.1]. We obtain a partial result in this direction and a similar result in

positive characteristic.

Corollary 3.1.2. Let X be a smooth, projective variety over a Laurent field k((t))
with k algebraically closed. Assume that X admits a strictly semi-stable projective
model X — Speck[[t]]. If X admits geometrically an integral decomposition of the

diagonal, e.g. X is geometrically retract rational, then
(i) the degree map deg: CHy(X) — Z is an isomorphism if chark = 0;

(ii) the degree map deg: CHo(X)/l — Z/1 is an isomorphism for every | coprime
top =chark, if p > 0.

For smooth families X — Spec k[[t]], Corollary 3.1.2 (i) follows from [Kol04, Theo-
rem 2 (2)]. Over C((¢)), the result is known for rationally simply connected varieties
by [Pirll, Theorem 1.5]. Note that there are smooth projective varieties over C

admitting an integral decomposition of diagonal which are not rationally connected
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and thus in particular not rationally simply connected, e.g. Barlow surfaces, see
[ACTP17, Proposition 1.9] and [Voil7, Corollary 2.2].

Remark 3.1.3. We prove a more general version of Corollary 3.1.2 for a A-decomposition
of the diagonal (see (1.2.1)) and over fraction fields of excellent, henselian discrete
valuation rings with algebraically closed residue field k in Corollary 3.5.6. The lat-
ter corollary is applicable to varieties, which are geometrically Enriques surfaces
(A =Z[1/2]) or geometrically Godeaux surfaces (A = Z[1/5] for a general Godeaux

surface).

A variant of the homomorphism & in (3.1.1) is used to determine the kernel of the
degree map deg: CHo(X) — Z for certain geometrically rational surfaces over local
fields in [Dal05a, Dal05b] and for a cubic threefold over C((w))((t)) in [MadO08].

We briefly sketch the strategy for the two results: The assumption of Theo-
rem 3.1.1 ensures that the generic fibre of X — Spec R admits a decomposition
of the diagonal after a finite field extension. This implies by [PS23, Theorem 1.2
(1)] that the complex (3.1.1) is exact for a suitable resolution X — Spec R after a
finite base change R/R. From this we aim to deduce the exactness over R. The
issue is that the suitable resolution X — Spec R has many more components in the
special fibre, so the associated complexes (3.1.1) are quite different. We describe the
suitable resolution X étale locally by toric geometry and obtain a global description
via simplicial complexes. This way we can reduce Theorem 3.1.1 to a combinatorial
problem which we solve in Proposition 3.4.9.

Corollary 3.1.2 follows from Theorem 3.1.1 via Fulton’s localization exact sequence
CH;(Y) — CHy(X) — CHyp(X) — 0

by using Saito-Sato’s [SS10] bijectivity result for the étale cycle class map.

Section 3.2 contains some toric intersection theory and a description of a partic-
ular affine toric singularity and its resolution. The main technical aspects of this
chapter are contained in Section 3.3, where we describe the irreducible components
of the resolution in terms of a subdivision of the dual complex of snc schemes. In
Section 3.4, we use the results from Section 3.3 to compare the complex (3.1.1) with
the complex of a suitable resolution after a finite base change by constructing two
auxiliary functions. The main result Theorem 3.1.1 and Corollary 3.1.2 are explained
in Section 3.5. In Section 3.6, we provide two concrete examples, for which we illus-
trate the key proposition - Proposition 3.4.9 - by direct computations. Throughout

this chapter, we use the following setup and refer to it whenever needed.

23



3. Tian’s conjecture

Setup 3.1.4. Let R be a discrete valuation ring with residue field k. Let R/R be
a finite extension of discrete valuation rings of ramification index r with induced
extension L/k of residue fields. Let X — Spec R be a strictly semi-stable R-scheme
with special fibre Y = X xg k. Assume that the irreducible components of Y are
geometrically integral. Let X — Spec R be a resolution of Xp — Spec R as in
Proposition 2.3.3. We denote the natural morphism X — X as well as its restriction
to the special fibre Y = % X L by q.

3.2. Resolution of a toric singularity

The proof of Theorem 3.1.1 relies on the analysis of a certain type of toric singularity
together with an iterative description of its resolution as well as a combinatorial
description of the intersection of toric curves with toric divisors. We recall the
necessary intersection theory from [CLS11] in the first part of this section. The

second part consists of a description of the toric singularity and a resolution process.

3.2.1. Some intersection theory

We recall the required intersection theory which is described by combinatorical data
of the fan. Here, we are interested in the intersection of toric divisors with one-cycles,
which is described in [CLS11, Section 6.4].

Let X be a simplicial fan in Ng >~ R™. Recall from Section 2.5 that we denote
by ¥(m) the set of m-dimensional cones in ¥ and rays are one-dimensional cones
p € X(1). Let 7 € X(n — 1) be the intersection of two cones o,¢” in X(n). Since 2

is simplicial, we can label the minimal generators wu; of o,¢’, and 7 such that
o = Cone(uy,...,uy), o = Cone(us,...,uysr1), 7= Cone(us,...,u,). (3.2.1)

Moreover, since the generators uy, . .., u,+1 are linearly dependent, they satisfies a
(up to multiplication with a constant unique) linear relation, called the wall relation
n+1

> b = 0. (3.2.2)
=1

Since ug, ..., u, are linearly independent, we see that u;,u,41 are both non-zero.

Proposition 3.2.1 ([CLS11, Proposition 6.4.4]). Let 7 = o No’ € ¥(n — 1) be
as in (3.2.1) and let V(1) be the Zariski closure of the orbit corresponding to T.
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Moreover, let p; = R>ou; be the rays in Nr generated by w;. Then for every ray
p € X(1) with associated divisor D, =V (p) in the toric variety Xx,, the intersection
number D, - V(1) is given by

mult(7) L
mult(o) 'Lf P = pP1,
mult(7) _ bpyq mult(r) . o
D,-V(r) = malt(o”) bin‘ﬂt(o) if p= Pt

bi 1t (7 . )
"1%&")) ifp=pii#F1n+1,
0 otherwise,

where the multiplicity mult(y) of a cone v C Ng with minimal generators vy, ..., vy

is the index of the sublattice Zvy + -+ Zvy C Ny = (Rvg + -+ + Rog) NN,

Sketch of the proof. Using the uniqueness up to scalar of the wall relation together
with the observation that > (D, V(7))u, =0 in Ng, where u, is the minimal

peX(1)
generator of the ray p € 3(1), it suffices to compute D,, - V(7) which can be done
explicitly, see e.g. [CLS11, Lemma 6.4.2]. O

Remark 3.2.2. If the fan 3 is regular, the multiplicity of all cones is 1. Moreover,
we can assume without loss of generality that by = 1 and thus also b,4+1 = 1 by the

above proposition. Hence the formula in Proposition 3.2.1 reduces to

0 IO¢ {plv"'apn—l-l}a
Dy-V(r)={1 p=p1, posi, (3.2.3)
bi p=pi, i#lLn+1l

3.2.2. A particular toric singularity

We discuss the toric description of a particular singularity. This type of singularity
appears naturally in our problem: We consider a strictly semi-stable R-scheme X —
Spec R for some discrete valuation ring R. Etale locally at a point of the special
fibre the scheme X looks like

{t—o1- -z, =0} C AR, (3.2.4)

where t € mp C Ris a uniformizer and n > 1. Let R/ R be a finite ramified extension
of dvr’s. The base-change X5 — Spec R admits a resolution to a strictly semi-stable

R-scheme by multiple blow-ups of the irreducible components, see Proposition 2.3.3.
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During the blow-ups the local equation looks like (3.2.5) below, see [Har01, proof of
Proposition 2.2]. Thus the following lemma is a toroidal description of the behaviour

under these blow-ups.

Lemma 3.2.3. For any m,n > 1 and r1,...,7m > 1, the affine variety
Z = {aPal? - alm —yoyr -y = 0} C APt (3.2.5)
is the affine toric variety corresponding to the fan spanned by the cone
0 =0nr,..mm =Cone({e; +rifj:i=1,...,m, j=0,1,...,n}) (3.2.6)

in Ng = R™™™ where e1,...,em, f1,..., fn s a basis of N = Z™ ® Z" and we

additionally set fo =0 & N. Moreover, we have

(a) for each i =1,...,m and j = 0,1,...,n the ray p;j; = R>o(e; + rif;) corre-
spond to the irreducible subvariety D,, ; = V (v, y;).

(b) fori=1,...,m the natural projection T = pr; ®0: Z™ @ Z"™ — Z onto the i-th
coordinate is compatible with the fan given by o and R>¢-1 C N = R and
the corresponding toric morphism is the projection onto the i-th coordinate x;:
T=pr;: Z — AL

(c) for r1 > 1 define epq1 = €1 + f1 and ryy1 = r1 — 1; then the blow-up of Z
along V(x1,y1) is given by the fan spanned by the two cones

!/

o' =Cone({e; :i=1,...,m+1}U{e;+rifj:i=1,....m+1, j=2,...,n})
o' =Cone({e;:i=2,....om+1}U{e;+rifj:i=2,...om+1, j=1,...,n}).

Proof. Let o be the cone as defined in (3.2.6). We claim that the dual cone ¢V is
given by

o = Cone(el,....e5 fi,.. . frrel+-+rmes, — fi —-— f).
If this claim is true, the first statement follows immediately, because

koY N M) = Kot m, v, ynl faTh ol — yoyn - yn).
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To prove the claim, note that “2” is obvious. We prove the other inclusion: Let
m n
S o+ Yot €
i=1 j=1

for some a;,b; € R. By definition, the coefficients a;, b; satisfy

a; >0, a;+rb; >0, fori=1,...,mandj=1,...,n.

Let —A = min{by,...,b,,0} <0, then

m n m n
D aief+> bifi = A (rieit Armen—fi— =)+ (ai—Ari) ef+Y (A+b)) fi
i=1 j=1 =0 =1 a;+r;b; or a;>0 i=1 >0

This shows “C” and thus the claim. We turn to the proof of item (a): Note that

the orthogonal part of the cone p; ; for ¢ =1,...,m and j =0,...,n is given by

pL— Cone(e{,...,ej,...,e:‘n,ff,...,f;‘) if j =0,

UV 5 = o
cone(e*{,...,e;,...,e;,ff,...,f;,...,f;,rle’;+...rme;—ff—-..—f;;) if j 0.

Hence, the distinguished point of p; ; is the point (z1,...,Zm, Y0,Y1,---,Yn) € AZJFmH

with z, = d,; and y, = & ; where d.. is the Kronecker delta. Thus statement (a)
follows from the orbit-cone correspondence. Statement (b) follows directly from the
construction. For statement (c), note that the blow-up of (3.2.5) along V(x1,y1) is
given by

7 I\T1 ..T2 7 ri—1 _
vy =my,  (2))"wyt Tty —Yoy2 o ya = 0,

y1 = yiry,  (z) a2l — yoyiya o yn = 0.

Thus we find that the corresponding dual vectors are given by

() =ef — f1, () =¢€f, (en1)* = 1, (f;)*:f;, i=2,...,m, j=2,...,n,

(fY = fi —ef, () =el, (fJ'-’)*: oi=1,...,m, j=2,...,n,

Hence, we see that

! ! ! . .
emi1 = €1+ f1, € = €4, fj:fj, i=1,....m, j=2,...,n,

14 /! 1 - -
e =e1+fi, 6 =e€i, [j =f; 1=2,....m, j=1,...,n

Thus the description for ¢’ and ¢” follows from the description of Z in (3.2.5). O
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Remark 3.2.4. For m = 2 and i = ro = 1, a similar computation is done in
[Shi22, Lemma 2.2].

Remark 3.2.5. Up to relabeling the coordinates the blow-up description in (c) also
holds for the blow-up along V' (z;,y;) where we think of fy as fo = 0 and do the
calculation formally. More precisely, the blow-up of V(z1,yp) corresponds to the

subdivision of ¢ into the two cones

o' =Cone({e;+rifj:i=1,....m+1, j=1,...,n}),
o = Cone ({eg,...,emp1}U{ei +rifj:i=2,...om+1, j=1,...,n}),

where e, 11 = e1 and 7,11 =71 — 1.

In concrete examples one can work with an explicit resolution. For our purposes it
suffices to work with some resolution and use its properties. The first such property

is the following.

Proposition 3.2.6. Let 0 = o, be a cone as in Lemma 3.2.3 with m = 1. Then
any sequence of subdivisions of the same form as in Lemma 3.2.3(c) terminates
with a regular fan ¥. Moreover, every minimal generator of a ray in 3 lies in the
hyperplane {e1 = 1} and is a lattice point of the lattice generated by e1, f1, fa, ..., fn
as defined in Lemma 3.2.3.

Remark 3.2.7. Note that the subdivision from Lemma 3.2.3(c) corresponds to the
blow-up of the irreducible components of the special fibre which is the procedure in

Proposition 2.3.3.

Proof. The termination of this process is precisely [Har0O1, Proposition 2.2] which
yields a resolution after some finite ramified base change, see also Proposition 2.3.3.
Since the total space X of a strictly semi-stable model is regular, the local model
of the toric variety is regular. Alternatively, the explicit local descriptions and the
termination condition of the algorithm in [Har0Ol, Proposition 2.2] imply also the
regularity of the refined fan.

The last statement follows from Lemma 3.2.3(c) by induction. Indeed, starting
with o = oy, for some n,r € N we see that the minimal generators of each ray is of
the form ey or ey + 7 f; for some j = 1,...,n, i.e. they lie in the hyperplane {e; = 1}
and are lattice points. In the j-th step, we add a new vector ej 1 == ej + fir for
some 7' =1,...,7. ¥ =1,...,n. The new minimal generators after the blow-up are

of the form

ejr1 + i1tk
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for some £ = 1,...,n and 7j41 € Z>p. Thus all minimal generators lie in the

hyperplane {e; = 1} and are lattice points by induction. O

3.3. Chow group of the resolution

We recall the statement of Theorem 3.1.1 from the introduction and the strategy
laid out in the introduction. Let X — Spec R be a strictly semi-stable scheme over
a dvr R with algebraically closed residue field. Assume that the geometric generic
fibre of X — Spec R admits a decomposition of the diagonal. Then the complex

(0] de
@D CH, (Yj /) —4 CHy (Y1) i (3.3.1)

J€el

is exact for every unramified extension A/R with induced extension L'/k of residue
fields. Recall that ®x, = Z Z tjtj« where ¢;: Y; 1/ < X 4 is the natural inclusion.
The assumption on the g(;gllIi(ftIric generic fibre implies the exactness of (3.3.1) for
a strictly semi-stable family ¥ — Spec R which is obtained by a finite (possibly
ramified) base change and a resolution as in Proposition 2.3.3. We want to relate
®5 with ®x such that we can deduce the exactness of the complex (3.3.1) for X
from the exactness of the complex (3.3.1) for X, which then proves Theorem 3.1.1.
In this section, we describe the special fibre Y of ¥ — Spec R using subdivisions
of the dual complex of an snc scheme and express its Chow group of one-cycles in
terms of cycles supported Y. Before that we recall dual complexes and subdivisions
and introduce some necessary notation. The description of CH;(Y) is then used
in Section 3.4 to relate ®x and ®5;. We follow [Hat02, Appendix] and [dFKX17,
Definition 7] for the definition of A-complexes.

Definition 3.3.1 (A-complex). The notion of a A-complex is defined by induction
on the dimension. A 0-skeleton C° is a collection of points, called vertices. Induc-
tively, define an n-skeleton C™ by attaching a collection {o; : ¢ € I,,} of simplices of
dimension n to an (n— 1)-skeleton C™! via characteristic maps @;: do; — C" ! and
identifying points on the boundary do; of o; with their image in C"~'. A (regular
finite-dimensional unordered) A-complex C is an n-skeleton C" for some n € Z>;
such that all characteristic maps are embeddings; n is called the dimension of C.

Let C be a A-complex. A simplex o of C of dimension n is called an n-simplex;
the set of n-simplices of C is denoted by C(n). A (proper) face of o is a simplex o’
of C such that ¢’ C Oo.
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3. Tian’s conjecture

Recall from graph theory: A vertex v’ in a graph is adjacent to a vertex v if there
exists an edge with endpoints v and v'. We extend this definition to A-complexes

by considering the 1-skeleton of the A-complex which is a graph.

Definition 3.3.2 (Adjacent vertices). Let C be a A-complex and let v € C(0) be a
vertex. A vertex v’ € C(0) is called adjacent to v if there exists an 1-simplex o such
that 0o = {v,v'}. We denote the set of adjacent vertices of v in C by A¢(v).

Moreover, we define walls of a A-complex inspired by the definition of walls for

toric varieties, see e.g. [Dan78, Section 10.5].

Definition 3.3.3 (Walls). Let C be a A-complex of dimension n. A simplex
7 € C(n—1) is a wall of C if 7 is a common face of two simplices o1,09 € C(n).

Equivalently if 7 is the (set-theoretic) intersection of the simplices o1, 03.
We recall the definition of a subdivision, see e.g. [Mun84, §15].

Definition 3.3.4 (Subdivision of A-complex). Let C be a A-complex. A subdivision
of C is a A-complex C’ such that

(i) every simplex o’ of C' is contained in a simplex of C.
(ii) every simplex o of C is a non-empty union of finitely many simplices of C’.

We formally denote the subdivision by a map v: C’ — C. For a simplex ¢’ of C’, we
denote the smallest simplex in C containing the simplex ¢’ by ¥.0’. The non-empty

union of simplices of C’ in (ii) is denoted by 1*o for a simplex o of C.

Remark 3.3.5. (i) It follows from item (ii) in Definition 3.3.4 that ¢)*v consist

of a single vertex for a vertex v € C(0).

(ii) Note that )*o is a subcomplex of C’ for every simplex o of C, i.e. a subset
of ¢’ which becomes a complex by restricting the characteristic maps of C’ to
that subset.

For such a subdivision we define relative versions of adjacent vertices and walls

which become useful later on in Section 3.4.
Definition 3.3.6. Let C’ be a subdivision of a A-complex C in the above sense.

(i) For any vertex v’ € C'(0) we define the set of relative adjacent vertices as

A {Ac(qm’) if 0’ € C(0),

0 otherwise,
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3.3. Chow group of the resolution

where Ac is defined in Definition 3.3.2.

(ii) A relative wall 7 of C' is a wall of the subcomplex ¢*o for some simplex o of
C. We denote the set of relative walls of the subdivision C' by RelWall(v)).

(iii) Let v' € C' be a vertex. We define the set of lines through v' with adjacent

vertex in C as

Ly(v'") = {(o,v) € C(1) x C(0) : v,v" € o and ¢Y*v € A (v')}.

In other words, L (v') is the set of 1-simplices o in C which contain v’ (viewed as
an element in the A-complex C) such that one of the faces of o is adjacent to v'.

We recall the well-known definition of the dual complex of an snc-scheme, see e.g.
[dFKX17, Definition 8].

Definition 3.3.7 (Dual complex). Let Y = |J;c; Yi be a pure dimensional scheme

with irreducible components Y; such that for every non-empty J C [

Y; = ﬂ Y;
e
is either empty or smooth and equidimensional of codimension |J| — 1. The dual
complex D(Y') of Y is the (regular finite-dimensional unordered) A-complex defined
as follows. The vertices are the irreducible components of Y. For each non-empty
J C I, we associate a (|J|—1)-simplex oz to each irreducible component Z C Y; with

the obvious characteristic maps. We denote the irreducible subscheme associated to
a simplex o of D(Y) by Y, and call them the strata of Y.

Remark 3.3.8. Let X — Spec R be a strictly semi-stable R-scheme for some discrete
valuation ring R with residue field k, see Definition 2.3.2. The special fibre Y =

X X k is an snc scheme. Thus we obtain a dual complex D(Y') of Y.

Lemma 3.3.9. Let X — Spec R be a strictly semi-stable R-scheme with special fibre
Y and let R/R be a finite ramified extension of dvr’s with ramification index r. Let
X — Spec R be a resolution of the base-change Xp— Spec R as in Proposition 2.3.3.
We denote the special fibre of X — Spec R by Y. Then the dual complex D(Y/) of Y
is a subdivision of the dual complex D(Y') of Y, which we denote formally by a map
Y: DY) = DY).

The proof of Lemma 3.3.9 uses the following observation which allows us to trans-

late between the étale local toric picture and the global picture via the dual complex.
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Remark 3.3.10. Let 0z € D(Y) be a simplex associated to a stratum Z of Y.
Then Z is étale locally the (affine) toric variety associated to the cone oy, 1 from
Lemma 3.2.3 with m = 1, where n = dimoz. Moreover, Lemma 3.2.3(a) and the
orbit-cone correspondence imply that this identification respects the strata of Y in
the sense that a stratum in the dual complex is mapped to the same stratum in the

étale local toric picture.

Proof of Lemma 3.3.9. Let 07 € D(Y') be a simplex associated to a stratum Z of Y’
and let 0, 1 be the corresponding cone under the correspondence in Remark 3.3.10.
Then the base-change Xz — Spec R corresponds étale locally to the cone Onr from
Lemma 3.2.3 with the obvious morphism of lattices, namely scaling each generator
of N by % except the first one. (Note that this morphism is compatible with the
cones oy, and o0,,1). The resolution X — X corresponds étale locally by Proposi-
tion 3.2.6 to a subdivision of the cone o0, ,. Moreover, this subdivision of the cone
is induced by a subdivision of the n-simplex and gives a simplicial fan, see Propo-
sition 3.2.6. Since this construction is the étale local analogue of ¥ — X and the
correspondence in Remark 3.3.10 respects the strata of Y and Y, we see that the
constructed subdivision is a subdivision in the sense of Definition 3.3.4 and is equal

to D(Y), as claimed. O

Remark 3.3.11. Note that the correspondence between the étale local toric picture
and the global picture via dual complexes does not hold in each step of the sequence
of subdivisions in Proposition 3.2.6 as the cones obtained during this sequence of
subdivision are in general not simplicial. Hence, we use the (global) description with

dual complexes only for the strictly semi-stable models X — Spec R and X — Spec R.

We describe the new components appearing in the resolution process of Propo-
sition 2.3.3, which we described étale locally in Section 3.2.2. This enables us to
explicitly describe the Chow group of one-cycles of the special fibres of the resolution,

see Proposition 3.3.14.

Proposition 3.3.12. With the same notation as in Setup 3.1.4, let ¢: D(Y) —
D(Y) be the subdivision of dual complexes from Lemma 3.3.9. Recall that each
component in' Y and Y corresponds to a vertex in D(Y) and D(Y), respectively.
For every vertex © € D(Y)(0), the irreducible component Yy is obtained by a finite
sequence of blow-ups in smooth centers and Zariski locally trivial P'-bundles of the
base-change Yy, 5.1, where Yy, i is the irreducible subscheme of Y associated to the

simplex 1,0, see Definition 3.5.7.
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3.3. Chow group of the resolution

Proof. This follows from the description of the resolution process in [Har01, Propo-
sition 2.2] together with the construction of the dual complex D(Y') and the toric
construction of its subdivision. Indeed, Hartl’s resolution process is iterative and in
each step every component will be blown-up in a smooth (possibly empty) center
and the new components in that step are étale locally trivial P'-bundles over the
intersection of two components in the previous step, see Lemma 3.2.3 or [Har01,
Proof of Proposition 2.2]. Since we blow-up in that step one of the two compo-
nents, we see that the étale locally trivial P!-bundle admits a section. Thus it is
a Zariski-locally trivial P'-bundle over the intersection of two components in the
previous step. Hence each component Yz for & € D(Y)(0) is of the form described

in the statement. O

Definition 3.3.13. Let the notation be as in Proposition 3.3.12. Let 7 € RelWall(¢))
be a relative wall as defined in Definition 3.3.6(ii). Let 1,7 be the smallest simplex of
D(Y) containing 7. Then 7 corresponds via the toric description to a (Zariski) locally
trivial P'-bundle P, over Yy~ .- We denote the projection by ¢,: Pr — Ywm, L
Additionally, we fix for any 7 € RelWall(¢)) a vertex v(7) € D(Y)(0) such that
v(7) is a face of 7. This implies via the toric description that the projective bundle

P, lies inside YU(T) and we denote the natural inclusion by 7, : f/U(T) Y.

Proposition 3.3.14. Let the notation be as in Proposition 3.3.12 and Defini-
tion 3.3.13. Then the following hold:

(a) The Chow group CHy(Y,A) of one-cycles on'Y is generated by cycles of the
form

Y=Y . € CH(Y,A), (3.3.2)
veD(Y)(0)

where 7y, € CH1 (Y, A) is a one-cycle and ;' Y, < Y is the natural inclusion.

(b) The Chow group CHy(Y,A) of one-cycles on Y is generated by cycles of the

form

F= Y A+ Y. ke, € CHi(Y,A), (3.3.3)
veD(Y)(0) TERelWall(y))

where 7, € CH1 (Y, 1,A) is a one-cycle, &, € CHo (Yy,r,1,A) is a zero-cycle,
and 7: Y, = Y, T: YU(T) Y, and §;: Pr — Yy(r),L are the natural mor-
phisms, see also Definition 3.5.13.
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Remark 3.3.15. (a) Part (b) says that the Chow group of one-cycles on Y is
governed by CH; (Y, A) and by a toric part. Indeed, we can see (3.3.3) as

F= Y At Y, Ddiar

veD(Y)(0) TERelWall(v))

from CHj (Y,A) “toric part”

Morally speaking, the difference between (3.3.2) and (3.3.3) lies in this toric
part.

(b) Two examples of such a description can be found in Section 3.6.

Proof. Since any prime one-cycle, i.e. every irreducible, 1-dimensional subvariety,
is contained in an irreducible component, statement (a) follows immediately. The
same argument shows that CH; (Y, A) is generated by one-cycles on the components
of Y. We show statement (b) by using the structure of the components from Propo-
sition 3.3.12: Recall the following two standard facts about Chow groups, see e.g.
[Ful98, Theorem 3.3 (b) and Proposition 6.7 (e)]:

(i) Let P =P(E) — W be the projectivization of a vector bundle E on a smooth

variety W of relative dimension > 2. Then
CH;(P,A) ~ CHo(W,A) ® CH (W, A), CHo(P,A) ~ CHo(W, A),

where the isomorphisms are given by pulling-back a cycle on W along the
flat map P — W and intersecting with a suitable power of the canonical line
bundle Op(g)(1) which is dual to the pull-back of the vector bundle £ on W
to P =P(F).

(ii) Let W be the blow-up of a smooth variety W along a smooth subvariety Z.
Then
CH, (W, A) ~ CHy(Z,A) @ CHy (W, A),

where the isomorphism is given by applying the isomorphism from (i) to the
projective bundle P(N7 yw) — Z and pushing the one-cycle forward to W as
well as pushing a one-cycle on W\ Z forward along the natural morphism
W\Z—W.

Let o € D(Y)(0) be a vertex. Assume first 0 = 1*v for a vertex v € D(Y)(0). (Note
that ¢ *v consists of a single vertex by Remark 3.3.5(i).) By Proposition 3.3.12, the
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component Yy of Y is a sequence of smooth blow-ups of Y, r,ie.
Vs =Blg, Blg,_, -+ Blg, Yo

where Z1,...,Z, are the smooth centers of the blow-ups. Then by fact (ii) we find

.

CHy (Y3, A) ~ @D CHy(Zi, A) @ CHy (Y, 1, A). (3.3.4)

i=1

The CHy(Z;, A) parts correspond under the orbit-cone correspondence to some rela-
tive walls. Indeed, every zero-cycle is a (formal) linear combination of closed points.
For each closed point the image under the isomorphism (3.3.4) is the one-cycle given
by pulling back the point to the corresponding P!'-bundle over Z; and pushing the
one-cycle forward to Y via the natural inclusion. This one-cycle is an irreducible ra-
tional curve which corresponds via the orbit-cone correspondence to a relative wall.

Hence, we see that CHl(YZ}, A) is described by one-cycles corresponding to relative
walls and CH; (Y, 1, A).

We consider now the case © ¢ ¢¥*D(Y)(0), i.e. the simplex o = 1,0 of D(Y)
has dim(o) > 1. By Proposition 3.3.12, Y; is a sequence of smooth blow-ups and

projective bundles over some Y, 1, i.e.
Y; = Bly, Bly, ,---Bly, P;

where Z1,...,Z, are the smooth centers of blow-ups and Pj; is a Zariski locally
trivial P'-bundle over Wy such that the intersection with a different component Yz

yields a section. Then the facts (i) and (ii) above imply

,
CH, (Y, A) ~ €D CHo(Zi, A) @ CHo(Wp, A) & CHy (W3, A).
i=1
The latter part CH; (W3, A) is contained in CH; (Y3, A) and by the same argument
as in the case © € ¥*D(Y)(0) we find that the CHy(Z;, A) parts and the CHy (W5, A)
part correspond via the orbit-cone correspondence to some relative walls (in the
above sense). Hence, we see that CH; (Y3, A) is described by one-cycles corresponding
to relative walls and the CH; which appear in a previous step of Proposition 2.3.3.
Inductively we get that the CH; of the “new” components (corresponding to vertices

in D(Y)(0)\v*D(Y)(0)) is described by one-cycles corresponding to the relative walls
and CH;(Y, 1, A) for v € D(Y). The one-cycles corresponding to the relative walls
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and the one-cycles supported on Y, ; might appear in multiple components, but

they need to be counted once, as for an irreducible subvariety Z of Y, and Y, the

diagram with the natural inclusions

Z ——
Vi s

S'

/

by

e

)

commutes. This proves part (b) of the proposition. O

3.4. Analysis of the base-change

We recall our setup (Setup 3.1.4), which we fix throughout this entire section. Let R
be a discrete valuation ring with residue field k& (not necessarily algebraically closed)
and let X — Spec R be a strictly semi-stable R-scheme with special fibre Y whose
irreducible components Y; (with i € I) are geometrically integral. Let R/R be a
finite extension of dvr’s with induced extension L/k of residue fields. Let X be a
resolution of the base change X 5 from Proposition 2.3.3, i.e. X a strictly semi-stable
R-scheme; denote its special fibre by Y. Let ¢g: X — X denote the natural morphism
and also the restriction to the special fibre ¢: Y — Y. Recall that the dual complex
D(Y) of Y is a subdivision of the dual complex D(Y") of Y which we denote formally

by ¢¥: D(Y) — D(Y), see Lemma 3.3.9. Consider the homomorphism
<I>A
5 CH1 (Y, A) —= €D CHo(Yi, A), (3.4.1)
Jel iel
where ¢;: Y; — X is the natural inclusion and @% = > > tjtj«. In this section we

il jel
relate (3.4.1) with ‘IJ/% This relays on the following two auxiliary functions.

Construction 3.4.1. We construct a function
d: D(Y)(0) x D(Y)(0) — Zso, (3.4.2)

which measures a “distance” between the vertices of D(Y) to the vertices of D(Y).
Let v € D(Y)(0) be a vertex and let ¢ = 1,0’ be the smallest simplex in D(Y))
containing v’. Then o corresponds by Remark 3.3.10 to a cone 0y, 1 from Lemma 3.2.3

with m =1 and n = dimo. Let wo,ws,...,w, € 0,1 be the minimal generators of
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the cone 0,1, i.e. w; = e1 + f; in the notation of Lemma 3.2.3 (with fy = 0). The
vertex v’ corresponds to a ray in the fan obtained by the resolution associated to ),
see also the proof of Lemma 3.3.9. Let w’ denote the minimal generator of this ray.
Since this fan is a toric subdivision of the cone o, ; in the sense of [CLS11, before
Example 3.3.12], we can write

n

w' = Z a;w;

i=0

for some a; > 0. As 0,1 (or equivalently o) is simplicial, these a;’s are unique. The

a;’s additionally satisfy
a; =1, (3.4.3)

by Proposition 3.2.6. We define for any vertex v € D(Y)(0)

d(v',v) = {r(l —a) fv=u, (3.4.4)

r otherwise,

where v; € D(Y)(0) is the vertex associated to the minimal generator w; in oy, 1.
It remains to check that d(v',v) € Zso for all v € D(Y)(0). If v # v; for all
i=20,1,...,n, this is clear. For ¢ = 0,1,...,n, we note that 0 < a; < 1, by (3.4.3).
Hence d(v’,v;) > 0 for all i = 0,1,...,n. Moreover, the point w’ is a lattice point
in the sublattice generated by eq, %fl, %fg, e %fn, see Proposition 3.2.6. Since
w; = e1 + fj, this immediately implies a; € %Z. These two observations yield
d(v',v;) € Z>p for all i = 1,...,n, i.e. d is a well-defined map of the form (3.4.2).

Construction 3.4.2. We construct a function

I: RelWall(y)) x D(Y)(0) — Z, (3.4.5)

which encodes the intersection numbers of one-cycles corresponding to the relative
walls with the divisors corresponding to the vertices of the simplicial complex.

Let o be a simplex in D(Y) and let 7/ = o N} be a wall of the subcomplex ¢*o
of D(Y), i.e. 7/ is a relative wall of 1. Let d — 1 = dim 7’ be the dimension of the
simplex 7'. Let vg, ..., v} and v}, ...,v; | be the vertices of o] and o3, respectively.
Recall once more that we associate to o the simplicial cone 047 from Lemma 3.2.3
with m = 1, see Remark 3.3.10. Then *o corresponds to a fan ¥’ which is a toric
subdivision of the cone ogim 1. The simplices o/, 0%, and 7/ correspond to cones of
Y of dimensions d+1,d+ 1, and d respectively. We denote the cones by S7, S, and
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T" respectively. Note that 7" = S] N S5. Recall also that the vertices vy, ..., v}

correspond to rays py, ..., py,, of S or S5. We define for any v" € D(Y')(0)

D, -V(T') if v' =]
: (3.4.6)
0 otherwise,

L.V = I(7' ) = {

where Dp; is the divisor associated to the ray p; and V(7"”) is the Zariski closure of
the orbit corresponding to 7" via the orbit-cone correspondence, see also Proposi-
tion 3.2.1. It is obvious that I,(v’) is an integer, i.e. the function I is well-defined
as claimed in (3.4.5).

These two auxiliary functions satisfy the following crucial relation, which is de-

duced from the wall relation, see (3.2.2).

Lemma 3.4.3. The functions d defined in Construction 3.4.1 and I defined in
Construction 3.4.2 satisfy for every v € D(Y)(0) and 7" € RelWall(v))

Y, (r—d,v) Iy (v) =0. (3.4.7)

v/ €D(Y)(0)
Proof. With the same notation as in Construction 3.4.2; let wy, .. .,wélH be the
minimal generators of the rays pp, ..., pj, ;. The fan ¥’ is a toric subdivision of the
cone 04,1 associated to o and let wy, ..., w441 be the minimal generators of the cone.
We write for i = 0,...,d + 1 the minimal generators w, as a linear combination
d+1
UJ; == Z AWy, (348)
j=1

which uniquely exists, since o} and o} are contained in the simplex o. Moreover, by

the wall relation (3.2.2) there exist (up to scaling) unique by, ..., bs+1 such that

d+1

Z blw; =0.
=0
Together with (3.4.8) we find
=0 i=0 j=1

d+1 d+1 d+1 d+1 /d+1
0 = Z biwg = Z bi (Z az-jwj) = Z (Z aijbi> wj
j=1 =0
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d+1 /d+1
NS (zw ~ doy )L (v;>) w;

j=1 \i=0

where A\ = b7° # 0 is the necessary scaling due to the choice with regard to the b;’s.
Note that we used in the last step the definition of d and I together with (3.2.3).
Since I/(v") = 0 for every v’ different to all (v])’s, this shows (3.4.7) as the cone o

is simplicial and A # 0. O

In order to relate the homomorphism (3.4.1) with the homomorphism for the
resolution X after a finite base change, we replace the term @ ; CH1(Y), A) in (3.4.1)
with CH; (Y, A) which does not change the image of the map, see Remark 3.4.5.

Definition 3.4.4 ([PS23, Definition 3.1]). Let X — Spec R be a strictly semi-stable
R-scheme with special fibre Y. Denote the irreducible components of Y by Y; with
i € I. Then we define

Yy, CHy(Y, A) 5 CHy (X, A) 5 CHy(Y;, A),

where ¢: Y — X and ¢;: Y; — X are the natural inclusions. Moreover, we define by

abuse of notation (see Remark 3.4.5 below)
4 =Y @4y 1 CH(Y,A) — @ CHo(Y;, A).
i€l iel
Remark 3.4.5. The map in (3.4.1) is the composition of the natural surjection

P CH1(Y;, A) — CHy(Y, A),
i€l

given by the pushforward along the inclusions Y; < Y, with the map QDQ (defined
in Definition 3.4.4), see also [PS23, Lemma 3.2]. In particular, the images of both
maps named <I>§ are equal, which justifies the notation. Moreover, in the following

we will mostly write @% for the map in Definition 3.4.4.

Remark 3.4.6. Let the notation be as in Definition 3.4.4. Let v; € CH;(Y;, A) be

a one-cycle for some ¢ € I and let ¢: Y; < Y be the natural inclusion. Then for
every j € I\ {i}

tijg+ Vily,ny, € CHo(Yj, A), i Y;NY; # 0,
0 € CHo(Yj,A), otherwise,

Oy, (1h.7) = {
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and
A
Dy, (15.7i) = — Z Litix Vily,ny, € CHo(Y3, A),
I#i
YinYi#0
where ¢ ;: Y; NY; < Y; is the natural inclusion and we set '7i|YZ- ay, = L;}-’i’yi, see

[PS23, Lemma 3.2].

Recall that we fixed throughout this section a strictly semi-stable family X —
Spec R over a dvr R and a resolution X — Spec R after a finite extension of dvr’s
R/R with induced extension L/k of residue fields. We denote the special fibres by
Y and Y and their dual complexes by D(Y) and D(Y), respectively. Recall that
¢: DY) — D(Y) is a subdivision, see Lemma 3.3.9. Recall that we denote the

stratum associated to a simplex ¢ in D(Y') by Y,.

Lemma 3.4.7. The homomorphism @y from Definition 3.4.4 is given for the strictly
semi-stable families X — Spec R and ¥ — Spec R as follows:

(a) For any v € CHy(Y,A) of the form (3.3.2) and for any v € D(Y)(0),
(I)§7Yv (/7) = Z bvw,v * (/yw|Y'ume - 7U|YUﬂYw) € CHO(Y;MA)a

wGAD(y) (’U)

where tyyw: Yy NYy — Y, is the natural inclusion and AD(y) (v) is defined in
Definition 3.3.2.

(b) For any 4 € CH{(Y,A) of the form (3.3.3) and for any v € D(Y)(0),

A - - - - -
ey, = D —hwos Veilwvy, t 2 Tees By,
vE A (D) (0,0)ELyY (D)

+ Z Z7',17 *IT(/&)&T

TERelWall(v)

(3.4.9)

in CHo(Y3,A), where Apy) (v) is defined in Definition 3.3.2, 1. in Defini-
tion 3.3.4, Ay(0), RelWall(y), and Ly(0) in Definition 3.3.6, and I.(v) in
(3.4.6). Moreover, lyis, lgs, and ir5 are the natural inclusions, see also the

remark below.

Remark 3.4.8. (a) The zero-cycles appearing on the right hand side of (3.4.9)
lie in (Y, NYy,5)r for v € Ay(0), in Y, 1 for (o,v) € Ly(?), or in Yy, 1, for
7 € RelWall(v). If I-(9) # 0, then we know by the construction in (3.4.6) that

¥ is a vertex of the simplex 7. We disregard the terms a., if I;(7) = 0.

40



3.4. Analysis of the base-change

We know that a finite sequence of blow-ups in smooth centers and (Zariski)
locally trivial P!-bundles of (Y, N Yy))L, Yo, or Yy(r) 1 (for Ir(9) # 0) lies
in 57@, see Proposition 3.3.12. These are the natural inclusions 7,5 3, ls,5, and
7,5, respectively. Note that this makes sense as the Chow group of zero-cycles
is invariant under blow-ups in smooth centers and (Zariski) locally trivial P1-
bundles by [Ful98, Theorem 3.3 (b) and Proposition 6.7 (e)].

(b) In accordance with the previous remark, we restrict the one-cycle 7,5 in
(3.4.9) not to (Y, N Yy, 5)r, but rather the strict transform of (Y, N Yy, 5)r
under the sequence of blow-ups described in the previous remark. Note that

(YyNYy,5)r is already a Cartier divisor in Y,y - The same holds for %’YU,L'

(c) Two explicit examples of the map ®3 are provided in Section 3.6.

Proof of Lemma 3.4.7. Ttem (a) follows immediately from the explicit description
of ®% in Remark 3.4.6 together with (3.3.2). For item (b), we can use the same
argument, i.e. apply Remark 3.4.6 to the explicit description of the one-cycles in

(3.3.3). The only non-trivial part is the intersection
Yy - Gl GGy = by el (D), (3.4.10)

where 7: Y < X is the natural inclusion and }72, is the intersection with the Cartier
divisor Yy C X. Since a, is a linear combination of rational equivalent classes of
points, it suffices to show (3.4.10) for every point in Yy(r),- For each such point we
can consider the étale local toric description of X and find that I,(?) is by (3.4.6)
the intersection multiplicity at that point. Since this is independent of the point
chosen, we obtain (3.4.10) and thus item (b). O

Proposition 3.4.9 (Key formula). Let X — Spec R be a strictly semi-stable R-
scheme with special fibre Y, let R/R be a finite extension of dvr’s of ramification
index r with induced extension L/k of residue fields, and let X — SpecR be a
resolution of the base-change Xz from Proposition 2.3.53 and let Y be its special
fibre. Let q: Y — Y be the natural morphism and let p: D(Y) — D(Y) be the
subdivision in Lemma 3.3.9. Then for any 5 € CH(Y,A) and v € D(Y)(0) we have

Ly, (0:9) = D thaes(r —d(,0))q.®% ;. (7) € CHo(Ya, A),  (3.4.11)
5eD(Y)(0)

where d(0,v) is defined in (3.4.4) and ty,5.4: Yy,5 <= Yo is the natural inclusion for
d(v,v) <r.
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Proof. Let v € D(Y)(0) be a vertex corresponding to an irreducible component Y,
of the special fibre Y and let 4 € CHl(f/,A) be a one-cycle on Y which we can
assume to be of the form (3.3.3). Note first that d(9,v) < r if and only if v is a
vertex of 1,0 by the construction in (3.4.4). Hence the right hand side of (3.4.11) is
well-defined in CHy(Y,,A). We claim that the equality in (3.4.11) is an equality of
cycles. If r = 1, then there is nothing to prove, as the base-change and the resolution
are trivial, i.e. we can assume without loss of generality » > 1. We note that by the

projection formula [Ful98, Proposition 2.3 (c)] for every w € Apy(v)

qx (%I(mym) = (¢V)ly,ny, - (3.4.12)

Similarly, for every © € Ap(v) and o € D(Y)(1) such that (o,v) € Ly(0) the

projection formula yields

¢ (uly,,) = @A)y, - (3.4.13)

Recall from (3.4.9) that (I’%,Y/ﬁ (%) consists of three sums. We consider the right hand
side of (3.4.11) for each of the sums separately: The terms 7; y«q«&; in (3.4.9) sum
up on the right side of (3.4.11) to 0 by Lemma 3.4.3. The right hand side of (3.4.11)
reads for the first sum of (3.4.9) as follows (using the notation from Remark 3.4.8(a))

Z (T’ - d(ﬁ¢v))Lw*5»vq* ( Z _Z“’f”f’* ’7¢*f’|(YwﬁYw*ﬁ)L)

eD(Y)(0) wE Ay (D)

= Z _TQ*Z’LUT/J*UW*’U* ;}4/1)|(Y;’0Yw)l’
wEAp(y)(v)

(3.4.12) .
= Z —Tlyw,w (Q*’Yv”(yvmyw) .

For second sum of (3.4.9) it reads (using again the notation from Remark 3.4.8(a))

Z (T - d(f}, U))L'gb*f;,UQ* Z Lo« ’?w|ygyL

5eD(Y)(0) (ow)ELy (D)

- Z Z (T - d(ﬁ(w7 U)v ’U))[’w*f)(w,a),v *Q*Za,ﬂ(w,a) * :yw|YG’L
weD(Y)(0) s€D(Y)(1)
weo
3.4.13 3 )
(3-4.13) S Y (r—d(@(w,0),0))t0mx (@:Fw)ly,

weD(Y)(0) c€D(Y)(1)
wWEoT
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= Y (= Diews (@A)l + tows (¢Tu0))

ceD(Y)(1) Yo
veo
= Z (T - 1)va,v* (Q*'?v”yvmyw + Lyw,v * (Q*'S/w)|yvmyw )

where v(w, o) € D(Y')(0) is the unique vertex of D(Y) which is contained in o and
adjacent to ¢¥*w, w(o) is the unique vertex of the 1-simplex o different from v. Note
that we used in the second last equality the easy observation that d(o(w,o),v) is 0
if v ¢ o, r—1if v is contained in o and adjacent to o(w, o), and 1 otherwise, which

follows directly from Construction 3.4.1. Since @%’Yv(q*i) is given by

A ~ ~ ~
(I)x,Yv (¢+7) = Z Lyw,v * ((Q*'Yw)mmyw - (Q*’Yv)’yvmyw) )
wEAD(y) (’U)
the above arguments shows the equality in (3.4.11). O

3.5. Proof of the main results

3.5.1. Exactness of the complex

Theorem 3.5.1. Let R be a dvr with algebraically closed residue field k. Let X —
Spec R be a strictly semi-stable R-scheme with special fibre Y, let R/R be a finite
extension of dvr’s with ramification index r, and let X — Spec R be a resolution
of Xz from Proposition 2.3.3. Let A be a ring and let ¢: D(Y) — D(Y) be the
subdivision from Lemma 3.3.9. Let A/R and A/R be unramified extensions of dvr’s

with the same induced extension L'/k on residue fields. Then the following holds
(a) If CI)%A is surjective, then so is @%A.

(b) Assume additionally that X is proper. If the complex

P4
~ . ~ _de
CH (Vi A) —2 @ CHy(Yapr, A) 2otE ) (3.5.1)

5eD(Y)(0)

is exact, then the complex

123 >, deg
CHy(Yy,A) — @ CHy(Y,,,A) =2— A (3.5.2)

veD(Y)(0)

s exact.
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Remark 3.5.2. Let R be a discrete valuation ring with residue field k and let L/k
be a field extension. Then there exists an unramified extension of discrete valuation
rings A/R such that the induced extension on residue field is L/k, see [Bou06,
Théoréeme 1 and Corollaire on page AC 1X.40-41].

Proof of Theorem 3.5.1. Note that the families X4 — Spec A and %A — Spec A are
strictly semi-stable by [Har01, Proposition 1.3], as A/R and A/R are unramified
extension. Moreover, the natural morphism ¢: ¥ — Y induces a morphism of the
base-change ¢: Y — Y. We will prove the statement for ease of notation in the

case L' = k. The general case follows verbatim by the same argument.

We claim: If 613% is surjective or X is proper and the complex (3.5.1) is exact, then
0. 2% (CHy(V,A)) = B4 (CHy(V; A)), (35.3)

where ¢: Y — Y is the natural morphism induced by the morphism ¥ — X.

The claim immediately implies items (a) + (b), as the push-forward map

¢ € CHo(Ys,A) — P CHy(Y,,A) (3.5.4)
5eD(Y)(0) v€D(Y)(0)

is clearly surjective, see Proposition 3.3.12, and ¢, commutes with the degree map.
Hence it suffices to prove the claim. We show first the inclusion “O” in (3.5.3). Let
v € CH1(Y, A) be a one-cycle. We aim to show that ®£() lies in the image of q*CIV%.
It follows from Proposition 3.3.14 that there exists a ¥ € CH; (Y, A) such that

gy =y € CH1(Y).

(Note that we used here that k is the residue field of R and R, as k is algebraically
closed.) The key formula (3.4.11) in Proposition 3.4.9 shows

(1)3%('7) = (I)%(Q*'?) € Q*(I)%

This concludes the proof of the inclusion “2”. We turn to the proof of the inclusion
“C”in (3.5.3). Consider a collection of zero-cycles 8 = (8y)v € @yep(vy0) CHo (Yo, A)
of the form

Loy %O if v = vy,
Bo =19 —top+ if v =12, (3.5.5)

0 otherwise,
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for some o € D(Y')(1) with vertices v; and vo, &« € CHo(Y,, A) and ¢y Yo — Y, the
natural inclusion. We aim to show that 8 € ®% (CH;(Y,A)). To this end, consider
7 € CH{ (Y, A) such that

ZO’ﬂl)*vl e’ if o= w*vl’
(905) @ =10  if(ou)eLuld).

0 otherwise,

where I, y+y, is as in Remark 3.4.8(a) and Ly (?) is defined in Definition 3.3.6(iii).
Note that there exists a unique vertex ¢ such that (o,v1) € Ly(?). Hence such a

7 exists by our assumption that @% is surjective or X is proper and the complex
(3.5.1) is exact. Then the formula (3.4.11) implies

(‘D%yvl) (¢7) = Tlow, «@ + tow, + (1 — 1)(—a) + 0 = 1o, 40,
((b%,YUQ) (Q*ﬁ/) =0+1- Lo * (_Ct) = —lowy xQ,
(24y,) (@7) =0,

for v € D(Y) \ {v1,v2}. Hence, g = @g(q*’y) € ®4 (CH (Y, A)).

Since q*q)g(’y’ ) for every 4/ € CHy(Y,A) is a (finite) linear combination of zero-
cycles of the form (3.5.5) by Remark 3.4.6, the above argument shows that

¢.@% (CHy(V, A)) C B4 (CH (Y, M)
Hence, we proved the equality (3.5.3), which finishes the proof of the theorem. [J

Remark 3.5.3. Note that the assumption on the residue field being algebraically
closed is crucial for the argument. Because otherwise, the push-forward map (3.5.4)
is in general not surjective. In fact, for a vertex v € D(Y)(0) and z € CHy(Y,, A),
we have

¢z, = [L : k] - z € CHp(Y,, A),
where L is the residue field of R.

Using the same argument as in [PS23, Theorem 4.1], Theorem 3.5.1(b) implies

the following result.

Corollary 3.5.4. Let A be a ring. Let R be a dvr with algebraically closed residue
field k, let X — Spec R be a strictly semi-stable projective R-scheme with special fibre
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Y = U Y; such that the geometric generic fibre X of X admits a A-decomposition of
1€l
the diagonal. Then for any unramified extension A/ R of dvr’s with induced extension

of residue fields L' [k, the complex

CI)A
@ CH, (Y 1, A) —25 @ CHy (Vi 11, A) L5 A (3.5.6)
el el

is exact, where is @%A as in (3.4.1), see also Definition 3.4.4 and Remark 3.4.6.

Proof. As ®% depends only on the special fibre (see [PS23, Lemma 3.2]) and the
special fibre does not change under the base-change to the completion of R, we can
assume without loss of generality that R is complete. The A-decomposition of the
diagonal for the geometric generic fibre holds already after some finite field extension
F/K of the fraction field of R.

Consider the integral closure R of R in F. Since F is a finite field extension and
R is complete, the ring R is also a dvr and a finite extension over R. Note that
the residue field of R is again k because k is algebraically closed. Moreover, fix a
resolution X — Spec R of the base-change X 7 from Proposition 2.3.3.

Let A/R be a unramified extension of dvr’s with induced extension L'/k of residue
fields. By Remark 3.5.2 there exists an unramified extension A/R whose extension of
residue fields is L' /k. Since the generic fibre X = Xp of ¥ admits a A-decomposition
of the diagonal, the homomorphism @gg is surjective onto the kernel of the degree
map by [PS23, Theorem 1.2 (1)]. (Loc. cit. shows it for A = Z, but the same argu-
ment works for general A.) Hence, the complex (3.5.6) is exact by Theorem 3.5.1(b)
and Remark 3.4.5. ]

Proof of Theorem 3.1.1. Let R be a dvr with fraction field k£ and let L/k be a field
extension. By [Bou06, Corollaire on page AC IX.41], there exists a unramified exten-
sion A/R whose induced extension of residue fields is L/k. Thus Theorem 3.1.1 is a

reformulation of Corollary 3.5.4, because the degree map ), deg is clearly surjective
as k= k. O

The assumption on the residue field in Theorem 3.1.1 and Corollary 3.5.4 is crucial.

Remark 3.5.5. Theorem 3.1.1 and Corollary 3.5.4 show the exactness of the com-
plex (3.1.1) for strictly semi-stable R-scheme if the residue field k of R is algebraically
closed and the geometric generic fibre admits a decomposition of the diagonal.

The exactness of the complex (3.1.1) at Z requires the existence of a zero-cycle

of degree 1 on the special fibre. Such a zero-cycle does not exist in general over
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non-closed fields. The exactness of the complex (3.1.1) fails over non-closed fields
in general also at @,; CHo(Y;). Indeed, consider a smooth, projective geometrically
rational variety Y over a field k # k such that Ag(Y) = ker (deg: CHy(Y) — Z)
is non-trivial. Then the smooth, projective family X = Y xy k[[t]] — Speck[[t]] is
strictly semi-stable and the image of ® is trivial. Hence (3.1.1) is not exact, but the
geometric generic fibre is rational and thus admits a decomposition of diagonal. As
an example for Y, we can consider the diagonal cubic surface Sy := {23 + 3% + 23 +
pw? =0} C ]P’;ap over Q, which satisfies A¢(S1) # 0 by [CTS96, Example 2.8] and
[SS14, Theorem 4.1.1]. By [CT18, Proposition 1.3] there is a cubic surface Sy over
R with Ag(S2) # 0, which yields another example for Y.

We also provide a counterexample over number fields. Consider a (diagonal)
cubic surface S over a number field whose Brauer group Br(S) is non-trivial, see e.g.
[CTKS87, Proposition 1] and [SD93|. This implies by [Mer08, Theorem 2.11] that
there exists a field extension L/k such that Ag(SL) # 0. Hence, the complex (3.1.1)

is not exact after base-change to L.

3.5.2. Geometrically retract rational varieties over Laurent fields

We prove Corollary 3.1.2 more generally over fraction fields of excellent, henselian
dvr’s with algebraically closed residue field and for Chow groups with A-coefficients.
Recall that the exponential characteristic of a field k is p if the characteristic char k =
p >0 and 1 if chark = 0.

Corollary 3.5.6. Let R be an excellent, henselian dvr with fraction field K and
algebraically closed residue field k. Let X be a smooth, projective variety over
K and assume that X admits a strictly semi-stable projective model over R. If
X admits geometrically a A-decomposition of the diagonal, then the degree map
deg: CHo(X,A) — A is an isomorphism up to inverting the exponential character-
istic of k.

Proof. We first note that the degree map is surjective. Indeed, let X — Spec R be a
strictly semi-stable projective R-scheme with generic fibre X. Since k is algebraically
closed, there exists a k-rational point in the smooth locus of the special fibre. By
Hensel’s lemma we can lift this k-point to a section of X — Spec R, see e.g. [EGAIV,
Theorem 18.5.17]. The intersection of this section with X yields a zero-cycle of
degree 1 on X, i.e. the degree map is surjective.

By assumption, the base-change X to the algebraic closure K admits a A-decomposition

of the diagonal. This A-decomposition of the diagonal holds after some finite field
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extension F/K. By a pull/push argument, we find that there exists an N € Z>;
such that
N[Ax] = [X x z] + [Z] € CHaim x (X xx X, A), (3.5.7)

where Ax C X X X is the diagonal, z is a zero-cycle on X of degree 1, and Z is a
dim X-cycle on X X g X which does not dominate the first factor. Hence the kernel
of the degree map

Ap(X,A) == ker (deg: CHo(X,A) — A)

is N-torsion, in fact one can choose N = [F': K], see e.g. [ACTP17, proof of Lemma
1.3]. Let Y denote the special fibre of the strictly semi-stable family X — Spec R
and let Y; denote the irreducible components of Y with ¢ € I. Consider Fulton’s

localization exact sequence
CH1(}/, A) — CHl(:f, A) — CHQ(X, A) — 0,

see [Ful75, Section 4.4]. This sequence fits, after tensoring with Z/I for some | € Z>
coprime to the exponential characteristic of k, by [SS10, Corollary 0.9] into the

commutative diagram

CHy(Y,A)/l —— CHy(X,A)/l ——— CHo(X,A)/l —— 0

H J’: Ldeg (3.5.8)

CH,(Y,A)/ (@A/z Y; ]) 8, A/l 0,

el

see also Bloch’s argument in [EW16, Theorem A.1] or [EKW16]. The bottom row
is exact by Corollary 3.5.4 using that the map

CHo(Y;, A) /1 &8 (@A/z )
el

is surjective, as k is algebraically closed. Thus, the right arrow in (3.5.8) is injec-
tive, in particular Ag(X, A) is divisible by [ for each [ coprime to the exponential
characteristic of k. Since Ay(X,A) is torsion by (3.5.7), the corollary follows. O
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3.6. Two concrete resolutions

3.6. Two concrete resolutions

We illustrate the proof of the key proposition (Proposition 3.4.9) for A = Z in two
examples by spelling out the constructions and arguments in Sections 3.3 and 3.4.

Recall the general setup from Setup 3.1.4: We consider a strictly semi-stable family
X — Spec R over a dvr with special fibre Y such that the irreducible components
of Y and for simplicity all their intersections are geometrically integral. Let ¥ —
Spec R be a resolution from Proposition 2.3.3 after a finite extension R/ R of dvr’s
of ramification index r with induced extension L/k of residue fields. We denote the
special fibre of X — Spec R by Y and the natural morphism by ¢: ¥ — Y.

To simplify the notation, we will omit the pushforward along the natural inclusions

in all the formulas contained in the two examples below.

Example 3.6.1. Assume that Y is a chain of three Cartier divisors and denote
the three irreducible components by Y1, Ys, Y3. The dual complex D(Y) of Y from

Definition 3.3.7 is
2

where we abbreviate the vertex corresponding to Y; by its subscript 7. The subdivi-

sion from Lemma 3.3.9 is then given in the case r = 4 by

(0,4,0) 2

_—
(3,1,0) (0,1,3)
(4,0,0) (0,0,4) 1 3

Recall that the subdivision : D(Y) — D(Y) corresponds to a resolution X —
Spec R of X & — Spec R. The irreducible components of the special fibre of X —
Spec R correspond to the vertices (i1,142,13) € N3 of D(l}): The components 1?(470,0),
Y(0,4,0), and Y(g,0,4) are isomorphic to Y1 1, Y2 1, and Y3 1, respectively. The compo-
nent 17(@172-27%) corresponding to a vertex (iy,i9,43) with i, + i3 # 0 in the above
picture is a (Zariski) locally trivial P!-bundle over Y; N Y2 where j € {1,3} such
that i; # 0.
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3. Tian’s conjecture

where ¢

By Proposition 3.3.14, we have a surjection

3
[ PCHi(Y ) @
j=1

i17i270) :

i1+i2=4 Jo+j3=4

(V15725935 X(i1 19,0 X(0jaja)) = 1+ V2V + D Qi)

11,9221
11+1i2=4

}7(1'1,1’2,0) — (Yl N Y2)L and 4(0,52,53) - }7(07j27j3)

i)t D 4

J2,932>1
Ja+i3=4

P CH((MiNYz))e @ CHo((Y2nYs),) —

i1,i22>1 J2,j3=1

7]27]3

— (Y2NYs), are the

natural (flat) projections of the projective bundles. The distance function d from

Construction 3.4.1 can be read of the indices of the components as follows:

d((i1,142,13),(4,0,0)) = 4—iy, d((i1,12,13),(0,4,0)) = 4—iq,

CH,(Y),

’.727j3)

d((i1,12,13),(0,0,4)) = 4—is.

Note that the relative walls in this examples are the new vertices (i1,72,0) and

(0, 72, 73) with i1, i2, j2, j3 > 0; hence we denote the relative walls by the vertex.
Then the function I (9) from Construction 3.4.2 is given for 7 = (2,2,0) by

1 if (il,ig,ig) = (1,3,0) or

Ii22,0)((1,92,73)) = ¢ =2 if (i1,142,13) = (2,2,0),

0 otherwise

(3,1,0),

and similarly for the other relative walls. The explicit description of the morphism

3 from Lemma 3.4.7 is given as follows

20

P (4,0,0)(
P0,4,0) (7
P (0,0,4) (7

Q31,07

(v) =
(v) =
(v) =
(v) =
D2,2,0)(7) =
D1,30)(7) =
D0,31)(7) =
D022 (7) =

(v) =

P0,1,3) (7

— Nlwinye), T 310
- ’YZ’(YmYz) ’72’(Y20Y3)L +a03,1) T 21,30
- 73’(1/201@) T 0,13

Mlvinve), @20 — 203,10

Q(1,3,0) T (3,1,0) — 2(2,2,0)

Y2l vinva), @20 — 20(1,3,0)

V2l (varys), T X022 — 200,3,1)

Q(0,3,1) T ¢(0,1,3) — 2¢(0,2,2)

3’(Y20Y3) + @ 0,2,2) — 20¢(0,1,3)

€ CHg
€ CHy

"<1A1Az

(
(
€ CHy(
€ CHy(
€ CHy(
€ CHy(
(
(
(

%zﬁxﬁzﬁt

€ CHy

€ CHg
€ CHg

"<2At

4,0,0)
0,4,0)
(0,0,4)
3,1,0)
2,2,0)
1,3,0)
(0,3,1)
0,2,2)
(0,1,3)

);
);
);
)
);
);
);
)
)

bl

bl



3.6. Two concrete resolutions

where q)(’il,lé,is) = q)iyy(il,i%zg) and v = f (717727737a(i1,i2,0)7a(O,jQJ?))) = CHl(?)

The key formula (Proposition 3.4.9) reads in this example as follows:

4
Pryi () = D i1 &P ami,0(7),

i1=1

3
Dxvo (07) = 40P 0,0,0) (V) + D 2 G Pamin.in0)(V) + 12 - 4 P(0,55.4-i2) (V)
ia=1
4

Pz y;(q4y) = Z 73+ @ P(0,4— 3,55 (V)
Js=1

This can be checked directly from the above description of @ using the observations

(Q*’Yi)|yimyj = (x ('Yi‘(ymyj)L) s Q*qal,iz,i?,)a(il,ig,ig) =0,

see [Ful98, Proposition 2.3 (c)] for the first claim. The explicit description of @ in

Lemma 3.4.7 reads in this example

Pxvi (7)) = = (@) lyiay, T (@72)lyiny; »
Px v, (2+7) = = (@72 lyiny, = (@72)lyprys T (@) lviay, T (@3)lvynys
Px v5(2:7) = = (@73)lvanys T (@72)lvynys -

Example 3.6.2. Assume that Y is a complete intersection of three Cartier divisors
Y1, Vs, and Y3, i.e. the dual complex D(Y) of Y is the standard 2-simplex. For

r = 3, a possible subdivision looks like:
(0,3,0) 2

(1,2,0) (0,2,1) P

-
(2,1,0) D (0,1,2) ///
(3,0,0)NW\(0,0.3) 1 3

(2,0,1)  (1,0,2)

This subdivision can be obtained by the blow-ups along the components correspond-
ing to the vertices (3,0,0), (3,0,0),(0,3,0),(1,2,0),(0,3,0),(1,2,0),(2,1,0) in that
order. The component 37(171’1) corresponding to the central vertex (1,1,1) in the
picture is a Zariski locally trivial P! x P!-bundle blown up along two disjoint sec-
tions. The components indexed by (3,0,0), (0,3,0), and (0,0, 3) are isomorphic to
Y11, Yo, and Y3 1, respectively. The other components are blow-ups of a Zariski
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3. Tian’s conjecture

locally trivial P'-bundle over the intersection (Y; NY;)r of two components of Y
along the smooth locus (Y1 NY; NY3), viewed via a section as a subvariety in the
projective bundle. There are two types of relative walls which are depicted below in

two different colors:

T(/] 12,0)

To simplify notation, we consider the following action of the symmetric group S3 on
the vertices: o (i1,12,73) = (ig(1),i0(2), i(3)) for every (i1,i2,i3) € N3. By Proposi-
tion 3.3.14, we can write any one-cycle v € CHl(ff) as

*

*
Y= 71+72+73+((J1)*0/1+(QQ)*0/2+(613)*04§+ Z (%7(2,1,0)) aa(2,1,0)"’(¢1;(271,0)) a;(g,Lo)
o€Ss3

in CHl(f/) for some ; € CHy (Y1), iy jin i)
in CHo((Y1NY2NY3)r), where the zero-cycles a . and o/ correspond to the respec-

\/ ! / / /
€ CHo(Y{i, is,iy))> and o, ag, a3, O i i)

tive relative wall in the picture above and the morphisms ¢ and ¢’ are the natural

projection of the associated P'-bundle. The distance function d is given by
d((i17i27i3)7(47070)) :4_i17 d((i17i27i3)7(0747 0)) :4_i27 d((i17i27i3)7(07074)) = 4_23

We write down the function I representing the intersection numbers by the matrix

10 1 0 0 O o 0 o 0 o o0 0 0
o 1 o0 0 1 0 1 0 0 O 0 0 0 0
o o o0 1 o0 1 o0 O 1 O O O O 0 O
-21 o o0 O O -1 0 o0 -1 1 1 0 0 O
1 -2 0 o0 0 o0 0 -1 0 1 -1 0 0 1 O
o o0 -21 o0 0O -1 0 O 1 O -1 1 0 O
o o 1 -2 0 O O O -1 0 0 1 -1 0 1
o o o0 O -21 0 -1 0 O 1 0 0 -1 1
0 0 0 1 -2 0 0 -1 0 0 0 1 1 -1
0o o o0 0 0 0 1 11 -1 -1 -1 -1 -1 -1

92



3.6. Two concrete resolutions
where the columns are labelled in the following order:

I / / / / /
7(2,1,0)» 7(1,2,0)> 7(2,0,1)» 7(1,0,2)> 7(0,2,1)» 7(0,1,2)» T15 725 735 T(2,1,0)» 7(1,2,0)> 7(2,0,1)» 7(1,0,2)> 7(0,2,1)> 7(0,1,2)

and the rows represent the component }7(, in the following order

1,12,13)

(3,0,0),(0,3,0),(0,0,3),(2,1,0),(1,2,0),(2,0,1),(1,0,2),(0,2,1),(0,1,2), (1,1, 1).

For v € CHy(Y) of the above form the maps ®(;, ;, ;,) := ®3 Voo, iy ATC given by
K 741

P300/(7) = = Ylyinve), — Nlanye), T @10 F Qo) + € CHo(Y(3,0,0));
®0,3.0) (V) = = 2l(vinva), — V2lvanve), T X120) + @02,1) + o € CHy(Y(0,3,0)):
2(0,03)(7) = = Blvinve), — Wlvanve), T Q102) T @01.2) + % € CHy(Y{0,0.3));
02,1007 = Nlyinve), — 20210 T A1,20) = @1 — Ao 10y + Y120) + U201y € CHo(Y(2,1,0));
P(1,2,0)(7) = 12l T @10) — 200,20 — oy + al(2,1,o) - 0/(1,2,0) + 0/(0,2,1) € CHo( ~(1,2,0))7
P20,1)(7) = Mlminv), — 20201 + a@02) — o + a/(2,1,o) - 0/(2,0,1) + 0/(1,0,2) € CHy( ~(2,071))7
P(102)(7) = 1l vinva), T @01) — 20(102) — A5 + Aa01) ~ U102 T 12 € CHol Y(1,0.2))5
D0.2,1)(7) = 72l (variva), — 200,2,1) F X0,1,2) — O + A190) ~ U021y + X012y € CHol Yi0.2,1))5
P0,1,2) () = Ml (varvy), T X021 — 200,1,2) — ay + a/(1,o,2) + 0/(0,2,1) - 0/(0,172) € CHo(Y(0,1.2)),
Pran(y) =0a) +ay+ a3 — Z 047(2,1,0) € CHy( ~(17171)).

oES3

Note that CHO(Y(Q’LO)) = CHo((Y1NY2)) as }7(2’1’0) is a blow-up in smooth centers
of a locally trivial P!-bundle over (Y1NY3), (and similarly for the other components),

i.e. we view the zero-cyles oy 5) as a zero-cycle on }7(2’1,0). The key lemma reads

E ilQ*(I)(il,z‘Q,ig,)('V) = (Q*’Yl)’}qm@ - (Q*'Yl)‘ylmg + (Q*72)|Y10Y2 + (Q*73)|Y10Y3 =Pxy (a+7),
11,82,93
i1>0

Y 20 Piy,0) (1) = — (@72) i, — (@72 |gavs T (@) |yny, T (@8) vy, = Pxya(a47),
2o’

Z i3q*¢(i1,i2,i3)(7) = - (Q*’Y?))’Yng, - (Q*'YZ%)‘YQOY;), + (Q*V1)|Y10Y3 + (Q*72)|Y20Y3 =Pxy; (g+7),
o’
which can be checked immediately by the above description using the observations

¢Y = ¢+ Y2+ g3 and (427 ly;qy, = ¢ (%!(y,.myj)L) by [Ful98, Prop. 2.3 (c)].
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4. lIrrationality of low degree
hypersurfaces

4.1. Introduction

A variety X over a field k is retract rational if there is some integer N > dim X
and rational maps f: X --» PV and ¢: PV --» X such that the composition g o f
is defined and agrees with idx. This notion is a direct analogue of retracts in
topology; it was introduced into birational geometry by Saltman [Sal82, Sal84] in
the 1980s. Equivalently, X is retract rational if there are an integer N > dim X,
open dense subsets U € X and V € PV, and a morphism V — U which is surjective
on L-rational points for all field extensions L/k—this closely relates the notion to
the classical question of parametrizing solutions of polynomial equations by rational
functions. Rational or stably rational varieties are retract rational.

By the work of Asok-Morel [AM11, Theorem 2.3.6] and Kahn-Sujatha [KS15,
Theorem 8.5.1 and Proposition 8.6.2], a smooth proper retract rational variety X
is Al-connected in the sense of Al-homotopy theory, i.e. 7&' (X) = {*}. By [AMI11,
Remark 2.4.8], Al-connectedness is equivalent to separable R-triviality, which means
that X(L)/R = {+} for any separable field extension L/k, where R denotes the
equivalence relation on X (L) generated by x ~ y whenever z,y € X (L) lie on the
same rational curve (defined over L). In other words, A'-connectedness provides
an arithmetic analogue of rational chain connectedness, which requires that any two
L-rational points can be connected by a chain of rational curves for any algebraically
closed field extension L of k. The following table illustrates the known implications

for smooth proper varieties:

rational == stably rational == retract rational =————= A'-connected

ﬂ ﬂ

unirational ===>rationally chain connected

The rationality problem for a given rationally connected variety X asks ‘how rational
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4.1. Introduction

it is’, that is, which of the properties in the above diagram are satisfied.

Not every unirational variety is Al-connected [AM72] and not every stably rational
variety is rational [BCTSS85]. Moreover, there are retract rational varieties (over
non-closed fields) that are not stably rational, see e.g. [EM75, Theorem 1.5 and
Theorem 2.3]; it is an open problem to produce such examples over algebraically
closed fields. Whether any A'-connected variety is retract rational is open over any
field.

A smooth proper Al-connected variety with a k-rational point has universally
trivial Chow group of zero-cycles and hence admits a decomposition of the diagonal

[BS83], which is an interesting motivic and cycle-theoretic property in itself.

4.1.1. Hypersurfaces

A particularly interesting class of varieties for the rationality problem are smooth
projective hypersurfaces X C ]P’,]CV +1 of degree d and dimension N over a field k. The
interesting range for the problem is when d < N + 1, in which case X is Fano and
thus rationally chain connected by [Cam92, KMM92].

If 2 < N41 and k = C, then X is unirational, see [BR21, HMP98]. If d = N +1
and k = C, then X is irrational (in fact birationally rigid) by a theorem of de
Fernex [deF13, deF16], which extends earlier results by Iskovskikh-Manin [IM72]
and Pukhlikov [Pu87, Pu98]. If £k = C and X C Pg *1is very general of degree
d > 2[%F2], then it is not ruled and hence not rational by a theorem of Kollar
[Kol95]. Under the slightly weaker bound d > 2(%1, Totaro [Tot16a] showed that
such hypersurfaces do not admit a decomposition of the diagonal, hence are neither
stably nor retract rational, nor Al-connected. This used [Voil5, CTP16]. Totaro’s
result was improved in [Sch19b], where the same result under the logarithmic bound
d > logag N +2, N > 3 and over fields of characteristic # 2 was proven; a similar
bound holds in characteristic 2 by [Sch21a].

The logarithmic degree bound in [Sch19b] is equivalent to N < 2972, In the case
of stable rationality over fields of characteristic zero, Moe [Moe23] used the methods
from [NS19, KT19, NO22] to improve this logarithmic bound by a factor % to

cover the cases N < (d + 1)29*. This chapter generalizes Moe’s result as follows:

Theorem 4.1.1. Let k be a field of characteristic different from 2. Then a very
general hypersurface X C IP)kNH of degree d > 4 and dimension N < (d 4 1)2¢~*
does not admit a decomposition of the diagonal, hence is neither stably nor retract

rational, nor Al-connected.
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4. Irrationality of low degree hypersurfaces

While stable irrationality in characteristic zero follows in the above degree range
from [Moe23, Theorem 5.2], the assertion on retract rationality and A'-connectedness
are new. In positive characteristic, for all N < (d + 1)2974 not covered by [Sch19b],
even rationality was previously open. For fixed degree d, a proportion of roughly
3—;:{’ cases are new. The first new case concerns quintics of dimension N = 10.

By a very general hypersurface X over a field £ we mean one where the coef-
ficients of a defining equation are algebraically independent over the prime field,
see Remark 2.4.5. With this definition, very general hypersurfaces exist over any
field (not necessarily uncountable) of sufficiently large transcendence degree over the
prime field, cf. Lemma 2.4.3.

In characteristic 2, we obtain an analogous result under a slightly weaker bound:

Theorem 4.1.2. Let k be a field of characteristic 2. Then a very general hyper-
surface X C IP’éV'H of degree d > 5 and dimension N < %2”!*4 does not admit
a decomposition of the diagonal, hence is meither stably nor retract rational, nor

Al-connected.

In characteristic 2, the logarithmic bound in [Sch21a] is given by N < 2973, The
above theorem improves this by a factor (d+ 1)/6; for fixed d, the proportion of new
cases is given by (d —5)/(d + 1).

Slightly better numerical bounds than in Theorems 4.1.1 and 4.1.2 can be ex-
tracted from Theorem 4.6.1 (see also Theorem 4.1.3) below, which is our main
result.

Our arguments allow us to bound the torsion order Tor(X) of the above hyper-

IP’{CV *1 j.e. the smallest positive integer e such that e - Ax decomposes

surfaces X C
in the Chow group of X x X (or e = oo if no such integer exists). If Tor(X) > 1,
then X does not admit a decomposition of the diagonal, hence is not A'-connected.
Moreover, any dominant generically finite map f: P4™X —_5 X has degree deg f
divisible by Tor(X) and so the torsion order yields an interesting lower bound on
the possible degrees of unirational parametrizations of X.

If X C IP’{CV *1 is a smooth Fano hypersurface of degree d over some field k, then
Tor(X) always divides d!, see [Roi72] and [CL17, Proposition 5.2]. This yields
an upper bound for the possible torsion orders of Fano hypersurfaces. We then
have the following result, which improves the previously known lower bounds from

[CL17, Sch21a].

Theorem 4.1.3. Let k be a field and let m > 2 be an integer invertible in k. Let
n>2r<2"—2 and s < (|Z] —1)(2"! — 1) be non-negative integers and
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4.1. Introduction

write N :=n+r + s. Then the torsion order of a very general Fano hypersurface
X C Péwl of degree d > m + n is divisible by m.

In Theorem 4.6.1 below we prove the above result under the weaker upper bound

n
on s given by s < > (7) VW_ZJ Previously, the best known bound on the torsion
I=1

orders of hypersurfaces was contained in [Sch21a] and corresponds to the case s = 0.

4.1.2. QOutline of the argument

This paper provides a flexible cycle-theoretic analogue of the motivic obstruction
from [NS19, KT19], which applies to degenerations into unions of varieties such that
the obstruction lies in some lower-dimensional strata, and not in the components,
as in [Voil5, CTP16, Sch19a].

Previously, a solution to this problem has been proposed by the second named
author with Pavic in [PS23], with an important recent generalization by the first
named author in [Lan24]. The main weakness of our previous approach is the fact
that one has to compute an explicit strictly semi-stable model of the degeneration
in question, control the combinatorics of the dual complex of the special fibre and
control the Chow groups of 0- and 1-cycles of all components, which itself is a
notoriously difficult task for almost any given smooth projective variety. These tasks
have been solved in a computationally involved manner for quartic fivefolds [PS23]
and (3, 3)-complete intersections in P7 [LS23]. However, we do not see how to apply
our obstruction from [PS23, Lan24] systematically to examples of higher dimensions,
such as to the higher-dimensional complete intersections or hypersurfaces treated
via the aforementioned motivic method in [NO22, Moe23]; the total space of these
degenerations are not strictly semi-stable (they have toric singularities) and the
special fibre has a large number of components whose Chow groups seem inaccessible.

The main improvement proposed in this paper is an extension of our previous
method from [PS23, Lan24| to the non-proper case and hence in effect to (very)
singular degenerations, that we could not handle before. On a technical level, the
idea is to work with pairs of a variety X and a closed subset W C X. To state our
obstruction, we say that a variety X admits a decomposition of the diagonal with
respect to a closed subset W C X, if the diagonal point §x € CHo(X}(x)) lies in the
image of CHo(Wj(x)) — CHo(Xj(x)), see Section 4.2 below. With this terminology,
an ordinary decomposition of the diagonal corresponds to one with respect to a
zero-dimensional closed subset.

The obstruction to rationality that we introduce and exploit reads as follows.
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4. Irrationality of low degree hypersurfaces

Theorem 4.1.4. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let X — Spec R be a proper flat R-scheme with geo-
metrically integral generic fibre X = X xgp K and special fibre Y = X xg k. Let
Wy C X be a closed subscheme and let Wx .= Wy N X and Wy = Wy NY be the
intersections with the generic fibre and the special fibre, respectively. Assume that

the following conditions are satisfied:
(1) X° =X\ Wy is strictly semi-stable over R (see Definition 2.3.2);

(2) Y° =Y \ Wy consists of two components Yy,Y, with intersection Z° =

If the geometric generic fibre X = X x K admits a decomposition of the diagonal
relative to the closed subset Wg = Wx X K, then, for any field extension L/k,
the map

\IJYLO: CHl(YOO Xk L) EBCHl(Ylo Xk L) — CHo(ZO Xk L), ('yo,’yl) —> ’Y()’ZO —’yl‘Zo

is surjective modulo any integer m that is invertible in k, where ~;|zo denotes the
pullback of v; along the regular embedding Z° — Y, see [Ful98, Remark 2.3].

Theorem 4.1.4 admits a generalization to the case where Y° is an snc scheme
without triple intersections, see Theorem 4.3.3 below. Our arguments do not gener-
alize to degenerations where the obstruction lies in deeper strata, see Remark 4.3.15
below.

The obstruction map Uy from Theorem 4.1.4 is a refined version of the one in
[PS23, Lan24]. The presence of Wy in the above theorem yields the extra flexibility
that was missing in [PS23, Lan24]. In applications we will declare the singular locus
of X, the non-snc locus of Y, as well as all but two components of Y, to be contained
in Wy. In particular, the family & in the above theorem may be quite singular and
the combinatorics of the special fibre Y can be complicated.

To explain the mechanism of the above theorem, assume that Z° is integral and
let Z C Y be the closure of Z°. Assume further that CH;(Y;° x; L) =0 for i = 0,1
and any field extension L/k. (This will not hold on the nose in practice, but we
will be able to achieve this after degeneration and show that this suffices for the
argument.) In particular, the map \I/yLo in the above theorem is the zero map for
every field extension L/k. Applying this to the function field L = k(Z) of Z and
assuming that X admits a decomposition of the diagonal with respect to Wx, we get
that the image of the diagonal point dz in CHg(Z° x k(Z)) vanishes, and so, by the
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localization sequence, Z admits a decomposition with respect to Z N W5-. In other
words, X admits no decomposition of the diagonal with respect to W as long as
Z admits no decomposition with respect to Z N Wy . Examples of this strategy are
illustrated in Examples 4.3.5 and 4.3.6 below. A simplified version of Theorem 4.1.4
is stated in Theorem 4.3.8.

Since dim Z = dim X — 1, the above reasoning sets the stage for an inductive
argument where one increases the dimension by one in each step. What makes
this work is the observation that the examples of Fano hypersurfaces without a
decomposition of the diagonal in [Sch19b, Sch21a] can in fact be shown to have no
decomposition of the diagonal with respect to a large class of divisors, see Theorem
4.5.1 below. This will serve as the start of our induction. For the induction step we
degenerate a given hypersurface of degree d to a union of two rational varieties which
meet along the lower-dimensional hypersurface of degree d that we have produced in
the previous step of the induction, see Section 4.4 below for the precise degeneration
we pick. This step is inspired by [Moe23]. The total space of our degeneration as
well as the fibres and their components will be (very) singular. The singularities
are not toric and so even in characteristic zero, the method in [KT19, NS19, NO22]

does not seem to apply to our degeneration.

Remark 4.1.5. After completion of the paper [LS25], James Hotchkiss and David
Stapleton informed us that they have independently obtained a different argument
which shows that, over fields of characteristic zero, the hypersurfaces in Theorem
4.1.1 are not Al-connected and hence not retract rational, see [HS25]. Their ap-
proach relies on a homotopy-theoretical lift of the obstruction from [NS19, KT19].
As in [NS19, KT19, NO22, Moe23|, the assumption on the characteristic is needed

to be able to apply weak factorization.

4.2. Torsion orders and decompositions of the diagonal

relative to a closed subset

Let X be a variety over a field k. We say that e times the diagonal of X decomposes
if there is a zero-cycle z € CHy(X) such that

€‘AX:Z><X—|-Z€CHdimx(X XkX),

for some cycle Z whose support does not dominate the second factor of X x X, see
[BS83]. The torsion order of X, denoted by Tor(X), is the smallest positive integer
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4. Irrationality of low degree hypersurfaces

e such that a decomposition as above exists; it is oo if no such integer exists, see
e.g. [CL17, Kah17, Sch21a]. We say that X admits a decomposition of the diagonal
if Tor(X) = 1. By the localization exact sequence [Ful98, §1.8], this is equivalent
to saying that dx € im(CHo(Wj,(x)) — CHo(Xj(x))) for a zero-dimensional closed
subset W C X, where dx € Xj(x) denotes the point induced by the diagonal
Ax C X X} X. This leads to the following simple but useful variant.

Definition 4.2.1. Let X be a variety over a field k and let A be a ring. We say
that X admits a A-decomposition of the diagonal relative to a closed subset W C X
if

6x € im (CHo(Wy(x), A) = CHo(Xj(x), A)) .
where dx denotes the diagonal point induced by the diagonal Ax C X x; X. If
A = Z, we also say that X admits a decomposition (or integral decomposition) of

the diagonal relative to W.

Variants of the notion of a decomposition of diagonal relative to a closed subscheme
appear for example in [BS83], [Voil7, Definition 1.2], and [CL17, Definition 1.1].

Remark 4.2.2. By the above discussion, X admits a decomposition of the diagonal

if and only if it admits a decomposition relative to a closed subset of dimension zero.

By the localization sequence, the condition on §x in Definition 4.2.1 is equivalent

to
dx € ker (CHQ(Xk(X),A) — CHo(Uk(X),A)> ,

where U = X \ W. It follows that a A-decomposition of the diagonal relative to
W C X is the same thing as a A-decomposition of the diagonal of U, relative to
the empty set. These observations lead us to the following relative version of the

aforementioned torsion order studied for instance in [CL17, Kah17, Sch21a).

Definition 4.2.3. Let X be a variety over a field £ and let A be a ring. The A-
torsion order of X relative to a closed subset W C X, denoted by TorA(X , W), is

the order of the element
(5)(’(] = 5U S CHQ(Uk(X),A),

where U = X \ W.

By definition, Tor®(X,W) € N U {oco}. If A has characteristic ¢ # 0, then
Tor™ (X, W) divides ¢ and hence is finite.
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We remark that the torsion order of proper varieties relative to the empty set
has somewhat pathological behaviour. For instance, the Z-torsion order of a proper
variety with respect to the empty set is always oo, but it may or may not be finite

relative to a non-empty closed subset W C X.

Remark 4.2.4. The A-torsion order of X relative to W is 1 if and only if X admits
a A-decomposition of the diagonal relative to W. The A-torsion order of X relative

to W is nothing but the A-torsion order of X \ W, relative to the empty set.

Remark 4.2.5. If X is an algebraic scheme over k (not necessarily irreducible) and
W C X is a closed subset such that U = X \ W is integral, then we can, in view of
Remark 4.2.4, still define Tor®(X, W) via the order of the element

oy € CH0(Uk(U),A)

Lemma 4.2.6. Let X be a variety over a field k and let W C X be a closed subset.
Then the following hold:

(a) For all m € Z, Tor?/™(X, W) | Tor’(X,W).
(b) Let W' C W C X be a closed subset, then Tor™(X, W) | Tor®(X, W").

(¢) Tor(X) is the minimum of the relative torsion orders TorZ(X, W) where W C

X runs through all closed subsets of dimension zero.

(d) If X is proper and deg: CHo(X) — Z is an isomorphism, then Tor(X) =
TorZ(X, W) for any closed subset W C X of dimension zero, which contains

a zero-cycle of degree 1.

(e) If k = k is algebraically closed, then Tor™(X, W) = Tor™(X, Wy) for any
ring A and any field extension L/k.

Proof. Ttems (a)—(d) follow easily from the definitions and the above discussions.
To prove item (e), note that Tor®(Xp, W) | Tor®(X, W) (even without asking
that k is algebraically closed). The converse divisibility statement follows via a
straightforward “spreading out and specialization at a k-point” argument. This

concludes the proof of the lemma. O

Lemma 4.2.7. Let X be a smooth projective variety over an algebraically closed
field k. If HO(X, QL) = 0, then the torsion order Tor(X) = oo or CHy(X) =~ Z.
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4. Irrationality of low degree hypersurfaces

The lemma is a consequence of Rojtman’s theorem and says that the torsion order of
smooth projective varieties over an algebraically closed field with A0 = 0 is either

infinite or the torsion order relative to any non-empty closed zero-dimensional subset.

Proof. Let X be a smooth projective variety over an algebraically closed field with
Hodge number h'? = 0. Assume that the torsion order Tor(X) is finite. Then it
follows by an “action of correspondence” argument that the group of degree 0 zero-
cycles Ap(X) is [ := Tor(X)-torsion. By Rojtman’s theorem [Blo79, Roi80, Mil82],

the Albanese morphism induces an isomorphism
Ao(X) — Alb(X) (1)

between CHo(X ) and the [-torsion points of the Albanese variety of X. By [Igu55],
we have dim Alb(X) < h'9(X) = 0. Hence A¢(X) = 0, which proves the lemma. [J

The next lemma explains the geometric meaning of A-torsion orders.

Lemma 4.2.8. Let X be a proper variety over a field k and let A be a ring. Assume
that X admits a resolution of singularities or that the exponential characteristic of
k is invertible in A. If for some closed subset W C X the complement U == X \ W
is smooth, then CHo(Uy,A) is Tor(X, W)-torsion for all field extensions L/k.

Proof. Since Tor™(Xp, W) divides Tor®(X, W), we can assume without loss of
generality that L = k. By work of Temkin [Tem17], we can pick an alteration
7 : X' — X whose degree is a power of the exponential characteristic. Moreover, we
can choose T to be of degree 1 if X admits a resolution of singularities. We then let
W' =771 (W) and U’ = X’ \ W’'. We further let V C U be the locus over which 7
is étale and define V' == 7=1(V).

Let m = Tor (X, W). By assumptions, m - dx € CHo(Xp(x), A) vanishes when

restricted to U. Hence,

The base change of this class to the field extension k(U’) of k(U) still vanishes. If

we spread this out and use the localization sequence, we find that

m T = [Z1] + [Z2] € CHaim x (X' x X', A), (4.2.1)
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where I' € X’ x X’ denotes the closure of the locus
(tlyr x 7ly) " HAY) = {(z,9) e V' x V' | 1(z) = 7(y) eV} C X' x X,
and Z;, Zs denote some cycles with
suppZ1 C W' x X' and suppZo C X' x D

for some nowhere dense closed subset D C X'.

Let now z € CHy(U, A). By Chow’s moving lemma, we can assume that supp z C
V and suppz N 7(D) = . We aim to show m -z = 0 € CHy(U,A). To this end,
let p: X' x X' — X' and ¢ : X’ x X’ — X' denote the projections to the first and
second factors, respectively. Since X’ is smooth and proper over k, we can define
pullbacks along correspondences in CH™ X (X" x X' A).

By assumption, the support of z lies in the locus over which 7 is étale: suppz C V.
We can thus define the zero-cycle 7%z on X’ on the level of cycles via the preimages

of the points in the support of z. We then apply the correspondence I' and get
m - T*(7%2) = pe(mI - ¢*7%2) € CHo(X', A).

Since the support of z is contained in the locus V over which 7 is étale, a direct

computation shows that the above zero-cycle has the property that
To(m -T*(772)) = (deg 7)? - m - z € CHo(X, A). (4.2.2)
Conversely, by (4.2.1), we know that this cycle is rationally equivalent to
T«(T*(m - 772)) = ([ Z1](772) + [Z2]"(772)) € CHo(X, A).
Since supp Zo C X’ x D and supp z N 7(D) = ), we have [Z2]*(7*z) = 0 and so
T*(m - 7%2) = [Z1])*(7"2) € CHp(X', A).

Since suppZ; C W’ x X', the above class lies in the image of CHo(W',A) —
CHo (X', A). Hence,

7" (m - 7°2) € im(CHo (W, A) — CHp(X, A)).
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4. Irrationality of low degree hypersurfaces
By (4.2.2), it follows that
(deg7)?-m - z € im(CHo(W, A) — CHo(X,A)).
By the localization sequence, this implies
deg(7)?-m - 2|y = 0 € CHy(U, A).

Since deg(7)? is either one or a power of the exponential characteristic of k, it is
invertible in A by assumption. We deduce, as we want, that z € CHy(U,A) is

m-torsion. This concludes the proof of the lemma. O

We will use that A-torsion orders relative to closed subsets are well-behaved under

specialization, as shown by the following lemma.

Lemma 4.2.9. Let R be a discrete valuation ring with fraction field K and residue
field k. Let X — Spec R be a separated flat R-scheme of finite type with generic
fibre X = X x K and special fibre Y = X xk. Let X = X X K andY =Y x k be
the base changes to algebraic closures of K and k, respectively. Let Wy C X be a
closed subset with Wg == Wy x K c X and Wy = Wy x k C Y. Assume that the
fibres of U = X \ Wy over R are non-empty and geometrically integral.
Then we have
Tor (Y, Wy) | Tor® (X, Wy).

Proof. By inflation of local rings [Bou06, Chapter IX, Appendice §2, Corollaire du
Théoreme 1 and Exercice 4], there is an unramified extension of discrete valuation
rings R’/ R such that the residue field of R’ is k. Up to a base change along R'/R we
can thus assume that & is algebraically closed. (This uses item (e) in Lemma 4.2.6.)

Let m = Tor*(X, Wg). Then there is a finite extension K’'/K such that the
A-torsion order of X x K’ relative to Wx x K’ is m. Let Rg» C K’ be the integral
closure of Rin K" and let R' C K’ be the localization of R at a maximal ideal lying
over the maximal ideal of R. Then R’ is a discrete valuation ring with Frac R = K’
and R C R'. Up to a base change along Spec R" — Spec R, we can then assume that
K = K'. Hence, m = Tor® (X, Wx) and it remains to show that

Tor®(Y, Wy) | m. (4.2.3)

Let U = X \ Wy with generic fibre U, := U x K and special fibre Uy := U x k.
By assumptions, U — Spec R is flat with non-empty geometrically integral fibres.
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Let A be the local ring of U at the generic point of the special fibre Uy. Since Uy
is integral, A is a discrete valuation ring with residue field k(Uy) and fraction field
K (Upy). We then apply Fulton’s specialization map on Chow groups to the base
change Uy := U xg A and obtain a group homomorphism

Sp CHo(Un X K(Un),A) — CHo(UO X k‘(Uo),A)

with sp(dy, ) = du,, see Lemma 2.2.1. This implies (4.2.3), because m = Tor™ (X, Wy)
is the order of dy,, while Tor™ (Y, Wy) is the order of dp,. O

4.3. Obstruction map

Let Y = J;c; Yi be an snc scheme over k (see Definition 2.3.1). We say that Y has
no triple intersections if ¥; N'Y; N'Y; = 0 for all pairwise different 4, j,1 € I.
The following map is the key player in Theorem 4.1.4, stated in the introduction.

Definition 4.3.1. Let Y = J,c;Y; be an snc scheme over k& which has no triple
intersections. We fix a total order ‘<’ on I. Let A be a ring. Then we define the

obstruction map

‘1’11}3 @CHl(HaA) — @ CHO(Y;'J" ), (i ('7z|Y” - ’th/ij)i Lo (43.0)
lel i,j€I »J
1<j

where Y;; = Y;NYj for i,j € 1.

In the above definition, *yi]yij is the intersection with the divisor Y;; C Y, see
[Ful98, §2.3]. In particular, ;|y;; is represented by a 0O-cycle supported on the set-
theoretic intersection |vy;| NY;; and hence can be viewed as a class in CHy(Yj;,A),
see also [Ful98, Convention 1.4]. We further note that we have CHo(Y;j, A) = 0 if

Yij = 0 and we set v;|y;; = 0 in this case.

Theorem 4.3.2. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let A be a ring of positive characteristic ¢ € Z>1
such that the exponential characteristic of k is invertible in A. Let X — SpecR
be a strictly semi-stable R-scheme (see Definition 2.5.1) with geometrically integral
generic fibre X = X xg K and special fibre Y = X xg k. Assume thatY = J;c; Y;

has no triple intersections and fix a total order ‘<’ on I. Then the cokernel of the
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4. Irrationality of low degree hypersurfaces

map
Uy o @ CH(Y; xj, L, A) — € CHo(Yi; x5, L, A)

lel 1,7€1

i<j

from (4.3.1) is Tor™(X, 0)-torsion for every field extension L/k.

Note that the family X — Spec R in the above theorem is not assumed to be
proper. We can always choose a relative Nagata compactification of this morphism,
see [Stacks, Tag OF41]. Replacing Tor®(X,()) by the relative torsion order of the
compactification (cf. Definition 4.2.3 and Remark 4.2.4), we can then rephrase the

above theorem as follows.

Theorem 4.3.3. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let A be a ring of positive characteristic ¢ € Z>1
such that the exponential characteristic of k is invertible in A. Let X — Spec R be
a proper flat R-scheme with geometrically integral generic fibre X = X xp K and
special fibre Y = X xpk. Let Wy C X be a closed subscheme and let Wx = WyNX
and Wy == Wx NY be the respective intersections (i.e. fibre products). Assume that

the following conditions are satisfied:
(1) X° =X\ Wy is a strictly semi-stable R-scheme (see Definition 2.3.2);

(2) Y° =Y \ Wy = U Y has no triple intersections.
i€l

Given a total order ‘<’ on I, the cokernel of the map

Uo: @@ CHI(YP xx L, A) — @ CHo (Y x5 L, A)
lel ijel
i<j
from (4.3.1) is TorA(X,WX)—torsion for every field extension L/k, where Wg =
WX XK [_(

Corollary 4.3.4. Let the assumptions be as in Theorem 4.3.3. If X admits a A-

decomposition of the diagonal relative to W, then the map

Ugo: @D CHI(YS x4 L, A) — @ CHo(Y; x4 L, A)

lel i€l
i<j

is surjective for every field extension L/k.
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4.3. Obstruction map

We illustrate the mechanism of the above corollary in the following example, where
we show formally that the fact that elliptic curves admit no decomposition of the
diagonal with respect to a finite set of points implies that the same holds for certain
quartic surfaces. The result itself is of course a well-known consequence of [BS83]

and the emphasis lies in the mechanism of the argument.

Example 4.3.5. Let A be a ring of characteristic ¢ > 2. Let k be an algebraically
closed field such that the exponential characteristic of k is invertible in A and let
£y 90,91 € klxo, 21,22, 23] be general homogeneous polynomials of degrees deg f = 4
and degg; = 2. Consider the degeneration X = {t- f + gog1 = 0} over R = k[[t]]
of a smooth quartic surface into the union Yy U Y] of two smooth quadric surfaces
Y; = {¢g; = 0} which meet along a smooth elliptic curve Z := Yp; = Yo NY7. Let
S C X be a closed reduced subscheme which is finite and surjective over Spec R. We
further let T; C Y; be the union of two lines contained in the two different rulings of

the quadric surface Y; and set
Wy =SUTyuUTi U Xsing7

where we note that the singular locus X518 = {f = gy = g1 = t = 0} is a finite
number of points on Z. In the above notation, Y° = Y; \ Wy is an open subset of
Y;\T; ~ A% hence CH;(Y;° x} L, A) = 0 for i = 0,1 and any field extension L/k. By
construction, Wy meets Z in finitely many points. Since the elliptic curve Z does
not admit a A-decomposition of the diagonal with respect to a finite collection of
points, the group CHy(Z° X L, A) is nontrivial for L = k(Z), where Z° = Z\Wyx. It
follows that \IIQLO is not surjective and so Corollary 4.3.4 implies that the geometric
generic fibre X of our family does not admit a A-decomposition of the diagonal with

respect to the finite set of points S x g K.

The following example extends the argument in the previous example to the non-
trivial case of quartic fivefolds, which was the main result in [PS23]. We leave some
details to the reader; similar constructions and arguments will be given with full

details in the proof of Theorem 4.1.1 below.

Example 4.3.6. Let k£ be an algebraically closed field of characteristic different

from 2 and let A = Z/2. Consider the homogeneous polynomial

f =gyt + 21225 + 20x2y3 + Tox1g + TH2 + TGYIW € Ko, T1, T2, Y1, Y2, Y3, 2, W],
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4. Irrationality of low degree hypersurfaces
where g = x% + x% + m% — 2xgx1 — 22022 — 22172. We consider the degeneration
X = {tzd + 2w = f =0} C P}, — SpecR

over R = k|[[t]] of a singular (2,4)-complete intersection X in PIZ((t)) into a union
Y = Yy UY] of two singular quartic fivefolds intersecting in the singular integral

quartic fourfold
— 2.2 2 2 _ 5
Z = Yo1 = {zgyi + z122y5 + ToT2Y; + Tox1g = 0} C P,

which is birational to the quadric surface bundle example in [HPT18a, Example 8|.
Let S C X be the closure of a finite set of points in X and let

Wy = SU{xozx120y1 =0} USing Z C X.

One can check that X° := X \ Wy is strictly semi-stable. The singular quartic
fivefold Y; (i = 0,1) is birational to P° via the projection from the singular point of
multiplicity 3 given by 2; = 0 and y; = 0 for all 4,j and z =1 (resp. w = 1). The
restriction of this projection to the open subset Y;° = Y; \ Wx gives an isomorphism
with an open subset of A> = P°\ {zg = 0}. Hence, CH; (Y;° x}, L) = 0 for every field
extension L/k. Recall the unramified class a = (x1/x0,22/20) € H2,.(k(Z),Z/2)
from [HPT18a, Proposition 11]. A direct computation (using e.g. [Sch19b, Theorem
2.3]) shows that this class vanishes on the generic points of the divisors {zox122 = 0}
and {y; = 0} (the latter uses that <x%) is a subform of the quadratic form (1, ZL) over
k(P?)). We then pass to a resolution or alteration of Z and apply the vanishing result
in [Sch19b, Proposition 5.1] to the unramified class from [HPT18a, Proposition 11],
to conclude via an “action of correspondences” argument that Z does not admit a
A-decomposition of the diagonal relative to Wz = WxNZ = (SNZ)U{xoz122Y1 =
0} USing Z C Z; see Theorem 4.5.1 below for more details on this type of argument.
Thus, CHo(Z° x k(Z),A) is nontrivial, where Z° = Z \ Wz. It follows that the
map \I/%:Z in Corollary 4.3.4 is not surjective. Consequently, X does not admit a
A-decomposition of the diagonal relative to Wi = (Wx N X)z. The substitution
y1 = zy1/xo and w = —tx3/z shows that the (2,4) complete intersection X is

birational to the singular quartic hypersurface

X' = {223 + 212003 + wow2y3 + 20219 + T2 — tagy; =0} C ]P’g((t)).
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One checks that the restriction of the induced birational map X --» X’ to X \ Wy
yields an isomorphism onto its image. It follows that, even after base change to
an algebraic closure of k((t)), X’ does not admit a decomposition of the diagonal
relative to the union of a finite set of points with {zgz1z2y12 = 0} C X’. This
produces a singular quartic fivefold that does not admit a A-decomposition of the
diagonal relative to a finite set of points (union its singular locus). We can then
apply Lemma 4.2.9 to conclude that any smooth quartic fivefold that degenerates to
X'’ does not admit a decomposition of the diagonal relative to a finite set of points.

Altogether, this yields a simplified argument for the main result in [PS23].

Remark 4.3.7. In order to prove Theorem 4.1.1, we would like to replace in the
above argument the example [HPT18a, Example 8] with the higher dimensional
examples in [Sch19b, Section 4 and 7]. This does not work directly as the unramified
class a from [Sch19b, Proposition 5.1] does not vanish along the divisor {y; = 0}.
We circumvent this problem by introducing an additional parameter A in the family,
see Section 4.4. Further technical difficulties appear because we aim to apply the
above argument inductively, where we degenerate to Yy U Y7 such that Yy NY; is

birational to the example of lower dimension we had treated before.
The following simplified version of the Theorem 4.3.2 is used in Chapter 5.

Theorem 4.3.8. Let R be a discrete valuation ring with algebraically closed residue
field k and fraction field K. Let A be a ring of positive characteristic ¢ € Z>1,
i.e. every A\ € A is c-torsion, and assume that ¢ € k*. Let X be a flat separated
R-scheme of finite type with geometrically integral generic fibre X = Xk and special
fibre Y = X),. Let Wy C X be a closed subscheme and we denote by Wy = Wy NV

the scheme-theoretic intersection with a subscheme V C X. Assume the following:

(1) Y consists of two components Yy, Y1 (dimY; > 2) such that Z = Yo NY; is

integral;
(2) X° =X\ Wy is a strictly semi-stable R-scheme, see Definition 2.3.2;
(3) the variety Y; \ Wy, is isomorphic to an open subscheme of Agiin fori=0,1.

Then we have
TOI“A(Z, Wz> ’ TOI‘A(X XK R, WX XK 1’?)

Proof. We apply Theorem 4.3.2 to the family X° — Spec R. Then the assumption
(3) implies that the group
CH(](Z \ WZ Xk L,A)
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4. Irrationality of low degree hypersurfaces

is Tor™ (X \ W, 0)-torsion for every field extension L/k. In particular,
TorA(Z7 Wyz) | TorA(X,WX),

which finishes the proof of the theorem. O

4.3.1. Comparison to the map in [PS23]

We recall the obstruction map from [PS23] in the generality needed in this chapter.

Let A be aring and let Y = | Y; be an snc scheme over a field k. Then we consider
el

for i, j € I the homomorphism

N Lijj+(Vilvi;) if i # j,
" = > it (vilv,) i =17,
IZi
where ¢;;;: Y;; == Y; NY; — Y; is the natural inclusion and fyi|yl.]. = L?j7i7 is the

pullback along the regular embedding ¢;;; of the Cartier divisor Y;; in Y;, see [PS23,
Definition 3.1 and Lemma 3.2]. We additionally set

Oy, =D PPy, : @ CHi(Y;, A) — CHo(Yj, A)
el iel

for j € I and

b = Z@%Yj : @CHl(Yi,A) — @CHO(Y%A)-
jeI iel Jjel

Lemma 4.3.9. Let R be a discrete valuation ring with residue field k and let X —
Spec R be a strictly semi-stable R-scheme with special fibre Y := X xg k. Then for
i,7 € I and ~v; € CH1(Y;, A), we have

Oy, v, (i) = tjtiwi € CHo(Yj, A),
where v;: Y; — X is the natural inclusion.
Proof. This follows from [Ful98, Theorem 6.2], see also [PS23, Lemma 3.2]. O

The effect of base changes for ® has previously been studied in [PS23, Section
4] and Theorem 3.1.1; some version of ¥ appeared implicitly in the proof of [PS23,
Proposition 4.4].

70



4.3. Obstruction map

Proposition 4.3.12 below compares & and ¥ and shows that the morphism ¥
introduced in (4.3.1) has excellent properties under base changes. This will play an
important role in the proof of Theorem 4.3.2 below.

Recall that the dual graph G = (V, E) of an snc scheme Y without triple inter-
sections is the graph whose vertices V correspond to the irreducible components
of Y and whose edges F encode the codimension 1 subvarieties of Y. Moreover,
we explicitly fix a total order ‘<’ on the set of vertices V. We denote for a vertex
v € V and an edge e € E the corresponding irreducible subvariety by Y, and Y,
respectively. For an edge e € E, we denote its end points by v(e),w(e) € V and

assume that v(e) < w(e). (Note that every edge in G has two distinct vertices.)

Lemma 4.3.10. Let A be a ring of finite characteristic ¢ € Z>1. Let R be a
discrete valuation ring with fraction field K and algebraically closed residue field k.
Let X — Spec R be a strictly semi-stable R-scheme whose special fibre Y = X Xk
has no triple intersections with dual graph G = (V, E). Let R'/R be a finite ramified
extension of discrete valuation rings such that the ramification index r is divisible
by c. Let X' — X xg R’ be a resolution as in Proposition 2.3.3. Then the following
holds:

(1) X' is strictly semi-stable and its special fibre Y' has no triple intersections.
The dual graph G' = (V' E") of Y' consists of the vertices V! =V U (E x
{1,...,r—1}) and edges (v',w'") € V' x V' of the form

v = (e,n), w =(e,n+1) foree E, ne{l,...,r—2},
v =wv(e), w' = (e, 1) foree E, or
vV =(e,r—1), w =w(e) forec€ E.

(2) The componentsY, for v € V are isomorphic to'Y, and the components Y(’e’n)

foreec E and 1 <n < r are P -bundles over Y, with two disjoint sections

S(em): Yv(,e,n) N Yv(,e,n—o—l) — Yv(e,n)’

/ RV / /
Sten)t Yien—1) N Y(em) = Yien)s

en—1

given by the natural inclusion, where we set Y(’e 0) = Yv’(e) and Y(’e = Yu’)(e).
Proof. The geometry of the resolution after finite base-change is explained for ex-
ample in [PS23, Section 4.2] for chains. The same arguments work for any special

fibre that has no triple intersections, see also Proposition 3.3.12. O
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4. Irrationality of low degree hypersurfaces

Remark 4.3.11. The graph (V’, E’) is obtained by subdividing each edge of (V, F)

into r pieces, see for example Example 3.6.1.

Proposition 4.3.12. In the notation of Lemma 4.5.10, let L/k be a field extension.
If the cokernel of

@AL,: P CHi(Y) x4 L,A) — P CHo(Yy, xx L, A)
v'eV’ w' eV’

is m-torsion for some integer m, then the cokernel of the map

Uy : @ CHL(Y; xi L,A) — @D CHo(Yi; xi L, A)

lev i,j€V
1<J

from (4.3.1) is m-torsion.

Proof. For ease of notation, we will deal with the case L = k in what follows; the
general case follows verbatim via the same argument.
Recall that g ) : Y(/e ny — Yelisa Pl-bundle for 1 < n < r by item (2) in Lemma

4.3.10. Thus there exists isomorphisms

CH1 (Y], ), A) ~ CH(Ye, A) & g, .y CHo(Ye, A), (4.3.3)
CH()(Y'(IBJZ), A) ~ CH()(Yé, A), (434)

see [Ful98, Theorem 3.3 (b)]. Note that the subspace Do) CHy(Ye, A) is canonical,
while the subspace CH; (Y., A) C CHl(Y(,e,n), A) depends on a choice of a section of
Uem) Y('eyn) —Y..

Step 1. We will show that for every 7' € @,,cy» CH1(Y,,, A), there exists another
class v € @, ey CH1 (Y, A) with the same image ®4,(7) = ®$,(7/), such that the
component () € CHl(Y(’eyn),A) of v satisfies

Vem) € Tfomy CHo(Ye, A) C CHy (Y], ), A) (4.3.5)

for each (e,n) € E x {1,...,r —1}.

This follows from the argument in [PS23, Lemma 4.3], which we explain for the
convenience of the reader. Let v/ = (7)) € @y CHi(Y,),, A) be a collection of
one-cycles and let (e,n) € E x {1,...,r — 1}. Using (4.3.3), we can write 'yée?n) as

Viem) = Ueam)Xesn) + S(esm) «S(en)s
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4.3. Obstruction map

for some o,y € CHo(Ye, A) and some (. ,y € CH1(Ye, A), where s,y is the section
given in item (2) of Lemma 4.3.10. Lemma 4.3.9 implies that

(I)A’ (S(e,n) *C(e,n)) = (I)Q’ (S,(e,n-i—l) *C(e,n))7

Y/

(e;n+1) is the natural inclusion. Thus

where s/ Y( )ﬂY

(e;n+1) - (e;n+1)

o () = % (7",

where v = (7)) € @y CH1(Y,), A) is given by

Uem) Q(em) if ' = (e, ),
W =Y Vensn) T Senin e iV = (en+1),
5 otherwise,

where we set fyf er) = 7{0( o € CHl(YJ)( e),A). Applying this argument for every edge
e€ Eand 1 <n <r—1 (in increasing order) finishes Step 1.

Since Y is an snc scheme without triple intersections, we have Y, NY, = () for all

different e, e’ € E. In particular,

B CHo(Yi;,A) = €D CHy(Ye, A).

i,jEV eclR
i<j

Using this identification, there is a natural projection homomorphism

@ CH()(}/ij, A) — CH()G/@, A)
i,jEV
1<J

for every e € E. We denote the composition pr, o@{‘, by \IJQYe

Step 2. Let v = (1)y € @Pyeyr CHi(Y,,, A) be a one-cycle satisfying (4.3.5)
and let ¢q: Y — Y be the natural morphism. We will show that for every e € E

don- @9,% L= Uy (¢.7) € CHo(Ye, A), (4.3.6)
=1 ’

where we view the zero-cycles on the left hand side as zero-cycles on Y, using (4.3.4).

To prove the above claim, note that by assumption there exists a(c, ) € CHg (Y, A)
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4. Irrationality of low degree hypersurfaces
for every (e,n) € E x {1,...,r — 1} such that

Y(e,n) = qz(em)a(e,n) € CH,; (Yv(/e,n)7A)

To simplify the formulas below, we set additionally

Q(e,0) = r}/v(e)‘Ye € CHo(YVe,A),
Ae,r) = 7w(e)|Ye € CHo(Y;,A),

where v, |y, is the pullback of 7, along the regular embedding Y, < Y, of the
Cartier divisor Y, C Y, (). Note that we used here the isomorphisms Y, () = Yo(e)-
By (4.3.2), we see that for such a collection of one-cycles v = (V)

(7) = _2a(e,n) + Oen—1) + Alen+1) € CHO(}/ea A) = CH()O/(/&n),A)

@%/ ,Y'(/ )

for e € E and 1 < n < r. The following computation then shows the claim in Step 2

r—1 r—1
Z n- @é\/,y/ (v) = Z n (—Qa(e,n) + Qe p—1) Oé(e,n+1))
n=1 n=1

(e,n)
r—2
= Qe,0) — TQ(e;r—1) + (r— 1)04(6’@ + Z(—Qn +n+l4+n-— l)a(em)

n=1
= Qe,0) T Xeyr)
= Yo(e)lve = Yu(e)lve
= Uy, (¢:7);

where we used in the third equality that r is divisible by the characteristic ¢ of A.
We finish the proof of the proposition. To this end, let

7 = (ze)e € @ CHo(Ye, A)
ecF

be a collection of zero-cycles. By assumption, there exists a one-cycle v € @,/ CH1 (Y, A)
such that ®%,(v) = 3, where $ is the collection (B,)y € @y CHo(Y),, A) with

m-z. forv = (e 1),
Bor = {

0 otherwise.

By Step 1, we can assume that v satisfies the condition (4.3.5). Then Step 2 shows
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4.3. Obstruction map
that m -z = \Pg(q*’y) is contained in the image of \Ilg\/, as we want. O

Remark 4.3.13. The key point in the above proof is (4.3.6). In the chain of
equalities showing (4.3.6), we used that A has positive characteristic ¢ and 7 is
divisible by ¢. We do not know how to perform this step integrally, despite the fact
that the (more general) analysis of ® under base changes carried out in Section 3.4

does in fact work integrally.

Remark 4.3.14. In [PS23], the obstruction morphism ®% is studied for strictly
semi-stable degenerations X — Spec R that are proper. Under this assumption, the
image of ®Z is contained in the kernel of the degree map. The obstruction to the
existence of a decomposition of the diagonal used in [PS23] is the cokernel of ®Z,
viewed as a map to the subspace of degree-zero classes. In the above discussion,
properness is dropped and so we cannot talk about the degree anymore. This is
the reason why we work directly with the cokernel of ® and W, respectively. An
important difference between ® and W is the fact that ® maps to the Chow groups
of zero-cycles of the components, while ¥ maps to CHy of the intersections Y;; of

two irreducible components of Y.

4.3.2. Proof of Theorem 4.3.2

Proof of Theorem 4.3.2. Let m = TorA()_(, (). Then there exists a finite field ex-
tension F/K such that Tor®(Xp, ) = m.

A suitable localization R’ of the integral closure of R in F is also a discrete val-
uation ring with fraction field F' and residue field k. (Note that k is algebraically
closed.) Up to replacing R’ by a ramified extension, we can assume that the ramifi-
cation index r of R'/R is divisible by the characteristic ¢ of A.

Recall that the special fibre of X — Spec R is an snc scheme Y which has no
triple intersections by assumption and we denote its dual graph by (V,E). By
Lemma 4.3.10, there exists a resolution X — X x g R’ by repeatedly blowing-up the
non-Cartier components of the special fibre. The generic fibre of X — Spec R’ is
isomorphic to Xp and the special fibre Y’ has no triple intersections and its dual
graph (V' E’) is as in Lemma 4.3.10 (1). It then suffices by Proposition 4.3.12 to
show that coker <I>§\,L, is m-torsion for all field extensions L/k.

Let L/k be a field extension. By inflation of local rings (see e.g. [Bou06, Chapter
IX, Appendice §2, Corollaire du Théoréme 1 and Exercice 4]), there exists an un-

ramified extension of discrete valuation rings A/R’ such that the induced extension
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4. Irrationality of low degree hypersurfaces

of residue fields is L/k. Passing to the completion, we may in addition assume that

A is complete. We consider the base-change
X4 =X xp A— Spec A,

which is a strictly semi-stable A-scheme, see e.g. [Har01, Proposition 1.3]. We aim

to show that the cokernel of the map

@AL,: P CHi(Y) 1,A) — € CHo(Yey 1, A)
v'eV’ w' eV’

defined in (4.3.2) is m-torsion, where Y}, ; =Y, x L. Let

z = (Zw/)w/ S @ CH()(YMIJ/7L,A)
w' eV’

be a collection of zero-cycles. (By a moving lemma, we can assume that no z,, lies
in the intersection of Y,, with another component Y;,.) By Hensel’s lemma, see
[EGAIV, Théoréme 18.5.17], there exists a horizontal one-cycle h € Z;(X4, A) such
that

h|Y7;, L= A € CHO(YQL/,L,A) (4.3.7)

holds for all w" already on the level of cycles (without rational equivalence). Recall
that m is the A-torsion order of X with respect to the empty set. Lemma 4.2.8
together with Nagata’s compactification theorem thus implies that CHo(Xp xp
F’,A) is m-torsion for all field extension F'/F. It follows that the restriction of
m - h to the generic fibre X4 x4 F' = Xp xp F' vanishes, where I’ is the fraction
field of A. Thus the horizontal one-cycle m - h is rationally equivalent to a cycle
~ supported on the special fibre Y/ by the localization exact sequence, see [Ful98,
§1.8]. Hence, we see from (4.3.7) and Lemma 4.3.9 that m -z = CIJQL/ (7) is contained
in the image of <I>AL,. This shows that the cokernel of the map @QL, is m-torsion,
which finishes the proof of the theorem. O

Remark 4.3.15. The assumption that the special fibre has no triple intersections
in Theorem 4.3.2 appears to be crucial. In particular, there seems to be no useful
generalization of W to snc schemes with deeper strata, despite the fact that the
definition of ® in (4.3.2) makes sense in more generality, see [PS23, Section 3].
Indeed, if Z =Y;, N---NY;, is a strata of the special fibre Y, then we can always

perform an n : 1 base change followed by a resolution as in Proposition 2.3.3 to
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4.4. Double cone construction

arrive at a special fibre Y that contains a component Py that is birational to a
projective bundle over Z. However, for n > 3, one can show via similar arguments
as in [Lan24] that the diagonal point of Pz will automatically be in the image of
<I>1~,k(P2>. (The key difference to n < 2 is that the blow-up of a component Y;, along
Z contains a positive dimensional projective bundle over Z if n > 3.) Hence, the
strategy for disproving (retract) rationality in [PS23, Lan24] cannot be applied to

strata given by the intersection of more than 2 components.

4.4. Double cone construction

In this section we consider an explicit degeneration of a variety birational to a degree
d hypersurface X’ into a union of two rational varieties whose intersection Z is a
degree d hypersurface of lower dimension. We aim to apply Theorem 4.3.3 to this
particular family and show that the A-torsion order of Z divides the A-torsion order
of X'. In particular, we can inductively increase the dimension of retract irrational

hypersurfaces.

Let k = ko(A) be an algebraic closure of the purely transcendental field extension
ko(A) of an algebraically closed field ky. Write N = n + r + s for some integers
n,r,s € Zx>o and consider integers d > 4 and [ > 1 such that 2/ < d. We denote the

homogeneous coordinates of IP’{XH DY Z0y .oy Ty YLy e ooy Yrd1s 21y - - - 5 s, 2, W. Let

f,a0,a1,...,a; € ko[:cg,...,xn,y1,...,gj,...,yr+1,zl,...,zs] (4.4.1)

be homogeneous polynomials of degree deg f = d and dega; = d — 2¢ which do not

contain the variable y; for some 1 < j <r 4 1. Assume that
f+ao€klzo,....zn, Y1, Uj,- s Yrs1, 21, - - ., 2] 1s irreducible. (4.4.2)

Let R = k[t]) be the local ring of A' at the origin and consider the following

complete intersection R-scheme in Pg%
l . .
X = {f + > aiwhy; + gtz 2l Oy + zo)w = taf + 2w = 0} - (443
i=0

Lemma 4.4.1. The singular locus of X in (4.4.3) is contained in {xog =0} C X.
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4. Irrationality of low degree hypersurfaces

Proof. Consider the part of the Jacobian given by the derivatives d; and 0,

0 :cgfl
:v% w |

As the singular locus is given by the vanishing of all 2 x 2 minors of the Jacobian,

we see that it is contained in {z¢ = 0} as claimed. O

The generic fibre of the family X — Spec R in (4.4.3) is birational to a degree d
hypersurface. For the inductive argument to work, it will be important to understand
the corresponding birational map, which is the content of the following lemma, where
we denote by K = k(t) the fraction field of R = k[t]).

Lemma 4.4.2. The generic fibre X = X xr K of the family (4.4.3) is birational to

a geometrically integral degree d hypersurface X' of the form
l .
i=0

where f is asin (4.4.1) and ayy, ..., a; € K20, ..., Tns Y1y -3 Ujs e oo s Yrtls 215 - - - 5 Zotl]
are homogeneous polynomials of degree dega; = d—1i. (An explicit formula for them

is given in (4.4.6) below.) Moreover, they satisfy the following properties:

(1) The birational map induces an isomorphism between the open subsets {x¢ #
0} € X and {zozs+1 # 0} C X';

2) If there exists e € N such that xif | a; for alli =0,...,1, then zif | @} for all
0 0 i

1=0,...,1;
(3) If all ag,...,a; do not contain one of the coordinates x1,...,Tn, Y1, Yr+l,
or z1,..., zs, then so do all ay, ..., a;;

(4) The polynomial f + af is irreducible over K.

Proof. The parameter t is nonzero on the generic fibre X of (4.4.3). We then work
on the open subset {29z # 0} and perform the substitution w = —tz22~! to obtain

the equation

I
F4Daahyl + ad ™y — 2872 (\y; + wo)tadzt = 0. (4.4.5)
=0
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4.4. Double cone construction

After the change of coordinates y; + yjz/x9 — A"tz we arrive at the degree d

hypersurface given by the vanishing of the polynomial

l
I+ Z a;(y;z — A_lxg)i + :cg_lz — t/\:cg_lyj =0.
i=0
Reordering the terms and renaming the coordinate z to zsy1, yields the claim that

X is birational to a degree d hypersurface X’ of the form (4.4.4), where

l
a; = zé+1 <Z (T) (_Al)mixgm—%am> — th)\mg_l + 51’,01;8_1354—1‘ (4.4.6)

m=i

This shows (2) and (3). Item (1) follows immediately from the above construction.
Indeed, the coordinate transformation y; — y;2/xo — A1z is invertible on the set
{zoz # 0} with inverse given by y; + zo(y; + A" 1xo)/2z. Thus the birational map
induces an isomorphism between the open subsets {zg # 0} = {zpz # 0} C X and
{zpzs41 # 0} C X'. (Note that we renamed the z-coordinate to z511.) Next we
prove (4). Since a; contains the variable zs;1 linearly by (4.4.6) and f does not
contain zs41, the condition (4.4.2) implies that f+af, is irreducible, as claimed. The
hypersurface X’ is geometrically integral by (4). O

Remark 4.4.3. The name “double cone construction” is taken from [Moe23]; it
is reflected by the fact that the generic fibre of our degeneration can birationally
be described by the equation (4.4.5) above, which contains the variable z and its
inverse linearly and so its Newton polytope is a double cone. We note however
that the degenerations that we use in this chapter in general do not have toric
singularities (e.g. because the singular hypersurfaces in [Sch19b] do not have toric
singularities) and hence is different from the degenerations suitable for the method
of [NO22, Moe23|.

Corollary 4.4.4. The generic fibre X of (4.4.3) is geometrically integral.

Proof. Since X is a complete intersection in P%Jr‘g, it is equidimensional and Cohen-
Macaulay. As X is Cohen-Macaulay, X has no embedded components. The open
subset {xg # 0} C X is isomorphic to an open subset of the geometrically integral
hypersurface X’ C IP’%‘L2 in (4.4.4), see Lemma 4.4.2. Hence it suffices to show
that the subset {xp = 0} C X is not an irreducible component of X, which is clear

because f + ag is an irreducible polynomial by (4.4.2). O
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4. Irrationality of low degree hypersurfaces

We turn to the special fibre of the family (4.4.3). The special fibre Y = X xp k

of the family (4.4.3) has two components, namely

l
Yo = {f + D @Yy +af s = 0} S (4.4.7)
1=0
l . .
Y= {f + D iy + 25 (Mg + mo)w = 0} Py (4.4.8)
1=0

The intersection Z := Yy N Y] is the degree d hypersurface

l
1=0

The assumption (see (4.4.2)) that f + ag is irreducible implies that Z is integral.

Lemma 4.4.5. The singular locus of Yy is contained in {xy = 0} and the singular

locus of Y1 is contained in the closed subset {xo(Ay; + xo) = 0}. Moreover,
Yz c zoie,

Proof. The derivative of the defining equation of Yy with respect to z is given by
l . .
0. (f + Z a;Toy; + asglz> = gd 1
i=0

Hence, the singular locus of Yy is contained in {z¢ = 0}.

The derivative of the defining equation of Y; with respect to w is given by
l . .
Ow (f + Z aiToyY; + xf)l*Q()\yj + xo)w> = :Ug%()\yj + x9).
i=0

Hence, the singular locus of Y} is contained in {zo(Ay;+zo) = 0} as claimed. Finally,
the last claim in the lemma is clear, as Z C Y; is a Cartier divisor in Y] (given by
{w = O} C Yl) O

In order to understand the obstruction map (4.3.1) for the family (4.4.3), we need

to control the Chow group of the two components Yy and Y;.

Lemma 4.4.6. Let Yy and Y7 be as in (4.4.7) and (4.4.8), i.e. the irreducible com-
ponents of the special fibre of the family (4.4.3). Consider Dy = {xo =0} C Yy and
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4.4. Double cone construction
Dy = {xo(Ay; + o) = 0} C Yi. Then the natural push-forward maps
CHl(DQ X L) —)CHl(Yb Xk L), CHl(Dl X L) —)CHl(Yl XkL)

are surjective for every field extension L/k.

Proof. Let L/k be a field extension. Recall that
l . .
Yo xp L = {f+ Zaiméy; —i—xg_lz = O} C ]P’g“,
i=0

l
Y1 xp L = {f + Zaixéy;- + xgd()\yj + xo)w = O} C IP)]LVJFQ.
=0

We consider Y; X L. The projection away from P=1[0:---:0:1] € ]P’g *2 induces
a rational map
p: IP)JLVJFQ -3 Pgﬂ.

Since w appears only linearly in the defining equation of Y7 X L, the restriction of

w to Y7 Xi L yields a birational map
Y1 X L--» Pg-H,

which induces an isomorphism between the complements of the closed subsets D1 X,
L C Y1 xi L and Hy = {xo(\y; + x0) = 0} C Pg“, respectively. Since Hp is a

union of two hyperplanes in Pg +1 the pushforward along the natural inclusion
CH;(H,) — CH;(PY™) ~7Z

is surjective. Thus the localization exact sequence (see [Ful98, Proposition 1.8])
implies that
CHl(Dl Xk L) — CHl(Yl Xk L)

is surjective, as CHy(Y7 Xy L\ Dy xi L) ~ CHI(IP’]L\H'1 \ H1) = 0 by the above

discussion. A similar argument shows that
CHl(DO Xk L) — CHl(Yb Xk L)
is surjective. This finishes the proof of the lemma. O

The following proposition is the main result of this section; it will be used for the
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4. Irrationality of low degree hypersurfaces

induction step in our inductive argument.

Proposition 4.4.7. Let A be a ring of positive characteristic such that the expo-
nential characteristic of ko is invertible in A. Let X — Spec R be the projective
family from (4.4.3) with generic fibre X for some | > 2. Let Yy and Yy be the ir-
reducible components of the special fibre as in (4.4.7) and (4.4.8) and denote their
scheme-theoretic intersection by Z ==Yy NY,. Let

h € R[Xoy .oy TpyYlye vy Yrtls 21y« - 2s)

be any homogeneous polynomial such that its reduction hg modulo the mazximal ideal
in R has coefficients in ko, i.e. ho € ko[oy ..., TnyY1y- -y Yrsls 21, -, 25| and such
that X is smooth over K = k(t) away from Wx = {xoh =0} C X. Then

Tor™(Z, Wz) | Tor® (X, W),

where Wz := {zohy = O}UZSing C Z and Wg = Wx xgKCcX =XxgK. In
particular,
Tor™(Z, W) | Tor™ (X', W),

where X' is as in Lemma 4.4.2, X' = X' xx K, and W' == {29251 1h = 0} C X'.

Remark 4.4.8. As a consequence of Lemma 4.4.1, the smoothness of X \ Wy is
automatically satisfied in characteristic 0. This is not true in general, but we will

choose in our applications Wx carefully so that the condition holds (over any field).

Proof. Since A is a ring of positive characteristic,
m = Tor®(X, W)

is a positive integer m € Z>1.
Step 1. We will check that the assumptions in Theorem 4.3.3 are satisfied for
the projective family X — Spec R from (4.4.3) with the closed subset

Wy == {zoh = 0} U Y8 U 278 C X

As in Theorem 4.3.3, let Wy := Wy NY. We note that Wx agrees with Wy N X.
The generic fibre X of X — Spec R is geometrically integral by Corollary 4.4.4. The
special fibre Y° :=Y \ Wy consists of two components Y° = YUY} such that Yy,

Y}?, and their intersection Z° := Y7 N Y}" are smooth and integral, see also Lemma
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4.4.5. In particular, Y° is an snc scheme, see Definition 2.3.1. The singular locus
of X is contained in {z¢o = 0} by Lemma 4.4.1. It follows from this that Y;° is a
Cartier divisor on X° for ¢ = 0,1. The generic fibre of the R-scheme X° := X\ Wy
is equal to X \ Wx and thus smooth by assumption. In particular, X° — Spec R
is strictly semi-stable, see Definition 2.3.2. It follows that the assumptions (1) and
(2) in Theorem 4.3.3 are satisfied for X — Spec R and the closed subset Wy C X.
This concludes Step 1.

Recall that Z is integral and let dz. € Z,‘;(Z) denote the diagonal point of Z°,
which is dense open in Z.

Step 2. We will show that there is a one-cycle v € CH; (Y1 X k(Z), A), supported
on {xo(Ay; + x9) = 0} C Y7 xy k(Z), such that

m - 5ZO = (L*7)|Z2(Z) G CHO(Z]?(Z),A), (4410)

where ¢: Y xi k(Z) — Y1 Xy k(Z) denotes the natural open embedding and
(L*”y)]zz(z> the pullback of the one-cycle to the Cartier divisor Z} ;) C Y7 Xy k(Z)

along the natural regular embedding.

By Step 1, Theorem 4.3.3 implies that the cokernel of the map
Uo: CHi(Yy xx L, A) ® CHi(YY Xy, L, A) — CHo(Z° x L, A)
from (4.3.1) (with 0 < 1) is m-torsion for every field extension L/k. In particular,
A
m-0zo € im \Ilyko(z).

Note that CH;(Yy xx k(Z),A) = 0 by Lemma 4.4.6 and that the pull-back
2 CHy (Y1 xx k(Z),A) — CHy (Y xx k(Z),A)

is surjective by [Ful98, Proposition 1.8]. Hence there exists a one-cycle v € CH; (Y7 Xy,

k(Z),A) such that m - 6z = (L*y)]zzm.

that v is supported on {z¢(\y; + z9) = 0} C Y7 Xy k(Z). This concludes Step 2.

By Lemma 4.4.6 we can further assume

Step 3. We specialize now A — 0 and aim to compute the image of (4.4.10)
under the corresponding specialization map on Chow groups (see Lemma 2.2.1);
we will show that the specialization of the one-cycle v vanishes and so does the

specialization of m - dzo.

Consider the discrete valuation ring B = ko[A](\) with residue field ko and fraction
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field ko(A). Recall that k is an algebraic closure of ko(\). Then consider the flat

projective B-schemes

l
Z = {f +> ahy; = o} c Py,

1=0

1
V1= {f + Zaimﬁ)y;- + 282 (Ayj + z0)w = O} C PY*T2,
i=0

where f and a; are as in (4.4.1). Note that Z and Y] are the geometric generic fibre of
Z and Y, respectively. Let Z° C Z and )] C Vi be the complement of the closure
of Wz in Z and of Wy, in ), respectively. Note that Z° = Z\Wj and Y;? = Y1\ Wy,
are the geometric generic fibres of Z° and )7, respectively. We denote the special
fibres by Z§ and Y7, respectively. By Lemma 2.2.1, there exist specialization maps
induced by Fulton’s specialization map for the flat Oz z,-schemes Z° xp Oz z,,

VI xB Oz 7z, and V1 xp Oz z,

SPyo: CHo(ZO Xk k(Z),A) — CH()(Z8 Xko ko(Zo),A),
Spylo: CI‘Il(leO Xk k(Z), A) — CHI(YfO Xko k‘o(Zo),A),
Spy1 : CHl(Yi Xk k‘(Z),A) — CHl(YVLO Xko ko(Zo),A),

where Y7 g denotes the special fibre of the B-scheme ).
We apply now the specialization sp . to the zero-cycle (4.4.10). By Lemma 2.2.1,

we get
(4.4.11)

m Oz = spze(m-9z0) = spze (("Y)lzg ) = spvp (CNzg, 0

where |Z§(z> and |Z8,k0(Z0

Cartier divisor Z} ) and Zg, v in Y7° X k(Z) and Y{ Xk, ko(Zo), respectively.
Recall that the one-cycle v is supported on {zo(Ay; + z9) = 0} C Y1 xy k(Z).

: denote the pullback along the regular embedding of the

Thus the specialization spy; (7) € CH;(Y1,0,A) is supported on {z = 0} C Y1. In
particular
spye (¢7) = 0 € CH1(Y7y),

as the subset {9 = 0} C Yjo is contained in the specialization of Wy, and sp
commutes with pullbacks along open immersions. Hence, the right hand side of
(4.4.11) vanishes, which concludes Step 3. By Step 3,

TorA(Zo, Wgz,) | m,
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4.5. Base case

where Wz, C Zj is the specialization of Wz C Z. We note that Z = Zy X, k and
Wz = Wy, Xk, k, because the defining equations of Z and Wy are defined over k.
Hence, the proposition follows from Lemma 4.2.6 (e), as m = Tor(X, Wy). O

4.5. Base case

Our argument will rely on an inductive application of a degeneration as in Section
4.4. For the start of the induction we will use the explicit example of a singu-
lar hypersurface with nontrivial unramified cohomology from the proof of [Sch21a,

Theorem 7.1]. We recall the example in what follows.

Let k be an algebraically closed field and let m > 2 be an integer coprime to the
exponential characteristic of k. Let n > 2 and r < 2" — 2 be positive integers. Let
L0y .- Ty Yls-- - Yrs1 be the coordinates of PP+ and let 7 € k be an element that

is transcendental over the prime field of k. Consider the homogeneous polynomial

" o1\ ™ m[2L]—n

g($07"')xn) =T (ZII m -|> _(_1)n$0 |7 " -l T1XQ " Tp (451)
i=0

in klxo,...,zy,] of degree degg = m [HWHW < n + m, see [Sch2la, Equation (21)].

Using this we define the homogeneous polynomial

T
_ _desc.;
F = g(xo,. .. ,l’n)$6n+n deg(g)—|—2 Ty egcﬂcj(:nl, L N G DU ST I o
j=1
in k[zg,...,%n, Y1, .., Yr41] of degree m + n, where
ci(xr,...,xn) = (—21) (—22)%% - - (—zp)™ € klx1,...,20)] (4.5.2)

with €; the (i — 1)-th digit in the 2-adic representation of j, i.e. j = 3. £;2°"! with
g; € {0,1}. Consider the associated degree m + n hypersurface

Z = {F =0} c Pyt (4.5.3)

Theorem 4.5.1. Let | € k[xo,...,x,] be any nontrivial homogeneous polynomial
and consider
Wy = {yrs1l =0} U 208 C Z

where Z is as in (4.5.3). Then Tor”™(Z, W) = m.
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4. Irrationality of low degree hypersurfaces

We have the following immediate corollary.

Corollary 4.5.2. Let h,l',l" € k[xo,...,x,] be nontrivial homogeneous polynomi-
als such that h is irreducible of degree m + n + degl’. Let k' = k(p) be a purely

transcendental field extension of k. Consider the hypersurface
Zy = {ph+1-F =0} c Pyt
of degree m +n + degl’. Then TorZ/m(Zp, WZ,,) = m, where Zp =Z, Xy k' and
Wz = {yr1l'l" = 0} U Z38 Xy k' C Z,.

Proof. Consider the pair (Z,, Wz,) and let (Zo, Wz,) be the pair obtained by spe-
cializing p — 0, i.e.
Zo={l'-F =0} cppt
Wy = {yr1'l" = 0} U Z37™8 C 2.

Note that the scheme Zj is reducible, but the open subscheme Uy = Zyp\Wyz, C Zj is
integral as the polynomial F' is irreducible. Hence, the torsion order Tor”/ "™(Zo,Wz,)
is defined, see Remark 4.2.5. We observe that Uy = Z \ Wy, where the pair
(Z,Wy) is as in Theorem 4.5.1 with [ = I’ - 1" € k[xg,...,2z,]. Thus, we get
TorZ/m(Zo,WZO) = m by Theorem 4.5.1. Hence, m divides TorZ/m(Zp,WZp) by
Lemma 4.2.9. Conversely, any Z/m-torsion order can be at most m. Hence,
TorZ/m(Zp, WZ,,) = m, as claimed. O

Proof of Theorem 4.5.1. This follows from arguments similar to those in the proof
of [Sch21a, Theorem 6.1 and 7.1]; we give some details for the reader’s convenience.
Let P={zg=---=z, =0} C ]P’ZJ””rl and consider the blow-up Y := BlpZ, which

can be described via the vanishing locus of

T
—d —_dec e,
g:UgLJrn eg(g)ygn + Z Ty B cj(x1, .., )yl + (=) "T122 . TRy, (4.5.4)
j=1

inside the projective bundle Ppn (O(—1) ® O2+1)) over P", where 7o denotes a local

coordinate that trivializes O(—1) and y1, ..., yp41 trivialize O®+1)

. The projection
to the z-coordinates induces a morphism f : Y — PZ. We furthermore pick an
alteration 7/ : Y’ — Y of order coprime to m, which can be done by [Tem17], see
also [IT14]. The corresponding alteration of Z is denoted by 7: Y’ — Z.

As detailed in [Sch21a, §7], an application of [Sch21a, Theorem 5.3 shows that the
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4.5. Base case

pullback of the class a := (z1/z0, . . ., Tn/x0) € H"(k(P™), &™) yields an unramified
class

vi= frfa e HY (k(Y)/k, u2") = HE (K(Z) [k, u&")

of order m such that for any subvariety F C Y’ which does not dominate P" via fo7’,
the class (7/)*y vanishes in H"(k(E), p2™). Moreover, the class f*« vanishes at the
generic point of the exceptional divisor Dg of Y — Z, which is cut out by yg = 0,
and at the generic point of the strict transform D, 1 of the divisor {y,41 =0} C Z
under the blow-up morphism ¥ — Z. Indeed, the divisors Dy and D,41 in Y map
via f onto P" and the generic fibres Dy, and D,41, of f| p, are the hypersurfaces

in (different) P} (ny given by

T

Z cj(w1, .. xn)y + (=1)"z122. 2Ry =0 and
j=1

n 17\ ™ r
. (1 £y W) yo' — (=1)"w1ma Ty’ + Y i@, @)y =0,
i=1 =

respectively, see (4.5.4) and (4.5.1). Thus Dy, and D, 1, are each isomorphic as
k(P™)-varieties to a subvariety of the hypersurface given by the vanishing of the n-th

Fermat-Pfister form of degree m

Y. ()T ()T

ee{0,1}"
with j(e) = i ;27! as defined in [Sch2la, Equation (7)]. The vanishing of f*a
i=0

along the generic points of Dy and D, follows from [Sch21a, Corollary 4.3]. Since

the generic fibre of f is smooth (m is invertible in k), we conclude via [BO74] that
((T)*)|e =0 € H"(k(E), u") (4.5.5)

for any subvariety E C Y’ with 7(E) C Wy = Z518 U {y,,1] = 0}, where | €
k[xo, ..., zy] is any nontrivial homogeneous polynomial in zy, ..., z, as in the state-

ment of the theorem.

A computation with the Merkurjev pairing similar to [Sch19b, §3] or [Sch21b, The-
orem 8.6] then shows Tor”/™(Z, W) = m; we sketch the argument for convenience.

For a contradiction assume that there is a positive integer m’ < m with

m’ - bz=z+m-( € CHO(Zk(Z))
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4. Irrationality of low degree hypersurfaces

for some zero-cycle z whose support supp z lies in (W) k(z) and some zero-cycle ¢ €
CHo(Zj(z)) that reflects the fact that we work with Z/m-torsion orders. We restrict
the above identity to the regular locus of Zjz) and pull this pack to Tfl(er(nZ)).

The localization sequence then yields
m’ : 67— = Z, +m- C/ S CHD(Y]é(Z))7

where 6, = 7% is the point induced by the graph of 7: Y’ — Z, 2/ is a zero-cycle
with supp 2’ C 771 (Wyz)(z) and ¢’ € CHO(Yk’(Z)). Note that this used Z51& C W.
We pair the above zero-cycle via the Merkurjev pairing (see [Mer08, §2.4] or [Sch21b,
§5]) with the unramified class v from above. This yields

<m, . 57‘7 7'*’7> = 07

because v is m-torsion, hence pairs to zero with m -/, and it restricts to zero on
generic points of subvarieties of 771(Wy) by (4.5.5), hence pairs to zero with 2.

Conversely, the definition of the Merkurjev pairing directly implies that
0= (m'-0,,7%) =m' - rt*y =m' - deg(1) -y € H"(k(Z), u&™),

as 0, € Yk’( 2) is the point associated to the graph I'; C Y’ x Z of 7. This contradicts
the fact that deg(r) is coprime to m, that 1 < m’ < m, and that v has order m.
This concludes the proof of the theorem. O

4.6. Proof of the main results

Let k be an algebraically closed field and let X C IP’]kV 1 be a smooth Fano hypersur-
face, i.e. a smooth hypersurface of degree d < N 4+ 1. Then deg: CHy(X) — Z is an
isomorphism and so the torsion order Tor(X) of X is the torsion order TorZ(X, W)
of X relative to any closed zero-dimensional subset W C X, see Lemma 4.2.6 (d).
The main results of this chapter, stated in the introduction, will follow from the

following result.

Theorem 4.6.1. Let k be a field and let m > 2 be an integer invertible in k. Let

n>2,r<2"—2 and let
“f(n\|n-—1
< - -
=2 ()15

be non-negative integers. Write N :=n +r + s. Then the torsion order Tor(Xy) of
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4.6. Proof of the main results

a very general Fano hypersurface Xg C IP’fCV'H of degree d > m +n is divisible by m.

Remark 4.6.2. For s = 0, the result is proven in [Sch21la, Theorem 7.1].

Proof of Theorem 4.6.1. Note that the torsion order of any variety is divisible by
the torsion order of the base-change to any field extension. Moreover, the definition
of very general (see Definition 2.4.1) is stable under extension of the base field. Up
to replacing k£ by a field extension, we can therefore assume that k is algebraically
closed and uncountable.

We fix positive integers n > 2 and r < 2™ — 2. For a non-negative integer s as
in the theorem, we define inductively an integral degree d-hypersurface Z = Z; of
dimension N =n +r + s.

Step 1. Suppose there exists an integral degree d-hypersurface Z; C PZ+T+S+1

given by the vanishing of a homogeneous polynomial of the form

f(5)+a((]s)+ar+1yr+ +ZZCLH yj € k[T0oy oy Ty YLy - ooy Yr 1y 215 - - -5 25] (4.6.1)
j=1i=1

for some homogeneous polynomials
fés), a(()s), asszl, al(-z.) € klxo, ., Tn, 21, -+, 2s)

such that

(1) fos) + a(()s) € klzg,...,&n, 21,...,2s] is an irreducible polynomial of degree d;

) )

for a non-negative integer e, then z§ | a; for all

1 < i < m. We denote the maximal such e by eg- ),

(2) for each j, if z§™ | a,,

(3) Tor’/™(Zy, Ws) = m, where W, = {xoagly?«ﬂh(s) = 0}uZsing C Z, for some

homogeneous polynomial h(®) € k[zg, ..., 2, 21, ..., 2.

(

Assume that there exists some 1 < jy < r such that eji) > 1. Then we construct an
integral degree d-hypersurface Zs 1 of the same form (4.6.1) satisfying the condition
(1), (2), and (3) as follows.

Consider k' = k(\) an algebraic closure of the purely transcendental field extension

k(X) of k. Rewrite the equation (4.6.1) as

(fOS +aa(~+)1%+1 + Z Za” yj) +a +Za”0y]0

Jj#jo i=1
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4. Irrationality of low degree hypersurfaces

We are now in the situation of Section 4.4. Note that condition (1) implies the
assumption (4.4.2). Let Z,,1 be the integral degree d-hypersurface X’ xx K C
P?‘T‘FS‘*‘Q, where X’ is as in Lemma 4.4.2 and K = k’(t). We choose an isomorphism
k ~ K, which exists because both fields are algebraically closed, have the same
characteristic and have the same uncountable transcendence degree over their prime
fields. Thus we can view Zz,1 as a variety over k. We aim to check that Zgi
satisfies the assumptions above. Recall from Lemma 4.4.2 that Zs,1 C IP’Z+T+S+2 is

cut out by the homogeneous polynomial

(s+1 1
(fOS) + ar+1y7’+1 + Z ZCL y]) + Qg G + Zazsj_g )y;()a (462)

J#do i=1 i=1

where a(() +1), E?ﬁ:l) € klxo,...,Tn,21,.--,2s+1] are defined as in (4.4.6). Note this

uses also Lemma 4.4.2 (3). Hence, the defining equation of Zs; has the form (4.6.1)

with

f =10, aBE =aly, and ol = al) for j # .

Since fésﬂ) and a(SH) do not contain any y;, condition (1) follows from Lemma

4.4.2 (4). As alst ) = a( *) for J # jo, condition (2) is clearly satisfied for j # jo

1,
and we note that eg- st _ § 5)

Lemma 4.4.2 (2). Proposition 4.4.7 shows that Tor”/™(Zs1, Wey1) = m, where

W1 = {xoaffilyrﬂh(s)z +1=0}C ZS+1 Note that the derivative of (4.6.2) with
(s)

respect to y,41 is equal to ma, ¥y, +1 ; thus the singular locus of Zz is contained

in {aTHyTH = 0} C Zs41. By definition, afffll) = agdzl and so condition (3) is

satisfied for h(tD = Rz, 4.

for j # jo. For j = jo, condition (2) follows from

Step 2. Consider the hypersurface Z := Z, with defining equation ph—I—:Ud m-np
as in Corollary 4.5.2, where h € k[zg,...,x,] is an irreducible polynomial of degree
d, e.g.

1

n
zd + Zlasi,lznff if p>0andp]|d,
1=

h =
> xd otherwise,

where p is the characteristic of k. We will prove that Zj satisfies the condition (1),

(2), and (3) above. Consider the following polynomials in k[zo, ..., %)
(0) = ph + xg_deg(g)g, a(()o) =0, aﬁl = (1) "z "y L x,

g‘?._o, forl<i<m—-Tland1<j<r,
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4.6. Proof of the main results

0 d—m—deg(c; .
ain,)j =1z, m eg(cJ)Cj(:L'l,...,xn), for 1 <j<r,

where g is defined in (4.5.1) and the ¢;’s are defined in (4.5.2). Then, by construction,

o 0
ph—i—xg m ”F:fé —i—a(())—l—arﬂyrﬂ—i—ZZa yJ € k[zo, .y Tn, Y1y -+ Yrt1]
j=1li=1

is of the form (4.6.1). The polynomial féo) is irreducible because the polynomial h
is irreducible and p is a transcendental parameter over the prime field of k, which
is algebraically independent from 7. Hence condition (1) holds. Condition (2) is
) = 0 for 1 < i < m — 1. In particular, we see from the

7‘7
definition of agg?j above that

clearly satisfied as a(

d—m—d j

650) _ { m eg(Cj)J ' (4.6.3)
m

Corollary 4.5.2 shows that condition (3) holds as well, where we note that we can

choose h(®) = 1. This concludes Step 2.

By Steps 1 and 2 above, we can apply the double cone construction (see Section
4.4) as long as at least one of the e;’s defined in (2) is positive. In each step, we

reduce one of them by 1. Hence, the number of steps is equal to the sum

r

Zego) _ ET: {dmdeg(cj)J ‘

j=1 j=1 "

This sum becomes maximal when r is maximal, i.e. r = 2" — 2. Then the sum reads

ErE ()

=1 =1 m

Let now X4 be a very general hypersurface of degree d and dimension N over k.
Up to replacing k by a larger algebraically closed field (which does not affect the
torsion order by Lemma 4.2.6), we can by Lemma 2.4.3 assume that X; degenerates
to Zs. The intersection of the hyperplane section {zg = 0} with N — 1 general
hyperplane sections is a closed subset W in the total space of the degeneration which
has relative dimension 0 and whose restriction to the special fibre Z; is contained in

Ws. Applying Lemma 4.2.9 to the degeneration with W as closed subset yields that

TorZ/m(Xd,WXd) =m,
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4. Irrationality of low degree hypersurfaces

where Wx, = W N Xy C Xy is a closed non-empty zero-dimensional subset of Xg.
Thus, Lemma 4.2.6 implies that m divides Tor(Xy), which concludes the proof. [J

The following lemmas yield explicit estimates for the bound given in Theorem 4.6.1.

Lemma 4.6.3. Let n,m > 2 be positive integers. Then

(12— e-vss(3) |5 < 2

Proof. The sum in question can be rewritten as follows

(S R (.

=1 =1 l
1%\ 1n—1 1%
5 (1) s
n—1

J (2"t —1).

The estimates in (4.6.4) follow now from the observation

(-0 =51+ 5D <

for all 0 <[ < n together with the summation formula for binomial coefficients.

(4.6.4)

O]

The more explicit formulas for m = 2 and m = 3 below are used in Theorem 4.1.1

and Theorem 4.1.2.

Lemma 4.6.4. Let n be a positive integer. Then the following formulas hold

()5

=1

=1

3]

(1) |15 -2 e

(4.6.5)

(4.6.6)

where § depends on the remainder of n modulo 6 and is given by the following table.

n modﬁ‘O
g 3
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4.6. Proof of the main results

Proof. We check (4.6.5) by the following computation:

()50 e % ()

n—I[ odd
n 1~ (n 1 & n—1 n—1
“seron-an(i) = 2 [0) ()
n—I odd

We turn to (4.6.6) and prove first a combinatorial formula for a lacunary sum of
binomial coefficients, see e.g. [Rio68, Section 4, Problem 8, p.161]. Let £ be a
primitive third root of unity in C, then the following holds

3 Z (7) _ i (7) (1_+_£lfr+§2l72r)

I=r (3) =0
=2 T T+ )"
— 9n + (_l)n(€n+r)2 + (_1)n§n+r_

Write n = 3a + b for integers a € Z>¢ and b € {0,1,2}. Then we get

SO0 55,05 5,0

n—I=1 (3) n—Il=2
1£0 10
n 1 n 2 n b
3 35 ’ 31257 ; 3
n—2_.4 n b (=1)"
_ gn—1_1 0 _ W+2 | cbtl | 9e2b+l | oebt2)
. st g (6242 + gbt1 4 2+ 4 26b+2)

A simple computation shows that

(=D)" (a2 | b1 2b+1 b+2\ _
5 g (€T 2 o) =,
which proves (4.6.6) and thus the lemma. O

Proof of Theorem 4.1.1. The statement for d = 4 follows from [Tot16a] for N < 4
(see also [Sch19b, Theorem 1.1]) and [PS23, Theorem 1.1] for N = 5, see also
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4. Irrationality of low degree hypersurfaces

Example 4.3.6.

Let nowd > 5and N < %2‘1 be positive integers. If 3 < N < (d—2)+ 20-2 _9,
then the theorem follows from [Sch19b, Theorem 1.1], because we can then write
N uniquely as N = n + r for integers n,r > 1 satisfying 2 < n < d — 2 and
on—1 _ 9 <y < 2" — 2. Hence we can assume that N > d —4+29"2 Let n=d—2,

r=2%2_2and s = N —n — r be non-negative integers. We claim that

s < (d—3)2¢7 — V;QJ :

Indeed, otherwise we get

> 7d+12d,

d—2
N=n+r+s>d—4+2724(d—3)29" - {J >~

2
which yields a contradiction to the assumption N < %2‘# Thus, Theorem 4.6.1
implies by Lemma 4.6.4 that Tor(Xy) is divisible by 2 for a very general degree d hy-
persurface X; C PV*!. In particular, X; does not admit an integral decomposition
of the diagonal. O

Proof of Theorem 4.1.2. Let d > 5 and 3 < N < %2‘1 be integers. If 3 < N <
(d—3)+2973 — 2, then the theorem follows from [Sch21a, Theorem 7.1], because we
can write N = n + r for unique positive integers n, r satisfying 2 <n < d — 3 and
on—l _9 < p <27 _2 Hence we can assume that N >d—5+293, Let n=d — 3,

r =293 _2and s = N —n — r be non-negative integers. We claim that

1)
3_3 S—i-,

where 0 is defined as in Lemma 4.6.4. (Note that n = d — 3.) Indeed otherwise

d—>5 d—3 d+1 2d d+1
N = d—34293 24— "ot — _“i5— " odi 45 4> {2dJ
n+r+s > d—3+ + 3 5 + 18 + 3 + = T ’

which yields a contradiction to the assumption that N is an integer satisying the
inequality N < %Qd. Thus, Theorem 4.6.1 implies together with Lemma 4.6.4 that
3 | Tor(Xy) for a very general degree d hypersurface Xq C PN+, In particular, X4

has no an integral decomposition of the diagonal. O

Proof of Theorem 4.1.3. This is Theorem 4.6.1 with the bound in Lemma 4.6.3. [
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5. Torsion order of complete intersections

5.1. Introduction

The torsion order Tor(X) of an integral variety X over a field k is the smallest

positive integer e € Z>1 such that a decomposition
G-AX:ZXX+Z€CHdimx(X XkX) (5.1.1)

exists, where z € CHy(X) is a zero-cycle and Z is a cycle on X X X whose support
does not dominate the second factor; we set Tor(X) = oo if no such decomposition
exists. The notion originates from work of Bloch [Blo80] (using an idea of Colliot-
Thélene) and Bloch—Srinivas [BS83] and has been studied for instance in [CL17,
Kah17, Sch21la, LS25]. Slight variants of the torsion order have been considered in
[ACTP17] and [Voil7].

A rationally (chain) connected smooth projective variety X has finite torsion order
and X admits a decomposition of the diagonal (meaning Tor(X) = 1) if X is (retract)
rational or Al-connected. Thus the non-rationality of smooth projective (rationally
connected) varieties can be shown by proving that the torsion order is strictly larger
than 1 (or equivalently disproving a decomposition of the diagonal). This approach
to the rationality problem has been successfully started by Voisin [Voil5]. The
rationality problem itself has been extensively studied for a very general member of
many classes of algebraic varieties using various methods. We refer the reader to
the recent surveys [Deb24, Sch25b] for an overview of the methods and results.

Two other properties of a smooth projective integral variety are captured by its
torsion order. If f: X — Y is a generically finite morphism between smooth
projective integral varieties over a field k, then a “pull-push-argument” shows that
Tor(Y') divides deg f - Tor(X). In particular, Tor(Y) provides a lower bound for
the degree of any unirational parametrization of Y. The torsion order of a smooth
projective integral k-variety is also the smallest positive integer such that the kernel
of the degree morphism deg: CHy(Xz) — Z is e-torsion for any field extension

L/k, where Tor(X) = oo if and only if no such integer exists.
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5. Torsion order of complete intersections

In this chapter, we provide new and improved lower bounds for the torsion order
of very general complete intersections in projective space as well as hypersurfaces in

products of projective spaces and Grassmannians.

5.1.1. Complete intersections

An argument of Rojtman [Roi80] for hypersurfaces extended to complete intersec-
tions by Chatzistamatiou-Levine [CL17, Proposition 4.1] shows that the torsion
order of a Fano complete intersection of multidegree (dy,...,ds) in PV*% over any
field divides dy!---- - ds!, in particular it is finite.

In the same paper, Chatzistamatiou—Levine provide a lower bound for very general
Fano complete intersections by building on earlier work of Totaro [Tot16a] and Kollar

[Kol95]. The torsion order of a very general complex complete intersection X of

multidegree (di,...,ds) and dimension N is divisible by some prime power pm/ if
d; me/ "N—{—S—}—l—d}—"'—ds-Fdi—‘
p o+l

for some i € {1,...,s} if pis odd or N is even, see [CL17, Theorem 7.2]. By using
the Fano index r(X) == dim X +s+1—d; —--- — ds, the statement roughly means

that Tor(X) is divisible by a positive integer m if some degree d; satisfies
di >m-r(X)+m.

For hypersurfaces, this bound was significantly improved by Schreieder [Sch19b,
Sch21a]: A very general hypersurface X of degree d and Fano index r(X) > 0 over

a field k£ has torsion order divisible by a integer m > 0, if m is invertible in k& and
d > logy(r(X) +m) + m.
We extend the bound of Schreieder to complete intersections.

Theorem 5.1.1. The torsion order of a very general complete intersection of mul-
tidegree (dy, .. .,ds) and positive Fano index v over a field k is divisible by a positive

integer m if m € k* and there exists a degree d; such that d; > logs(r + m) + m.

A complete intersection of multidegree (d1,...,ds) is very general if it is (up to a
field extension) isomorphic to the geometric generic fibre of the parameter space of

complete intersection of the given multidegree, see Section 2.4.
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5.1. Introduction

In fact we obtain slightly better bounds, which recover the bounds for the torsion
order of hypersurfaces in Chapter 4. For instance, we obtain the following result
for the 2-divisibility of the torsion order, which yields the same bound in positive
characteristic as the stable irrationality bound of Nicaise-Ottem [NO22] in charac-
teristic 0. The results in [NO22| are proven using a motivic method, which builds
on earlier work of Nicaise-Shinder [NS19] and Kontsevich-Tschinkel [KT19]. The
motivic method was recently improved by Hotchkiss—Stapleton [HS25] to handle

Al-connectedness.

Theorem 5.1.2. Let k be a field of characteristic different from 2. Then the torsion
order of a very general complete intersection of multidegree (dy,...,ds), dimension

at least 4 and Fano index v is divisible by 2 if r < 2 or some degree d; > 4 and

r < (d; + 1)2di_4 — {di + 2J )

2

In particular, such complete intersections are neither (retract) rational nor Al-

connected.

Note that the torsion order of complete intersections with non-positive Fano index
r might be infinite, e.g. non Fano complete intersection over C have infinite torsion
order. The case of hypersurfaces in the above theorem is covered by [Moe23], who
showed the stable irrationality in char 0, and Theorem 4.1.1. The latter results also
cover the case of quartic fivefolds, see also [NO22] and [PS23, Theorem 1.1].

5.1.2. Hypersurfaces in rational varieties

We illustrate the flexibility of our approach by considering also hypersurfaces in other
rational varieties. Among them hypersurfaces in products of projective spaces are
probably the most extensively studied ones with regard to the rationality problem,
see for example [BB18, AO18, ABBP20, NO22, Moe23|.

To the best of our knowledge, there seems to be no upper bound for the tor-
sion order of hypersurfaces in products of projective spaces known in the literature.
Although one might be able to adapt Rojtman’s argument for complete intersec-
tion also to these examples, which we do not pursue here. Instead we provide the

following lower bound.

Theorem 5.1.3. Let k be a field and let m,s € Z>1 be positive integers such that

m 1is invertible in k. Then the torsion order of a very general hypersurface of mul-
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. . oMy Mo« ge . .
tidegree (dy,da, ..., ds) in Pt g - xp Py is divisible by m, if
My >4 and (di,dg,...,ds) > (logo(My)+m,My+1,Ms+1,..., Mg+ 1).

In particular, it is neither stably rational nor retract rational nor A'-connected.

This extends and generalizes earlier results by Nicaise-Ottem [NO22, Proposition
6.2], where stable irrationality for s = 2 is shown in characteristic 0.

A different class of examples are hypersurfaces in Grassmannians, which are
related to Gushel-Mukai varieties, see e.g. [DK18]. We obtain the following re-
sult by relating certain hypersurfaces in Grassmannians directly with the ones in
[Sch19b, LS25].

Theorem 5.1.4. Let l,n € Z>1 be positive integers such that l(n—1) > 4. Consider
the complex Grassmannian Gr(l,n) and fix a Plicker embedding Gr(l,n) — P¥.
Then the torsion order of the intersection of Gr(l,n) with a very general complex
hypersurface of degree d > 4 in PY is divisible by 2, if I(n — 1) < (d + 1)2¢~4.

The restriction to the complex numbers is mostly for simplicity of the argument
and it should be possible to obtain a similar result also in positive characteristic,
see Remark 5.4.10.

The stable rationality for hypersurfaces in the Grassmannian Gr(2,n) is studied
in an unpublished work of Ottem! and also in work of Yoshino [Yos24, Yos25]. For
I = 2, Yoshino obtained a slightly better bound (2(n —2) < (d + 1)2%* +2) for the
stable irrationality of hypersurfaces in Gr(2,n), see [Yos25, Theorem 1.3].

5.1.3. Outline of the argument

Nicaise-Ottem [NO22] proves the (stable) irrationality of algebraic varieties using a
degeneration to snc schemes, where the obstruction to rationality lies in some lower
stratum using the motivic volume. A cycle-theoretic analogue of this method was
given first by Pavic—Schreieder [PS23] for proper families with a generalization to
non-proper families by Lange—Schreieder [1.S25], see Chapter 4.

We elaborate the idea of [L.S25] to consider non-proper degenerations to snc
schemes by studying affine degenerations to which the method of [PS23, LS25] is
applicable. In fact, we reformulate most of the assumptions in terms of basic com-

mutative algebra statements. An iterated application of this affine degeneration

available at his webpage: https://www.mn.uio.no/math/personer/vit/johnco/papers/gr25.pdf.
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5.2. Affine degenerations

allows us to construct affine complete intersections from affine hypersurfaces, where
the torsion order of the former is controlled by the torsion order of the latter.

Applying this machinery to the concrete hypersurface examples from [Sch19b,
Sch21a, LS25] provides affine complete intersections with a (non-trivial) lower bound
on the torsion order. We emphasize that this ultimately relies on certain vanishing
results for unramified cohomology classes found for instance in [Sch19a, Sch19b].

The main results are obtained by considering different compactifications of these
affine examples together with a standard degeneration argument. To control the
compactification, we use the theory of Grébner basis.

We would like to point out that we use degenerations similar to and inspired by
the ones in [NO22, Moe23]. While they use one degeneration into many components,
which they control via tropical geometry, we consider several simple degenerations
into 2 components.

The framework of affine degenerations is developed in Section 5.2. In Section 5.3,
we check that the hypersurfaces from [Sch19b, Sch2la, LS25] as well as special
complete intersections related to an example of Hassett—Pirutka—Tschinkel [HPT18a]
fit in our framework of affine degeneration. This essentially boils down to some
elementary computations using the explicit equations. The final section (Section 5.4)

is devoted to the proof of the main results.

5.2. Affine degenerations

In this section, we construct (strictly semi-stable) families over a dvr, which satisfy
the assumptions of Theorem 4.3.8. In particular, we need to write down a family
whose special fibre consists of two irreducible components and whose total space is
regular. This is straightforward in the affine setting. Let A be a smooth k-algebra
of finite type and let f1, fo € A, then the natural morphism

Spec (A Ok k[t]w/(t — flfg)) — Speck[t] ) (5.2.1)

is a family over the dvr k[t];) with regular total space such that the special fibre is

equal to

Spec A/(f1f2) ~ Spec (A/(f1)) U Spec (A/(f2))-

A key assumption in Theorem 4.3.8 is the “rationality” condition (3), which we
reformulate to an algebraic condition for degenerations as (5.2.1) in the first part.

In the second part, we provide two general constructions of families as in (5.2.1)
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which satisfy the assumptions in Theorem 4.3.8.

5.2.1. Strongly rational algebras

The assumption (3) in Theorem 4.3.8 states that the irreducible components of the
special fibre are isomorphic to an open subscheme of affine space. Rephrasing this

geometric condition algebraically leads to the following definition.

Definition 5.2.1. Let k be a field. A finite type k-algebra B is called strongly
k-rational if B is isomorphic as a k-algebra to the localization of a polynomial ring
over k and B # 0.

Example 5.2.2. (1) The polynomial ring k[z1,...,z,] is clearly a strongly k-

rational algebra for every n > 0.

(2) The finite type k-algebra k[x1,x2|/(1 + x122) is strongly k-rational, as
Elxy, 2]/ (1 + z129) ~ k[ze, 25').

(3) If B is a strongly k-rational algebra, then B ®j L is strongly L-rational for
every field extension L/k.

The following remark verifies that the spectrum of a strongly rational k-algebra

is isomorphic to an open in affine space, in particular rational.

Remark 5.2.3. Let B be a strongly k-rational algebra. Then there exists a polyno-
mial ring A = k[x1, ..., 2,] and a multiplicative subset S C A such that B ~ S~ A.
Since B is also of finite type over k by the definition of strongly rational k-algebra,
we find that Spec B — Spec A = A} is an open immersion by [Oda04, Theorem 2.7,

see also the Added part in loc. cit. for an alternative argument?.

The above remark implies that strongly k-rational algebras are geometrically in-
tegral and smooth k-algebras. We provide an algebraic proof for the convenience of

the reader.

Lemma 5.2.4. A strongly k-rational algebra B is a geometrically integral, smooth

k-algebra.

Proof. 1t suffices to prove that B is an integral domain and (formally) smooth over
k, which is obvious as B is by definition isomorphic as a k-algebra to the localization

of a polynomial ring over k. O

2We found the argument and reference through an answer of Martin Brandenburg on mathoverflow.
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5.2. Affine degenerations

5.2.2. Affine strictly semi-stable families

We provide a general setup to construct affine strictly semi-stable schemes over the
dvr k[t]4) such that its special fibre consists of two irreducible components which

are rational.

Definition 5.2.5. Let k be a field and let A be an integral smooth k-algebra of finite
type and of Krull dimension N + 1. We say that two elements f; € A[z] := ARy k[2]
and fo € A are admissible with respect to A if the quotient ring A[z]/(f1, f2) is a
geometrically integral k-algebra of dimension N and the k-algebras A[z]/(f1) and
A/(f2) are strongly k-rational and of Krull dimension N + 1 and N, respectively.

The above definition is motivated by the following proposition.

Proposition 5.2.6. Let k be a field and let A be an integral smooth k-algebra of
finite type and of Krull dimension N + 1. Assume that f1 € Alz] and fo € A are
admissible with respect to A in the sense of Definition 5.2.5. Then the affine scheme

Spec(Alzla.s, o R)/(t — f1f2) (5.2.2)
is a strictly semi-stable R := k[t])-scheme. Moreover, the k(t)-algebra
Alz] @i k(t)/(t — f1f2) (5.2.3)

is an integral domain.

Proof. We check the definition of strictly semi-stable R-schemes, see Definition 2.3.2.
Note first that the k[t]-algebra

B = Alz,t]/(t — f1f2) ~ AlZ]

is a smooth k-algebra and thus in particular flat. As k[t] is an unramified k-algebra,
B is a flat k[t]-algebra by [GW23, Remark 18.30]. Thus the R-algebra

B @y R = (Alz] @ R)/(t — f1f2)

is flat. Localizing at the multiplicative subset {(0.f1)" : n € N} C B ®yy R,
then implies that (5.2.2) is a flat R-scheme. Since B is clearly an integral domain
and being an integral domain is preserved under localization, it follows that the

k(t)-algebra (5.2.3) is an integral domain and the affine scheme (5.2.2) is integral.
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The generic fibre of the R-scheme (5.2.2) is the spectrum of the k(t)-algebra

(A Rk k(t))[z,w]/(t — fifo, w0, f1 — 1), (5.2.4)

which is a standard smooth A ®j k(t)-algebra in the sense of [Stacks, Tag 00T6].
Thus (5.2.4) is a smooth k(t)-algebra, as A is a smooth k-algebra by assumption.

The special fibre of the R-scheme (5.2.2) has two irreducible components, namely
Spec A[z]s, . /(f1) and Spec A[z]s. ¢, /(f2), which are both smooth k-schemes by
Lemma 5.2.4 and clearly Cartier divisors in (5.2.2). The intersection is the spectrum
of the k-algebra

Alzlo. 5 /(f1, f2) = (A/(f2)) [z, w]/ (f1, w0 f1 = 1),

which is a smooth k-algebra by a similar argument as for (5.2.4). Note that this
uses the fact that A/(f2) is strongly k-rational and thus a smooth k-algebra by
Lemma 5.2.4. O

The following example provides a way to construct admissible pairs with respect

to strongly k-rational algebras.

Example 5.2.7. Let k be a field and let B be a strongly k-rational algebra, e.g.
a polynomial ring. Let f € B[z] such that B[z]/(f) is geometrically integral of
Krull dimension dim B. Then the pair fi = f+y € Bly,z] and fo = y € Bly] is
admissible with respect to B[y|. Indeed, the assumptions on B and f together with

the k-algebra isomorphisms

Bly, 2l/(f1, f2) = Blz]/(f), Bly,zl/(f1) = Bly,z]/(f+y) =~ Blz], Blyl/(f2) = B

imply directly that f; and fy are admissible with respect to B[y].

5.2.3. The key construction

In this part, we provide the key construction of a new admissible pair from an
admissible pair. The idea is the following simple observation: Let f; € A[z] and
f2 € A be admissible with respect to a strongly k-rational algebra A for some field
k. Then the generic fibre of the family (5.2.1) is the spectrum of the k(t)-algebra

Alz] @ k(@t)/(t = f1f2) = Alz,y] @ k@) /(t + fry, f2 + ). (5.2.5)
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5.2. Affine degenerations
Note that the k(t)-algebras
Alz, y|@k(t)/ (t+f1y) ~ (Alz] @k k(1)) ;,  and  Alz, yl@rk(t)/(f2ty) ~ Alz]@kk()

are strongly k-rational. Thus g1 = t + fiy and g2 = fo + y are admissible with
respect to Alz,y| ® k(t) if the k(t)-algebra (5.2.5) is geometrically integral.

As integral varieties over a field K with a K-rational point in the smooth locus
are geometrically integral, see e.g. [Stacks, Tag 0CDW], we introduce the following
extra condition for f; € A[z] and f € A: for every field extension F/k and every
(q1,q2) € F? there exists an F-algebra epimorphism

Alzlo.p @k F/(f1 + a1, fo + q2) —> F. (*)

The following lemma shows that this extra condition guarantees that the k(t)-

algebra (5.2.5) admits a k(t)-rational point in the smooth locus.

Lemma 5.2.8. Let k be a field and let A be an integral smooth k-algebra of finite
type. Assume that fi € Alz] and fo € A are admissible with respect to A in the
sense of Definition 5.2.5 and satisfy condition (x). Then the k(t)-scheme

Spec(Alzla. j, ®k k(t))/(t = f1f2)
contains a k(t)-rational point and is geometrically integral over k(t).

Proof. The existence of a k(t)-rational point is equivalent to showing that the k(t)-
algebra

(Alzlo. s, @k k(8)/(E+ fry, f2+y)

admits a k(t)-algebra epimorphism to k(t). The latter can be constructed as

(Alz, Ylo.py @k k(@) /(t+ fry, f2 +y) — (Alzlo.fy @k k(1) /(E+ f1, fa+1) — K(D),

where the first surjection is the quotient by the ideal (y—1) and the second surjection
exists by (x) applied to the field extension F' = k(t) and the pair (q1,¢2) = (¢, 1).
Thus the smooth and integral k(t)-variety

Spec(Alzla. j, ©k k(t)/(t = f1f2),

see Proposition 5.2.6, is geometrically integral over k(t) by [Stacks, Tag 0OCDW]. [
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Corollary 5.2.9. Let k be a field and let A be a strongly k-rational algebra. If
f1 € Alz] and fa2 € A are admissible with respect to A in the sense of Definition 5.2.5
and satisfy the condition (%), then the two pairs (hi, ha) and (hy, hy) with

hi=t+ fiy € Aly, 2] @ k(t) and hy = fo+y € Aly] x k(1)
hi=fi+ycAly 2] @ k(t) and hy =t+ foy € Aly] @4 k(t)
are admissible with respect to Aly] ® k(t) and also satisfy (*).

Proof. We check the definition of an admissible pair: Note that
Aly, 2] @k k(t)/(h1, ha) = Al2] @k k() /(t = f1f2) = Aly, 2] @k k(t)/(ha, h2)

Thus the quotient is geometrically integral over k(t) by Lemma 5.2.8. Recall that
for i = 1,2 the k(t)-algebras

Alz, yl@rk(t)/ (t+ fiy) ~ (Al2] @ k(t));, and  Alz, y]@rk(t)/(fity) ~ Alz]@rk(?)

are strongly k(t)-rational. Thus the pairs (h1, he) and (A1, hy) are admissible with
respect to Afy] @ k(t). To show condition (x), let F/k(t) be a field extension and
let (q1,q2) € F2. Then the composition

Aly, 2lo.n, @k F/(h1 +q1,ha +q2) — Alz]o.p, @k F/(t+ fi+aqu, fo + 14 q2) W, g

yields an F-algebra epimorphism, where the first map is the quotient by the ideal
(y—1) and the second map exists because f1 and f satisfy the condition (x). Hence,

the pair (hy, ho) satisfies condition (x). The same argument works for (hy, hy). O
We end this part by reformulating (x) for the construction in Example 5.2.7.

Example 5.2.10. Let k be a field and let B be a strongly k-rational algebra, e.g.
a polynomial ring. Let f € B[z] be neither a zero-divisor nor a unit. Assume that

B[z]/(f) is geometrically integral and that f satisfies the condition
VF/k Vq € F' 3 F-algebra epimorphism B[z]y, f @ F/(f + q) — F. (%)

Then the pair f; = f +y € By, z] and fo = y € B[y| is admissible with respect to
Bly] by Example 5.2.7 and satisfies condition (%), as

Bly, 2]o. (f4+4) @k F/(f +y + a1,y + q2) ~ Blzlo.f @x F/(f — a2 + q1)
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for every field extension F/k and ¢1,¢q2 € F.

5.2.4. Admissible pairs and torsion orders

In this part, we apply Theorem 4.3.8 to the degeneration (5.2.2), which provides us
a flexible way to understand the torsion order of complete intersections by under-
standing the torsion order of hypersurfaces.

The first theorem is a key technical result, which controls the torsion order in

affine degeneration of the form (5.2.2) and can be seen as an algebraic version of
Theorem 4.3.8.

Theorem 5.2.11. Let k be an algebraically closed field and let A be a commutative
ring with 1 and of finite characteristic e € Z>1 such that e € k*. Let A be an integral
smooth k-algebra of finite type. Assume that fi € Alz] and fo € A are admissible
with respect to A and satisfy condition (x). Let I € Alz] be a non-trivial element

and consider

Wy = SpecA[z]/(fhfz,l : 8zf1) C Z:= SpeCA[z]/(fL f?)
Wy = Spec A[z] @y, k(t)/(t — fif2,1-0-f1) C X = Spec A[z] @ k(t)/(t — f1f2),

where k(t) is an algebraic closure of a purely transcendental extension k(t)/k. Then
X is an integral variety and Tor™(Z, W) | Tor® (X, W).

Proof. Let R := k[t](;) and consider the R-scheme
X = Spec (A[z] ®, R/(t — f1f2)). (5.2.6)

Note that Z is the intersection of the two irreducible components of the special fibre
and X is the geometric generic fibre of X. We aim to apply Theorem 4.3.8 to the
family (5.2.6); thus we check that the assumptions in Theorem 4.3.8 are satisfied.

The family (5.2.6) is flat and separated over R by [GW20, Proposition 14.20 and
Proposition 9.15]. It is clearly of finite type.

The generic fibre X is geometrically integral, as it is integral by Proposition 5.2.6,
Cohen-Macaulay by [Eis95, Proposition 18.13], and contains an open (dense) sub-
scheme, which is geometrically integral by Lemma 5.2.8.

Consider the closed affine subscheme

Wx = Spec (A[z] @ R/(t — f1f2,1-0.f1)) CX
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Note that Wy xx Z = Wy and Wy xx X = W for Wz and W as in the statement
of the theorem. The open subscheme X° := X \ Wy C X is given by

Spec (Alz] @k R/(t — f1/2))1.0. 5, = Spec Alz]io. 5 @k R/(t — f1f2),

where we used that [, fi € A[z]. Thus X° is a strictly semi-stable R-scheme by
Proposition 5.2.6 and so condition (2) of Theorem 4.3.8 is satisfied. The special

fibre of the family (5.2.6) consists of the two irreducible varieties

Yy ~ Spec A[z]/(f1) and Y1~ Alz]/(f2).

By definition of an admissible pair, the intersection Z = YyNY; ~ Spec A[z]/(f1, f2)
is (geometrically) integral and the varieties Y and Y are isomorphic to an open sub-
scheme of affine space, see Remark 5.2.3. Hence condition (1) and (3) hold. In total,
we have shown that the assumptions of Theorem 4.3.8 are satisfied for the family X
and the closed subscheme Wy. Thus the theorem follows from Theorem 4.3.8. [

The following theorem provides a framework to inductively construct certain affine
complete intersection from affine hypersurfaces by simultaneously controlling the
(relative) torsion order. As the torsion order is related to the rationality, see the
discussion in the introduction, the proposition can be seen as an affine analogue and

generalization of [NO22, Theorem 7.7], where stable irrationality is studied.

Theorem 5.2.12. Let k be an uncountable algebraically closed field and let m > 2

and n,r > 0 be integers with m € k*. If there exist non-constant polynomials
fiyooos fr €klz1, o Tngr] and  f € klx1, ... Tpgr, 2]

such that

(C1) the k-algebra B = k[x1,...,Tntr]/(f1,-. ., fr) is strongly k-rational;

(C2) the affine scheme Spec B[z]/(f) is an integral k-variety of dimension dim B;

(C3) there exists a non-zero polynomial | € k[, ..., Tptr, 2] such that

Tor”/™ (Spec Bz]/(f), Spec B[2]/(f,1- 0.f)) = m;

(C4) f € B[z] satisfies condition (xx).
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Then for every integers d and M with d > M > 1, there exist polynomials

v~

ff €kl ..., enpr,wr,...,wpr, 2] and  fri1 € kwr, ..., wp]
of degree degf =deg f +d, deg f = deg f and deg f,41 = d such that

(a) the polynomials fi,..., frr1 and f satisfy the properties (C1)-(C4) if addi-
tionally d = M or M > 2;

(b) the polynomials f1,..., fr and f satisfy the properties (C1)-(C4) and the de-
grees with respect to the x,z- and w-coordinates are deg, , f = deg f and
deg,, f=d+1.

We call d the added degree and M the number of added variables.

Proof. The theorem is a consequence of the following claim, which we prove by
applying inductively the results from Section 5.2 together with a simple degeneration

argument.

Claim. For all integers d and M with d = M > 1 or d > M > 2, there exist

polynomials

fE€klr, ..., xnqr,z,w1,...,wpy] and  frp1 € kfwy, ..., was]

of degree deg f and d respectively, such that f and f.,; are admissible with respect
to Blwi,...,wq] for B as in (C1) and satisfy condition (x) from Section 5.2 as well

as

TOTZ/m (SpeCB[zawlv' : 7wM]/(f¢ fT+1)>SpeCB[Z7w17 s 7wM]/(fa f'l’+1>l ’ asz)) =m

for some [ € k[z1,...,Znyr, 2]. Additionally, we have f—fe Ewi,...,wy] of
degree 1.

The claim immediately implies (a), see Definition 5.2.5 and (*). The explicit
construction of f and f,,1 in the claim allows us to construct f and deduce (b).

The proof of the claim is divided into two steps. In the first step we show the
claim for d = M > 1 via the results from Section 5.2. The second step proves the
claim for d > M > 2 by applying a simple degeneration argument together with
Lemma 4.2.9.
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5. Torsion order of complete intersections

Step 1. Assume that d = M > 1. We construct inductively f and f,1. If d =1,
then Example 5.2.10 applied to the strongly k-rational algebra B and f € B[z| shows
that

f=f+we klz1,...,Tp4r,w, 2] and fry1 =w € k[w]

are admissible with respect to B[w] and satisfy the condition (x). Note that

Blw, 2]/(f, fr+1) = B/ (f),

which shows the claim for d = 1.

Suppose that for some d > 1 there exists polynomials f € klxi,...,Tner, w1, ..., W4, 2]
and f,41 € k[wi,...,wy] as in the claim with M = d. Consider a purely transcen-
dental field extension k(t)/k. Then the polynomials

g=f+ wgy1 € k(t)[x1,. .., Tpgr, w1, ..., W41, 2] and
Gr41 =t + Way1fri1 € k(t)[w1, ..., wap1]
are admissible with respect to Blwq,...,wq4+1] and satisfy condition (x) by Corol-

lary 5.2.9. Note that

B' = B® k(t)[wi, ..., wir1, 2/ (G, gri1) = B @ k(t)[w1, ..., wa, 2]/t — ffri1).

Thus, Theorem 5.2.11 and the assumption on the relative torsion order in the claim

imply

Tor™/™ (Spec B' @41y (1), Spec(B' @y K(D)/(L- :9)) = m.

Up to identifying k(t) with k via a field isomorphism, which exists as both fields are
algebraically closed field extensions of the same (uncountable) transcendence degree
over the same prime field, we can assume that the polynomials § and g, are defined
over k. Note that § and g,41 are admissible with respect to Blwi,...,wqs+1] and
satisfy condition (). We also have deg § = deg f, degg,11 = d + 1, and deg,, § = 1

as well as

TorZ/m (SpeCB[w17 ey W41, Z}/(gmgr—i-l)a SpeCB[wlu ey W41, Z]/(g7g’r‘+17l . azg)) =m.

Thus, we have constructed inductively polynomials as in the claim for d = M, which

concludes the first step.
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5.2. Affine degenerations

Step 2. Assume that 2 < M < d. By Step 1, there exist polynomials

fE€klrr, ..., Tnyr,wi,...,wpr, 2] and  frpq € kfwy, ..., way]

of degree deg f = deg f and deg fr+1 = M, which satisfy the conditions in the claim

for d = M. In fact, it follows from the construction in Step 1 that we can take

f:f—}—w1+"'+wM € klxy,...,xm, w1, ..., W, 2] and (5.2.7)

fro1 =tz —wy(ts —wy—19) € klwy, ..., wy]

for some t1 € k with t; = 0 if and only if M = 2, some to € k* which is transcendental
over the prime field of k, and some polynomial g € k[wy, ..., wpr—o] of degree M —2.

Let k(t) be an algebraic closure of a purely transcendental field extension k(t)/k.

Consider the polynomials

g::fEkal,...,mN,wl,...,wM,z and

®)l ] (5.2.8)
Gre1 = fro1 +twar(wpr—1 — Oar2)h € k(t)[wr, . .., warl,

where the polynomials f and fr41 are as in (5.2.7), h € k[wi,...,wp—1] is an

arbitrary polynomial of degree d — 2, and d,/2 is the Kronecker delta, i.e. dpr2 =1
if M =2 and dp72 = 0 otherwise.

We check that the polynomials g and g,4+1 in (5.2.8) satisfy the conditions in the

claim by using some abstract field isomorphism k ~ k(t), see also Step 1.

The admissibility of g and g,41 with respect to B&gk(t)[ws, ..., wys| and condition

(%) can be shown via similar arguments as in Section 5.2. We provide some details

for the convenience of the reader. Identify k(t) with k(¢,¢2) and consider
A=B Rk k(t,tg)[wl, ce ,UJM].

Note that A is strongly k(t,t2)-rational, as B is strongly k-rational by (C1), see
Example 5.2.2 (3); in particular A is a smooth geometrically integral k(¢,t2)-algebra
of finite type by Lemma 5.2.4. Viewing § and g,4+1 from (5.2.8) as elements in A[z],
we find that

A[z]/(g) = B[wlv oo, Wd,s Z]/(f) Rk k(tvt2>

5.2.8
A/(grir) PV AJ (b — wri(ty — wrr—1g — Hwni—1 — ar2)h)

are strongly k(t,ts)-rational by the definition of admissible (Definition 5.2.5) for
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f and f,,1 and Example 5.2.2 (2). The elements j € A[z] and g,;1 € A satisfy
condition (%), as for every field extension F/k(t,t2) and any ¢1,¢2 € F, we have an

F-algebra epimorphism

A[Z]azg ®k(t,t2) F B ®; F[wl, e, Whr—2, Z]azf (C4)
(~ + + ) —» la+qo — F (T)
gT41,9r+1 T G2 (f+w1+'.'+wM*2+5M’2+t1—5M729 +Q1)

The first arrow is the quotient by the ideal (was—1 — dar,2) together with an isomor-
phism of F-algebras using the explict description of § and g,4+1 from (5.2.8). This
uses that t1 — dy729 € k*. In particular, we see that the k(t,t2)-scheme

Spec A[2]a,3/(9, gr+1) = Spec (A/(gr41)) [2]6.5/(9) (5.2.9)

contains a k(t,ts)-rational point and is smooth over k(t,ta), as it is a standard
smooth Spec A/(gr+1)-scheme and the k(t,t2)-algebra A/(gr11) is strongly k(t,t2)-
rational by the above, see also Lemma 5.2.4. The scheme (5.2.9) is an open sub-
scheme of Spec A[z]/(g, gr+1), see e.g. the argument in Remark 5.2.3. Both schemes

are integral k(t, t2)-varieties, as A[z]/(g, gr+1) is a localization of the integral domain

B & k(B)[te, wr, - wats 2/ G grin) T2 B @y k®)[wi, . - war, 2/ (). (5.2.10)

Thus, the k(t,t2)-scheme (5.2.9) is geometrically integral by [Stacks, Tag 0CDW].
Since (5.2.9) is an open subscheme of the k(t, t2)-variety Spec A[z]/(g, gr+1), which is
also Cohen-Macaulay by [Eis95, Proposition 18.13], the variety Spec A[z]/(g, gr+1)
is also geometrically integral over k(t,t2). Hence § and g,41 are admissible with

respect to A, in particular also with respect to B ®j k(t)[wi, ..., wa].

The statement about the torsion order follows now directly from Lemma 4.2.9 via
the degeneration ¢ — 0. Hence, the polynomials § and g,41 satisfy the conditions
in the claim for d > M > 2, which concludes Step 2 and the proof of the claim.

We turn to the construction of f and the proof of (b). Let d and M be positive
integers such that d > M. Then, the claim applied for the integers d + 1 and M + 1

shows that there exists polynomials

fEk[xl,...,xn+r,w1,...,wM+1,z] and fT+1€k[w17"‘7wM+1]

of degree deg f and d + 1, respectively, such that the conditions (C1)—(C4) are
satisfied for fi,..., fr4+1 and f. In fact, the construction in Step 2 shows that the
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polynomials
f: f""ll)l + -t wpmtr € k[$17...,$n+r,W1,... ,’U)M+1,Z]and
fra1 =t —wnrg (bt —wng — Hwnr — Orv12)h) € k[w, ... war4]
work for some specific ¢, ty € k* and t; € k and some polynomials g € k[wy, ..., wyr—1]

and h € klwy,...,wys] of degree M —1 and d—1, respectively, see (5.2.7) and (5.2.8).

We note that there is a B-algebra isomorphism

Blwi, ... w1, 2/ (f, fre1) ~ Blwi, ..., war, 2]/ (f), (5.2.11)

where f is the degree (d + deg f) polynomial

v

f=ta+ (f +wp+ -+ wM)(t1 —wWpg — t(wM - (5M+172)h) (5.2.12)

in k[x1,...,Tpyr, w1,...,war, 2], It is straightforward to see from the isomorphism
(5.2.11) and the explicit form of f in (5.2.12) that (b) holds for f as in (5.2.12). [

Remark 5.2.13. (a) The proof shows that the polynomial [ in (C3) for the poly-

nomials fi,..., fr and f also works for fi,..., fr+1 and f as well as for

fi, o fr andf.

(b) The proof shows that the polynomial f can be choosen as f = f + h for some

linear polynomial h € k[w1, ..., wys], see the claim in the above proof.

(c) If M = 2, then we can also choose the polynomials in (5.2.8) as
g = f: fHw+we and gr41 =ty —wiwe +twf.

Indeed, the proof uses the strongly k(t,t2)-rationality of A/(g,+1), the exis-
tence of the epimorphism (), and the isomorphism (5.2.10) as well as that
gr+1 specializes to fr41 from (5.2.7) via t — 0. The last two properties are
obviously still satisfied for the new choice of g,11. We can replace (f) by

Al2]0.5®kt12)F/(9+a1, gri1+q2) — BORF[2]o.f/ (f +ta+t+ e+ q +1) — F

where the first map is the quotient by the ideal (w; — 1) and the second map
exists by (C4). The strongly k(t, t2)-rationality of A/(g,4+1) follows from

A/(gr11) ~ B @y k(t, ta)[wi, wa] /(t2 — wi(ws + tw{™ ")) = B @ k(t, t2)[w1]w, -
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5.3. Base examples

To apply the machinery of affine degenerations from Section 5.2, we need explicit
equations of (rationally connected) hypersurfaces with no integral decomposition of

the diagonal.

5.3.1. Schreieder’s hypersurface examples

In [Sch19b, Sch21a], Schreieder constructs examples of singular hypersurfaces with
non-trivial unramified cohomology classes, in particular these examples have no de-
composition of the diagonal. Starting from these explicit hypersurfaces, Schreieder
and the first named author [L.S25] manage to increase the dimension of the hypersur-
face examples via a degeneration argument, see Theorem 4.3.8. In this subsection,
we recall these constructions from Chapter 4 and show that they fit into our affine

degeneration framework, leading to the following result.

Theorem 5.3.1. Let k be an algebraically closed and uncountable field. Let n',m >

2 be integers such that m is invertible in k. Then for every integer N satisfying

l

n'—1 /
<N<n+27 2 " LJ
3 < <n + —i—Z(l)

1=0 m
and any integer d > n' + m, there exists an irreducible polynomial
feklxy,...,xN, 2]
of degree d satisfying condition (%) and such that
TorZ/™ (Spec k[z1, ..., xn, 2]/ (f), Specklz1, . .., xn, 2]/ (f, 8. £)) =m.  (5.3.1)
In particular, f satisfies (C1)-(C4) in Theorem 5.2.12 forn =N, r =0.
We start with the singular hypersurface examples in [Sch21a], see also Section 4.5.

Example 5.3.2. Let k£ be an algebraically closed field containing an element 7 € k,
which is transcendental over the prime field of k. Fix integers m,n > 2 such that m

is invertible in k£ and consider the polynomial

n nt1\ "
g=1- <1+ZIE£ m 1) —(=D)"z129 ... 7 € kX1, ..., 20]. (5.3.2)
i=1
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For an integer N satisfying n +1 < N < n + 2" — 2, we consider the polynomial

N—n

fo=g(z1,...,2n) + Z cj(z1, ..y xp)znt; + (=) T30 . 2n 2™ (5.3.3)
j=1
in k[z1,...,2nN, 2], where g is as in (5.3.2) and ¢; == (—z1)°' (—22) ... (—2z,)™" in

k[z1,...,xy] for the unique ¢; € {0,1} satisfying 7 = .7, &,2"!. We note that
deg fo = n + m and that ¢1(z1,...,2,) = 1.
In fact, fo is the dehomogenization of the homogeneous polynomial F' appearing

in (4.5.3). Thus, Theorem 4.5.1 implies that fy is an irreducible polynomial and
Tor”/™ (Spec klxi,...,zN, 2]/(fo), Speck[z1,...,xN, 2]/ (fo,0:f0)) = m,

as 0. fo = (—1)"mxy - - - 2,2™~ L. In particular, fy satisfies the conditions (C1)—(C3)

in Theorem 5.2.12 for n = N and r = 0; the lemma below shows condition (C4).

Lemma 5.3.3. Let the notation be as in Example 5.3.2. Then for any field extension
F/k and any element q € F, there exists an F-algebra epimorphism

Flzy,....xn, 2z,w]/(fo +q, (—1)"may - - 22" 'w — 1) — F. (5.3.4)

Proof. Let F'/k be a field extension and let ¢ € F. It clearly suffices to construct
the epimorphism in the case that N =n + 1. If ¢ € F' is defined over k, then the
existence of an epimorphism (5.3.4) is straightforward, as k is algebraically closed.

Indeed, there exists clearly an k-algebra epimorphism
Elz1, ..., 201, 2,w]/(fo + ¢, w0, fo — 1) — klxp]/(z +7(n+1)" +q) — K,

where the first morphism is the quotient by the ideal (1 —1,...,2, — 1,2 —1) and
the second homomorphism exists as k is algebraically closed. Since tensor product
is right-exact, the F-algebra surjection (5.3.4) exists for ¢q € k.

Thus, we may assume now that ¢ € F'\ k. Let ¢ € k be such that C[RTHW = -1,
which exists as k is algebraically closed. Then the quotient by the ideal

(ke — Cx1,23— 1, . w1 — 1,2 — 1) C Flz1, ..., Tpt1, 2, W)
yields an F'-algebra homomorphism

Flay, - eng1, 2o.fo/(fo + @) — Flaile, /(m(n = )™ + 21+ ¢) = F.
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5. Torsion order of complete intersections

where we used for the isomorphism that w(n — 1)™ 4+ ¢ # 0, as ¢ ¢ k. O

Starting from the above examples, we constructed in Section 4.4 a series of hy-
persurface examples without a decomposition of the diagonal via the “double cone

construction”, see also [Moe23]. We state an affine version of this construction.

Example 5.3.4. Let k be an algebraically closed field and let N, m,d € Z be positive

integers such that N, m > 2, m is invertible in &k, and 2m < d. Suppose there exists

an irreducible polynomial f € k[x1,...,zN, 2] of the form
m .
f=b2" 4> ail, (5.3.5)
i=0
for some index jy € {1,..., N} and some polynomials
b,ao,...,am € k[z1,...,Zj,...,TN]

not containing the variable z;, and of degree degb = d —m, dega; < d — ¢ such that

TOI"Z/m (Speck[xl, .- ,xN,z]/(f),Speck[:cl, s 7xN’Z]/(f’8Zf)) =m.

For example, the polynomial fy in (5.3.3) satisfies the assumptions for jo =n + 1.
Let K/k be an algebraically closed field extension of transcendence degree 2 and
let A\, ¢ denote a transcendental basis of K/k. Consider the K-scheme

X = {f(x1,...,2Nn,2) +wo + Azjy + Dwy =t —wowy = 0} € AR,

where x1,...,zN, 2z, wy, w1 are the coordinates of A%Jrg. Note that X is as a K-

scheme isomorphic to
X ~ Spec K[21, ..., 2N, 2, w0, wy |/ (f(21,. .., 2N, 2) +wo + (Azjy + Vtwy )

m
~ Spec K[x1,..., 2N, 2,wo, wy ']/ (bzm + Zai(woxjo —AH g + t)\xj()) ,
i=0

where the second isomorphism is given by the transformation x;, — (wox;, — A™1).
If dega; < d—2iforalli € {0,...,m}, then X is isomorphic to an open subscheme
of the affine degree d hypersurface in A%“ given by the irreducible polynomial

m
f =bz" + Z ai(womjo - A_l)i + wo + t)\l'jo S K[l’l, ..., TN, Z, wo]. (5.3.6)
1=0
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By degenerating X via t — 0, it follows from Proposition 4.4.7 that
TorZ/™ (SpecK[:cl, . xn, z,wol/(f), Spec K[z, .. ., xn, z,wol /(f, wo - 8Zf)) =m,

see also the proof of Theorem 4.6.1. Note that f is again of the form (5.3.5).

Observe that f automatically satisfies the condition (). Indeed, since b is a non-

zero polynomial over an infinite field k, there exists o = (a;),_; JooN € kN1

such that b(a) # 0. Then the quotient by the ideal
(z = L@jo, @ — ai 11 # jo)

induces for any field extension F'/K and any ¢q € F the following F-algebra epimor-
phism

Fley,...,xn, z,w0, w)/(f+4,w0. f—1) — Flwol/ (f(a1,...,an,1) +wo +q) =~ F,
where we set o, = —A\.

Repeatedly applying the “double cone construction” to the polynomial fj in (5.3.3)

yields polynomials of degree deg fy in a polynomial ring of larger Krull dimension.

Remark 5.3.5. Let n, m > 2 be integers such that n,m > 2. Then for N = n+2"—2
the polynomial fy from Equation (5.3.3) reads

2n—9
fo=g(x1,...,xn) + Z cj(x1, ..y xp)znt; + (=) T30 . 22 (5.3.7)
j=1
in k[xy,...,Tp4on—9, 2|, where g,c1,...,con_9 € k[x1,...,z,] are some specific non-

zero polynomials, see Example 5.3.2. In particular, we see that the “double cone
construction” is applicable for jo € {n + 1,n+2,...,n+ 2" — 2}.
A quick analysis of the change of the polynomials a; under the “double cone

construction” f — f shows that we can apply the construction from Example 5.3.4

25 Vb—fqu -5 (7) MLJ

j=1 1=0

in total

times, see the proof of Theorem 4.6.1 and also Lemma 4.4.2.

We summarize the results of the above examples (Example 5.3.2 and Exam-

ple 5.3.4) before turning to the proof of the Theorem 5.3.1. Let k be an algebraically
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closed and uncountable field and let n,m > 2 be integers such that m is invertible

in k*. For every integer N with n+1 < N <n + 2" — 2, there exists a polynomial
feklxy,...,xN, 2] (5.3.8)
which is irreducible of degree n + m and satisfies the conditions (xx) and (5.3.1).

Proof of Theorem 5.3.1: The construction of the polynomial f involves the existence
of a polynomial in (5.3.8) together with Theorem 5.2.12 (b). Let N, d be integers
satisfying

n'—1 /
/ l
d>n"+m and 4§N§n'+2"—2+§ <n>LJ
1=0

Then there exists an integer 2 < n < n’ such that

n—1
n+1§N—1<N§n+2"—2+Z<7) VJ
=0 m

Note that d > n" +m > n+m. If d = n + m, then there exists by (5.3.8) an
irreducible polynomial f € k[z1,...,xn, 2] of degree d satisfying condition (xx) and

(5.3.1). So, we can assume d > n + m, then there exists by (5.3.8) an irreducible

polynomial f € k[z1,...,zn_1, 2] of degree n 4 m satisfying condition (xx) and
TorZ/™ (Spec klz1,...,xx_1,2]/(f),Specklz1,...,zn_1,2]/(f, azf)) =m.

Note that this uses Lemma 4.2.6 (b) and (e). Applying Theorem 5.2.12 (b) to the
polynomial f with r = 0 and added degree d—n—m and 1 added variable, there exists
an irreducible polynomial f € k[z1,...,zy, 2], denoted by f in Theorem 5.2.12, of
degree d = n+ m + (d — n — m) satisfying condition (xx) and such that

TorZ/™ (Speck[z1,...,zN,2]/(f),Speck[x1,...,zN, 2]/(f,0:f)) = m,

i.e. the polynomial f satisfies the claims in the theorem.

It remains to show the theorem for N = 3. Since k is an uncountable field, there
exists m,p € k which are algebraically independent over the prime field of k. We
claim that for any d > 2 + m the polynomial

. d 2] r21\™ m m
f=pr5+m(14+a;™ + — z1x9 + 2125 + T1X02™ € k11, 29, T3, 2]
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satisfies the properties stated in the theorem. Indeed, a direct computation shows
that if f € k[z1, 22, 23][2] would be reducible, then it has to be divisible by xjz2,
which it is clearly not. Thus f is irreducible. We note that f degenerates via p — 0
to a polynomial fy of the form (5.3.3), thus it follows from Lemma 4.2.9 that

Tor®/™ (Spec k[x1, w2, 23, 2]/ (f), Spec k[z1, x2, 23, 21/ (f, 0-1)) = m,

see also [L.S25, Corollary 6.2]. The condition (xx) follows by a similar argument as

in Lemma 5.3.3, which shows the claim and thus the theorem. O

5.3.2. A special quartic fourfold

We provide three examples of affine complete intersections, namely a quartic four-
fold, a (2, 2, 2)-fourfold, and a (3, 3)-fivefold, which also fit in our framework of affine
degenerations from Section 5.2, which are used in the proof of Theorem 5.1.2 for
the case of small Fano index r < 2, see also Proposition 5.4.3. These are based on
a special quartic fourfold example from [LS25, Example 4.6], which is birational to
the quadric surface bundle example in [HPT18a]. Throughout this section, let k& be
an algebraically closed field of characteristic char k # 2.

Example 5.3.6. Consider the irreducible polynomial
h=yi + 212205 + xoy3 + w1 (1 + @] + 25 — 201 — 229 — 22122) € K[y, 22, Y1, Y2, 3)-

The argument sketched in Example 4.3.6 shows that the Z/2-torsion order of the

affine scheme

X = Spec k[x17x27y17y27y3]/(h)

relative to the closed subscheme W = {z1z9y; = 0} C X is equal to 2. In fact, the

argument presented there can be adapted? to show that

Tor”/? (Spec k[x1, 22, y1, y2, y3] /(h), Spec k[x1, T2, y1, Yo, y3]/ (h, T1229192y3)) = 2.

We would like to emphasize that this relies on some vanishing results for unramified
cohomology classes, for instance [Sch19b, Theorem 9.2].
By replacing y1 = w121, y2 = 22, and y3 = x1z3 and dividing the resulting

polynomial by z1, we find that X is birational to the affine hypersurface associated

3the polynomial g in Example 4.3.6 is invariant under any permutation of the coordinates xo, z1, 2.
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to the following irreducible polynomial in A = k[x1, x2, 21, 29, 23]:
f= xlz% + acgzg + xlxgzg +(1+ x% + x% — 211 — 229 — 2w129). (5.3.9)
In particular, we see from the above explicit change of coordinates that
Tor?/? (Spec A/(f),Spec A/(f, z1m2212223)) = 2. (5.3.10)

To see that the polynomial f fits in our framework of affine degeneration, we check

the condition (x%) by a similar argument as in the proof of Lemma 5.3.3.

Lemma 5.3.7. For any field extension F'/k and any q € F, there exists an F-algebra
epimorphism
Flz1, 22, 21, 22, 23, W]/ (f + ¢, w05, f — 1) —> F,

where f € k[x1,x9, 21, 22, 23] s the polynomial in (5.3.9).

Proof. Let F/k be a field extension and let g € F. If ¢ is defined over k, then there

is a k-algebra epimorphism
k[‘rla T2, 21,22, 23, U}]/(f +q, 2wr1T223 — ]-) - k[zla 22]/(’2% + Z% -2+ Q) - k?

where the first morphism is the quotient by the ideal (7 — 1,29 — 1,23 — 1) and
the second morphism exists as k is algebraically closed. Thus the lemma follows
for ¢ € k C F by the right-exactness of the tensor product. Thus, we may assume
g € F\ k. Then, the quotient by the ideal (z1 + x2 — 1,21 — 1, 29, 23 — 2) yields the

claimed F'-algebra epimorphism
F[x17$27 Z17 227 237w]/(f+Q7 2w$1$223—1) I F[xl,w]/(x1+q,4wa:1(x1—1)+1) =~ F7

where we used that ¢ # 0, 1. O

We recall the explicit birational equivalence of the (affine) quartic fourfold in
Example 5.3.6 with a (2,2,2)-complete intersection from [HPT18b, §3.1], which is

based on a construction of Beauville [Bea77].
Example 5.3.8. Consider the polynomials

1=~y tesza—2,  p2i=yityesstai—2, psi=yizs—yozatl4+zE (5.3.11)
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in k[y1,y2, 21, 22, 23, 24, 25), see [HPT18b, Equation (3.3)]. Then there exists an

isomorphism of k-algebras

klyi,y2, 21, 22, 23, 24, 25] 25/ (D1, P2, P3) = k[z1, %2, 21, 22, 23] 23 / (f),

where f € k[x1,x9,21,29,23] is as in (5.3.9). In particular, the affine (2,2,2)-
complete intersection {p; = pa = p3 = 0} C A% is birational to the affine quartic
fourfold {f =0} C A‘Z. Indeed, the following sequence of isomorphism provides the

claimed isomorphism:

kY1, Y2, 21, 22, 23, 24, 2525/ (—y1 + 25 + 2324 — 2, Y1 + Y223 + 21 — 2, Y125 — Y224 + 1 + 22)

~ k[z1, 22, 23, 24, 25 25/ ((z% + 2324 — 2)z5 4+ (22 + 2324 4+ 28 —4)zg tzg + 1+ z%)

= klz1, 22, 23, 24, 25 25/ <z3_124z% + (25 + 23 '24) 22 4+ 232425 + 25 + 1+ 22 — 225 — 4z3_124>

1 2 P 2
~ klry, 22,21, .., 25)23/ ($1 — 2y 24,T3 — X1 — 25, T12] + T2y + Tazzzy + (25 — 1)° — 4»”61)

2 2 2 2
~ k[x1, x2, 21, 22, 23] 25/ (xlzl + xozy + x1x02s + (X2 — 11 — 1)° — 4x1) .

We could not verify the condition (C1) for any two of the three p;’s. It seems
that the polynomials p1,pa, p3 in (5.3.11) do not fit directly in the setup of Theo-
rem 5.2.12. Instead, we consider a different affine chart of the projective closure of
{p1=p2=p3=0} CA".

Example 5.3.9. Consider the k-algebra k[yi, y2, 21, 22, 23, 24, 25] and the polynomi-
als p1, p2, p3 from (5.3.11). We perform the following change of coordinates

— —1 —1 -1 -1 _-1 -1 -1
($1,...,.%'5,£C6,377) — (y224 yR124 5 R2%4 22324 R4 »YlZ4 ;2524 )

Then the quadric polynomials pi, p2, p3 from (5.3.11) read

q1 = —TTs + ,I% + x4 — 2$§ € k[ﬂ?l, .. .,.T7],
Q2 = Texs + 124 + $g — QI% € k‘[l‘l, ce ,x7]a (5'3'12)
g3 = TgT7 — X1 —f—x% +1:% S k:[xl, . ,ZE7].

The above constructions imply that the affine (2,2, 2)-complete intersection given

by q1, g2, q3 satisfies the assumptions in Theorem 5.2.12 for m = 2.
Corollary 5.3.10. For q1,q2,q3 € k[z1,...,27] as in (5.3.12) the following holds:

(i) The k-algebra klx1,x3, x4, 25,6, 27)/(q1,q3) ~= k|xs, x5, x6,27] is strongly k-

rational;
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(i) X = Speck[z1,...,27]/(q1,q2,q3) is an integral k-variety of dimension 4.
(iii) Set W = {xoz425 = 0} C X, then Tor®/?(X, W) = 2;

(iv) For any field extension F/k and q € F, there exists an F-algebra epimorphism

F[flfl, e ,l’?,ﬂ)]/(Ql,(]Q + q, Q3,w83;2q2 - 1) —» F.

Proof. Statement (i) is obvious and statement (ii) follows from [HPT18b]. The
isomorphisms in Example 5.3.8 and the change of coordinates in Example 5.3.9

imply that

k[xla T2, 21, 22, z3]$123/(f) — k[xla .. 7337]934355/(6117(]27 Q?))’

-1 -1 -1 -1 -1 -1
(Z’l,xQ,Zl,ZQ,Z:g) 3(.’1)4 , L7 +$4 , L2Ty , 3Ty , T4y )

is an isomorphism of k-algebras, where f is as in (5.3.9). Via this isomorphism
statement (iii) follows from (5.3.10). We turn to the proof of statement (iv). Let
F/k be a field extension and let ¢ € F. Note first Flz1...,27]/(q1,92 + q,q3) is

equal to
2 2 2 2 2 2
Flzo, x3, x5, 6, x7] [ (x6x5 + (25 + 7 + zex7) (225 + x5 — 23) + w5 — 225 + ).

Thus the quotient by the ideal (x2 — 1,23 — 1, 25,27 — 1) induces the F-algebra

epimorphism
F[xly s 7$7aw}/(Q1aQZ + 4, g3, 2row — 1) - F[:EG]/(_xfi + Q) = F7

which shows statement (iv) and thus completes the proof of the corollary. O

We conclude this section by constructing an affine (3, 3)-fivefold whose relative
Z/2-torsion order is divisible by 2. By applying the results from Section 5.2 to
an affine (2,3)-complete intersection isomorphic to the affine quartic fourfold in
Example 5.3.6.

Example 5.3.11. From the explicit form of the polynomial f in (5.3.9), we see that

there exists an k-algebra isomorphism

k[x1, 9, 21, 22, 23]/ (f) = K[z1, 22, 73, 21, 22, 23]/ (f1, f2)
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5.3. Base examples
where f1, fo € k[x1, x9, 3, 21, 22, 23] are the polynomials
fi= acg—zg,, fo = xlz%—|—xgz§+m1x2x3+(l—I—x%—i—m%—Qxl—2x2—2m1x2). (5.3.13)

Note that the k-algebra B = k[x1,x9, 23, 21, 22)2,2,/(f2) is strongly k-rational
and that B[z3]/(f1) is a geometrically integral k-algebra of Krull dimension 4, as
it is a localization of a geometrically integral k-algebra. Moreover, we have for any

field extension F'/k and any element g € F' an F-algebra epimorphism

B @y Flzslo., 1, /(f1 + @) = k[z1, 2,73, 21, 22, 23] 01202/ (f1 + ¢, f2) — F (5.3.14)

given by the ideal (23 — a, 9 — 3,71 — o2 — 1,21 — v/—123, 22 — 2), where o € k*
is chosen such that a? + ¢ # —1,0. In particular, we find that f; + x4 € B|z3, 4]
and x4 € Blz4] are admissible with respect to Blz4] and satisfy condition (%) by
Example 5.2.10.

Thus, we can apply Theorem 5.2.11 and find by (5.3.10) that the affine scheme

X" = Speck(t)[x1, 22, 23, %4, 21, 22, 23]a1 25 / (t — Ta(f1 + 74), fo),

is a geometrically integral k(t)-variety of dimension 5 satisfying

Tor™ (X' Xy k1), W' Xy k(1)) = 2,

where W' = {z1292123 = 0} C X’ and k(t)/k is a purely transcendental field

extension of transcendence degree 1. In fact, the k(t)-scheme
X = Speck(t)[z1, x2, 23, 24, 21, 22, 23]/ (t — 24 (f1 + 24), f2)

is an integral k-variety by a similar argument as in Proposition 5.2.6 and hence of
dimension 5. Moreover, X is Cohen-Macaulay by [Eis95, Proposition 18.13] and
contains an open dense geometrically integral subscheme. Thus X is geometrically

integral and it satisfies

Tor®2(X X gy k(£), W X ey k() = 2
for the closed subscheme W := {z1x92123 = 0} C X.

Corollary 5.3.12. Let fi, fo € k[x1, x2, 3, 21, 22, 23] be the polynomials as in (5.3.13)

and let K = k(t) be the algebraic closure of a purely transcendental field extension
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k(t)/k of transcendence degree 1. Then the following holds:

(i) The K-algebra B = Klx1,x2,%3,%4,22,23]/(t — x4(f1 + z4)) is strongly K-

rational;
(ii) X := Spec B[z1]/(f2) is an integral K -variety of dimension 5;
(iii) Set W = {x1x92123 = 0} C X, then Tor??(X, W) = 2;

(iv) For any field extension F/k and q € F, there exists an F-algebra epimorphism

Flay, 32, 23,24, 21, 22, 23)0,, £,/ (t — 2a(f1 + 24), f2 +q) —> F.

Proof. The first statement follows directly from the isomorphism of K-algebras
B = K1, 22,23, T4, 22, 23]/ (t — x4(23 — 23 + 24)) = K[21, T2, 24, 22, 23],

The statement (ii) and (iii) are proven in Example 5.3.11. To prove statement (iv),
let F'/K be a field extension and let ¢ € F'. Then the quotient by the ideal

(1’4— 1,20 —2,1—x1+x9,21 — 1,23 — V1 —t)
yields for ¢ # 0 an F-algebra epimorphism
Flxy, w9, 3,4, 21, 22, 23)0,, £,/ (t — xa(f1 + x4), fo + q) —> Flz1]/(z1 4+ q) ~ F.

For the ¢ = 0, (5.3.14) implies the existence of such an F-algebra epimorphism. [J

5.4. Applications and main results

In this section we apply the machinery developed in Section 5.2 to the base examples
in Section 5.3 in order to construct certain affine complete intersections. Taking the
closure of these complete intersections in different compactification of affine space

A" enables us to prove the main results stated in the introduction.

5.4.1. Complete intersections

We start with the most straightforward compactification of AV, namely PV. In the

following proposition, we construct affine complete intersections with given (relative)
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torsion order. Their projective closure can be controlled via the theory of Grobner

basis and graded monomial orderings, see Proposition 2.6.4.

Proposition 5.4.1. Let k be an uncountable and algebraically closed field and
let nym > 2 be two integers such that m € k*. For s > 1, consider an s-tuple
(di,...,ds) € Z%, of positive integers satisfying di > n +m.
Then for all integers N and M satisfying the inequalities
s n—1 n ]
s—lﬁMﬁZdi—n—m and 4§N§n—|—2”—1—|—z ) {J, (5.4.1)
i1 j=0 \J/ Lm

there exist polynomials g1,...,9s € klx1,...,ZN,Y1,-..,yn] of degree degg; = d;

such that the scheme

X = Speck[z1,...,zN,Y1,---,ym]/ (91, -, gs)

is an (integral) k-variety of dimension N + M — s and satisfies Tor”/ ™(X, W) = m,
where W :=={l- 03,91 = 0} C X for some non-zero polynomial | € klz1,...,zN].
Moreover, if s < M then the leading monomials of g1,...,gs are relatively prime

for some graded monomial ordering.

Proof. Let s > 1 and let (di,...,ds) € Z%; be a tuple of positive integers such
that di > n 4+ m. We can assume without loss of generality that each d; > 2,
as dy > n+ m = 4 and for any k-algebra A we have a k-algebra isomorphism
Alz]/(z) ~ A. Let N, M,d be positive integers satisfying the inequalities in (5.4.1).
Since N satisfies the bounds in (5.4.1), Theorem 5.3.1 shows that for every integer

d" > n + m there exist non-zero polynomials
f€klrr,...,xzn] and € kfz1,...,zN] (5.4.2)

such that f is irreducible of degree d’ and satisfies condition (xx) with z = x; as

well as

Tor™™ (Spec kfer, ... /(). Specklar,....an)/(f.1- 0 ) =m.  (5.4.3)

In particular, the properties (C1)—(C4) in Theorem 5.2.12 are satisfied for f and the
integers n = N — 1 and r = 0. We will use the existence of such f several times
throughout the proof.

If s =1, then we set d’' := d; — M and note that d’ > m + n by (5.4.1). Consider
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5. Torsion order of complete intersections

the irreducible polynomial f € k[z1,...,zn] of degree d' from (5.4.2). Then, we
define a polynomial ¢; € k[z1,...,xn,w1,...,wy| of degree dy by setting g1 = f,
if M =0, or by applying Theorem 5.2.12 (b) to f and with » = 0, added degree M
and M added variables and setting ¢ := f , if M > 0. In both cases we know that

the affine scheme

Speck[ml,.. 3 INyYly .- 7yM]/(gl)

is an integral k-variety of dimension N 4+ M — 1 and satisfies Tor”™ (X, W) = m,
where W := {l - 0;,91 = 0} C X for [ as in (5.4.2). This proves the case s = 1.
Assume from now on s > 2. We distinguish three cases depending on M.

Case a. If M > 2s — 2, we set d' := min{dy,dy + --- + ds — M}. Note that
n+m < d <d; by (5.4.1). Since each d; > 2 by assumption, we have

2s —2< M+d —dy <dp+---+d,.

Thus there exist (not necessarily unique) integers Mo, ..., Mg € Z>o such that 2 <
M; < d;and Mo+---+M, = M+d' —d;. Weset My :==dy—d'. Let f € k[z1,...,2N]
be the irreducible polynomial of degree d’ as in (5.4.2). By applying Theorem 5.2.12
(b) to f with added degree M; and M; added variables if M; > 0, we can assume
that there exists an irreducible polynomial f € klxi,..., N, Y1, .., Yr) of degree
dy, which satisfies the properties (C1)—(C4) in Theorem 5.2.12. Then we repeatedly
apply Theorem 5.2.12 (a) to f with added degrees do, ...,ds and Mo, ..., M, added

variables in order to obtain polynomials

g1 € ]6‘[1131, <o s NS YLy .- ayM]7 g2 € k[yMl—l—la s )yMl—i-Mg]? (544>

93 € E[YM+Mot1s - s UM+ Mot Mz )5 - - - » Gs € K[YM—Mo+1, - - - YM])

of degree deg g; = d; such that the scheme

X = Specklz1,...,xN,Y1,---,ym|/ (g1, -, 9s)

is an integral k-variety of dimension N+M—s (see (C2)) and satisfies Tor/™(X, W) =
m, where W :={l - 05,91 = 0} C X for some [ € k[x1,...,zN] (see (C3)). In fact, [
can be choosen as in (5.4.2), see Remark 5.2.13. The claim about the leading mono-
mials follows directly from (5.4.4) by choosing the graded lexicographical ordering,
see Example 2.6.1. Note that this uses implicitely that the degree of g; does not

change under the construction in Theorem 5.2.12 (a), see Remark 5.2.13.

Case b. Assume s < M < 2s—2. Define the integer s’ := M +2— s and note that
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2 < ¢ < s by the assumption on M. Similar to Case a, we apply Theorem 5.2.12 (a)
repeatedly s’ — 1 times with added degrees do, . ..,dy and 2,2,...,2 added variables
starting with the polynomial f € k[z1,...,zyN] of degree d’ := dy as in (5.4.2). Thus,

we obtain polynomials

g1 €k[z1,...,xN, Y1, - Y25 —2], 92 € kY1, y2), -, 95 € K[yas—3,y25—2] (5.4.5)

of degree deg g; = d; as well as deg,, g1 = d; such that

X' = Speck[r1,...,aN,Y15- - Y2 2]/ (g1, -+ gs')

is an integral k-variety of dimension N +s' —2 = N+ M — s (see (C2)) and satisfies
Tor?™(X',W') = m, where W’ := {l - 9y,g1 = 0} C X' for I' € k[zy,...,zn] as in
(5.4.2) (see (C3)). By Remark 5.2.13 (c), we can assume that

d.s
gy = a — Yo' —3Y25—2 + bYs_3 € k[yog 3, Y2s—2]. (5.4.6)

for some elements a,b € k*. We define additionally the polynomials

ds/ ds/ dg
G541 = Yas'—1 T You oy Gsr2 = Yoo F You Ty s Gs = Yshs—2 T Y g5 (5.47)

in k[y2s—1,...,yn| of degree deg g; = d;. Then there is an obvious isomorphism of

affine k-schemes

X = SpeCk[xla'”7$N)y17"'7yM]/(gla'-°795)
= SpeCk[xL"'71‘N7y17“'7y28’—2]/(917”'7g8’) = X/7

where g1, ..., gy are as in (5.4.5). In particular, X is an affine k-variety of dimension
N + M — s. The isomorphism sends W' € X' to W = {l - 9;,1 = 0} C X, which
immediately implies that Tor”™ (X, W) = Tor”™ (X', W') = m. The explicit forms
of g1,...,9s in (5.4.5), (5.4.6), and (5.4.7) imply that the leading monomials are
relatively prime for the graded lexicographical ordering (Example 2.6.1).

Case c. If M = s— 1, then consider the polynomial g1 := f € k[x1,...,xx] as in
(5.4.2) and define the polynomials

g2 :=y1 + ho(z1,...,2N), g3 = y2 + ha(z1,...,2N), ..., gs = ym + hs(z1,...,2N)

in klx1,...,ZN,Y1,-.-,Ym], where ha,... hs € k[x1,...,2N] are arbitrary polyno-
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mials of degree deg h; = d;. Then the claims in the proposition reduce in this case

via the obvious isomorphism of affine k-schemes

Speck[z1, ..., N, Y1, yml/ (915 -5 9s) = Speck[z1,...,zN]/(f) = X’

to the same statements about X', which are known by Theorem 5.3.1. O

As a first consequence, we obtain a new lower bound on the torsion order of
complete intersections in projective space. Recall that any (smooth) complete inter-
section of dimension at least 2 in projective space satisfies h1'0 = 0, see e.g. [SGA7,
Exposé XI, Théoreme 1.5]. In particular, its torsion order is infinite or it has trivial

Chow group of zero-cycles (CHg(—) ~ Z), see Lemma 4.2.7.

Theorem 5.4.2. Let k be a field and let n, m > 2 be integers. Then the torsion order
of a very general complete intersection of multidegree (di,...,ds) and dimension
D > 4 is divisible by m, if di > n 4+ m and the Fano index

S n—1 .
r::D+s+1—Zdig2"+Z<’7> {jJ—m. (5.4.8)
i=1 j=o \J/ Lm

Proof. Since the torsion order of any k-variety is divisible by the torsion order of
its base change to any field extension L/k and the notion of very general is stable
under field extension by Lemma 2.4.3 (ii), we can assume without loss of generality
that the field k is algebraically closed and uncountable.

Let (di,...,ds) € Z%, and D > 4 be positive integers satisfying di > n +m and

S n—1 .
D+8+1—Zdi§2n+z<?> L‘;J —m.

i=1 j=0

Then we easily find integers N and M with

S n—1 .
ngSZdi—n—m and 4§N§n+2”—1+z n {jJ
j=1 j=0 \J/ Lt

such that D = N + M — s. By Proposition 5.4.1 with N and M as above, we know

that there exist polynomials

fla"'?fsEk[xla"waayl?"'ayM]

of degree deg f; = d; such that the leading monomials of fi,..., fs are relatively
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prime for some graded monomial ordering and the affine k-variety

X° = Speck[z1,..., N, Y1, yMm]/(f1,-- -, f5)

has dimension D and satisfies Tor?/™(X°, W°) = m for some closed W° C X°.
Let X be the projective closure of X° in P¥*M and denote by Hs the hyperplane
PN+M A\ ANTM  Then it follows immediately that X is a (projective) k-variety of

dimension D satisfying
Tor?/™(X, W) = m, (5.4.9)

where W C X is the unique reduced closed subscheme satisfying X \ W = X°\ W°
in X. Moreover, Proposition 2.6.4 implies that

X:Projk[a:())'"7xN7y17‘"7yM]/(f{L7"‘7fsh)7

where f!' € k[xo,...,ZN,¥1,---,ym] is the homogenization of the polynomial f;,
see Definition 2.6.3. Thus X is an integral complete intersection of multi-degree
(dy,...,ds) in PN+*M — PD+s guch that the Z/m-torsion order relative to some
non-empty closed subscheme is equal to m.

Let X4, .4, be a very general complete intersection of multidegree (di,...,ds) in
PP*s over k. We aim to show that m divides Tor(Xy, . 4,) by using (5.4.9). By
Lemma 2.4.3 (iii), up to a base change to an algebraically closed field extension of k
the variety Xg, 4, degenerates to X. Since the torsion order is stable under base
changes to algebraically closed field extensions, see Lemma 4.2.6, we can assume that
Xd,,....d, degenerates to X. The intersection of Hy, and D — 1 general hyperplane
sections yields a closed subscheme W of the total space of the degeneration, which
has relative dimension 0 and whose restriction to X is contained in W. The latter
uses that Ho N X C W by construction. Thus, we conclude from Lemma 4.2.9
applied to the total space of the degeneration with closed subscheme W that

TorZ/m(Xdl,m,dS, Wa, ..d,) = TorZ/m(X, W) (5i9) m,
where Wy, a, = WNXy, . 4
of Xg,....a,- In particular, we find that m divides the torsion order Tor(Xg, . 4,) by
is infinite or CHo(Xg, . 4.) ~Z. O

is a non-empty zero-dimensional closed subscheme

S

Lemma 4.2.6, as the torsion order of X4, 4

S

Proof of Theorem 5.1.1: Let r,m € Zx>1 be positive integers. If m = 1, then the

statement of the theorem is trivial, so we can assume that m > 2. We aim to
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deduce the theorem from Theorem 5.4.2. Up to reordering (di,...,ds) € Z3,, we

can assume that d; > logy(r +m) +m. We set n := d; — m and note that
n > [logy(r +m)] > [logy(3)] = 2.

Note also that the dimension of a complete intersection X of multidegree (dy, ..., ds)

with positive Fano index r > 0 is at least
S
dimX > di—s5>dy— 1> [logy(1+m)] +m—1>3.
i=1

We observe that dim X = 3 if and only if s = 1, m = 2 and d; = 4. Note that
the statement for quartic threefolds has been proven in [CTP16], see also [Sch21a,

Theorem 1.1]. Thus we can assume that dim X > 4. Since
n—1 n .
r§2"—m§2”+z . {jJ—m,
j=0 \J/ LM

Theorem 5.1.1 follows directly from Theorem 5.4.2. O

5.4.2. Complete intersections of small Fano index

Starting from the examples in Section 5.3.2, we obtain additional affine complete

intersection of small Fano index.

Proposition 5.4.3. Let k be an uncountable algebraically closed field of character-
istic different from 2. Let (dy,...,ds) € Z%4 be an s-tuple for some integer s > 1.
Then for all integers M satisfying

sSM<di+-+ds—3,

there exist polynomials f1,...,fs € klxi,...,z440] of degree deg fi = d; whose

leading monomials are relative prime for some graded monomial ordering such that

X = Speck[z1,...,xae01]/(f1,- s [5)

is a (integral) k-variety of dimension 4+ M — s and satisfies TorZ/Q(X, W) =2 for

some non-empty closed subscheme W C X.

The construction of fi,..., fs is very similar to the construction in Proposi-

tion 5.4.1 replacing the base example from Section 5.3.1 with the examples from
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Section 5.3.2. We provide some details for the convenience of the reader.

Proof. Up to reordering the d;’s, we can assume that dy > do > --- > ds. If di > 4,
then the proposition is a special case of Proposition 5.4.1 with n = m = 2 and
N =4, except if M =dy + ---+ ds — 3, then take N = 5. So we can assume from
now on that each d; € {2,3}. We distinguish three cases.

Case a. Assume d; = -+ = ds = 2 and s > 3. Define sy := 25 — M and note
that 3 < sop < s. Let q1,q2,q3 € k[z1,...,27] be the polynomials as in (5.3.12) and
define the polynomial

. 2
Qi = T44; + T34,; € k‘[l’l, . ,:C4+50}.

for i € {4,...,50}. Then we have an isomorphism of k-algebras

k[JJIa z3, ... 7x4+so]/(q17 43,44 - - - 7QSO) = k[wlaxiﬂy cee 7'7;7]/(QI7 (J3)

Thus, it follows from (5.3.10) that the assumption (C1)—(C4) of Theorem 5.2.12 are
satisfied for q1,¢s3,q4,...,¢qs, and f = g2 with z = x5. Applying Theorem 5.2.12 (a)
with added degree 2 and 2 added variables (s—sg) times yields quadratic polynomials

fl € k[xlﬂ .. 'a$4+28780]5 f2 =q1 € k[‘rla cee ax4+80]’

fi=a €klzr,...,25),  fsorj € k[Tarsor2j—1, Tatsor2s)

forie {3,...,s0} and j € {1,...,s — 5o} such that the affine scheme

X = Specklz1,...,zqe4m]/(f1,- -\ [s)

is an integral k-variety of dimension 4 + M — s and Tor”/?(X, W) = 2 for some
non-empty closed subscheme W C X.
Note that the leading monomials of the polynomials ¢, ..., qgs, with respect to

the graded monomial ordering given by xo > x3 > -+ > x445, > 21 are
LM(q1) = 23, LM(g2) =23, LM(gs) =3, LM(q)= a3,

for i € {4,...,s0}; in particular the leading monomials of ¢i,...,qs, are relatively
prime. It follows from Theorem 5.2.12 that the leading monomials of the polynomials

fi, ..., fs are relatively prime for the graded monomial ordering given by

Tg > T3> -+ > T4 M > T,
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see also Remark 5.2.13 (c). Thus, we can assume now d; = 3.

Case b. Assume d; = 3 and M # 3s — 3. We aim to apply a similar argument
as in Proposition 5.4.1, which we spell out for the convenience of the reader.

Let f € k[z1, 22, 21, 22, 23] be the polynomial of degree 4 as in (5.3.9). It is shown
in Example 5.3.6 and Lemma 5.3.7 that the polynomial f satisfies the assumption
(C1)—(C4) of Theorem 5.2.12 for r = 0. Define

sy :=max{e € {0,1,...,s—2} : M —s—e >0}

and set My = M — s+ s1 € Z. Note that 251 < My < da +d3s + -+ + ds, +1.
Then there exists integers Mo, ..., Mg, 11 € Z>9 such that My + - - + M, 11 = M.
By applying Theorem 5.2.12 (a) sj-times to the polynomial f with added degree

do,...,ds,+1 and My, ..., M, 41 added variables, we find polynomials
f €k, 20,21, 22, 23,91, - -, Ymo)s fo € K[y, .., yns),
[ ol [ 2] (5.4.10)
f3 € k[yMQ"l‘l? .. -ayMQ-‘ng]a ey fs1+1 € k[yMo—Msl.t,_p s 7yMsl+1]

of degree deg f =4 and deg f; = d; for i = 2,...,s; + 1 such that

X = SpeCk[mlax% 21,22,23,Y1, - - - 7yM0]/(f7 f2a f37 s af81+1)

is a k-variety of dimension My + 4 — s1 satisfying Tor?/? (X, W) = 2 for some non-
empty closed subscheme W C X. Moreover, the polynomial f is of the form f = f+h
for some linear polynomial h € k[y1, ..., yn,], see Remark 5.2.13 (b).

For each j € {s1 +2,...,s — 1} define the polynomial

d; o
Zy’ + 2 if j =s142,
fi= { 2 T e (5.4.11)

d ,
Zit1_s, T Zj+2—s, Otherwise.

in k[z2,24, 25, . ., Zs+1—s,]. Then we have

1

Speck[xl,xg,zl,...,zs+1_81,y1,...,yMO]/(f, fo, f3y- ey fom1) = X,

Consider the following polynomials
1

f1= :L‘lz%+argz%+x1x§_ds—i—(l—i—x%—l—x%—le—2x2—2x1x2)+h, fs = wg—xgzgs_ ,

in k[z1,2, 23,21, Zs41—s15Yls -« - YMo), Where h € kl[yi,...,yn,] is the linear
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polynomial h = f — f for f as in (5.3.9), see Remark 5.2.13 (b). Then the above

isomorphism yields

X~ SpeCk[Ilax2u$3azlu ooy Rs+1—s819Yly - - 7yMO]/(f1)' . 'afs)v

Note that 3+s+1—s1 + My =4+ M. The leading monomials of the polynomials

fi,.-., fs are relative prime for the graded monomial ordering
Tl >21>T2>T3>22 > > Zeglosy > Y1 > Y2 >0 > YMy,

which concludes this case.

Case c. Assume d; = 3 and M = 3s — 3, in particular d; = --- = ds = 3. By
Corollary 5.3.12, there exist cubic polynomials c;, ca € k[x1, z2,. .., x7] such that the
assumptions (C1)—(C4) of Theorem 5.2.12 are satisfied. By applying Theorem 5.2.12
(a) (s — 2)-times with added degree 3 and 3 added variable each time, we obtain

flv"'afs € k‘[l‘l,...,llfgerl]

with degree deg f; = 3 such that the affine scheme

X = Specklz1,...,z35+1]/(f1,-- -, [s)

is an integral k-variety of dimension 2s + 1 and satisfy Tor%/2 (X, W) = 2 for some

non-empty closed subscheme W C X, which completes the third and final case. [

Theorem 5.4.4. Let k be a field of characteristic different from 2. Then the torsion
order of a very general complete intersection X C PN of multidegree (dy,...,ds) €
254 is divisible by 2 if N > 4+ s and the Fano indexr:=N+1—dy —---—ds < 2.

Remark 5.4.5. Theorem 5.4.4 covers the complete intersection of s; cubic hyper-

P3s1+2s2+1 ip particular the complete intersection of s

surface and so quadrics in
quadrics in P?**!'. These cases are not contained in Theorem 5.4.2. The special
case of a (2,3)-fourfold, originally due to Skauli [Ska23], was recently reproved by
Fiammengo-Liiders [FL25] using the methods of [PS23, LS25]. The input from
[HPT18a] here is replaced with the stable irrationality result of cubic threefolds due

to Engel-de Gaay Fortman-Schreieder [EGFS25], which builds on [Voil7].

Proof. We prove the theorem by essentially the same argument as in Theorem 5.4.2.

Since the torsion order and the notion of very general behave well under field
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extensions, we can assume that k is algebraically closed and uncountable. By
Proposition 5.4.3, there exists an affine complete intersection X° of multidegree
(di,...,ds) in AY such that TorZ/Q(XO7 W®) = 2 for some non-empty closed sub-
scheme W° C X°. Moreover, the leading monomial of a set of defining equations of
X°© are relatively prime for some graded monomial ordering. Let X be the closure
of X° in PV and denote by H,, the hyperplane PV \ AV, Proposition 2.6.4 shows
that X is a complete intersection in PV of multidegree (dy,...,d,) such that

Tor?/2(X, W) = Tor?/?(X°, W°) = 2

for the non-empty closed subset W C X satisfying X \ W = X°\ W° C X.

Let Xg, ... a, be a very general complete intersection in PN of multidegree (di,...,ds).
Since the base change to an algebraically closed field extension does not affect the
torsion order by Lemma 4.2.6, we can assume that X, . 4, degenerates to X by
Lemma 2.4.3 (iii). The intersection of Xg, 4, with Hs and dim X — 1 general hy-

perplanes gives a non-empty zero-dimensional closed subscheme Wy, 4. C Xg, . a4,

specializing to a closed subscheme of W. Thus, Lemma 4.2.9 implies that
2| Tor™*(Xa,..d0s Way,....a.)-

In particular, we find that 2 divides Tor(Xg, . q,) by Lemma 4.2.6, as Tor(Xy, . 4.) =
oo or CHo(Xg,,... a,) =~ Z by Lemma 4.2.7. O
Proof of Theorem 5.1.2: The case r < 2 is exactly Theorem 5.4.4. We turn to the
other case. Let d; > 4 be a integers and set n := d; — 2 > 2. A small computation
shows that

o

see Lemma 4.6.4. Thus, Theorem 5.4.2 with m = 2 implies the theorem. O

5.4.3. Hypersurfaces in products of projective spaces

We aim to compactify AN to a product of projective spaces. This leads to new
bounds on the torsion order of hypersurfaces in products of projective spaces and

subsequently also statements about the irrationality of such hypersurfaces.
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Proposition 5.4.6. Let k be an uncountable and algebraically closed field and let
n,m > 2 and s > 0 be integers such that m € k*. Then for any (s + 1)-tuples

(M(),Ml, cee ,MS), (do,dl, e ,Cls) S Z‘;{l

satisfying dy > n+m, d; > M; + 1 for alli € {1,...,s}, and

n—1 .
4§M0§n+2”—1+z(77> VJ (5.4.12)
— \j ] Lm
7=0
there ezists an irreducible polynomial f € k[Yo1, .- Y0, MosY1,15 - - - s YL My Y2,15 - - - » Ys, M,

of multidegree (dy,d1,...,ds) such that

TorZ/m (Spec k[yO,h ceey yS,Ms]/(f)’ Spec k[y(),la cee 7yS7Ms]/(f’ 8?;0,1»10 f)) =m

Proof. Fix (non-negative) integers n, m, and s as in the statement of the proposition.
Let My, My, ..., Mg, dy,dy,...,ds be positive integers satisfying dy > n 4+ m, d; >
M; + 1 for each i € {1,...,s}, and (5.4.12).

Since dy > n+m and M satisfies the bounds in (5.4.12), Theorem 5.3.1 shows that
there exists an irreducible polynomial f € klyo 1, ..., %0 nm,] of degree dy satisfying

Tor®™ (Spec k[yo.1, - - -, Yo,m0)/ (f): SPec k[yo,1, - - -, Yo,10)/ (f, Byor f)) = m

and condition (x%) with z = yo 1. Hence, the proposition holds for s = 0 and we can
assume now that s > 1. Note that the conditions (C1)—(C4) in Theorem 5.2.12 are
satisfied for f and the integers n = My — 1 and r = 0.

We repeatedly apply Theorem 5.2.12 (b) to f with added degrees d; —1,...,ds—1

and Mi,..., M, added variables and obtain an irreducible polynomial

N

FE€kYo1, - Y0,Mos Y115+ s Y1 M1 > Y2,15 - - - 5 Ys, M.,]
of multidegree (dy,dy,...,ds) such that
TorZ/m (Spec klyo1, ... ,y&Ms]/(f), Speck[yo.1, - - - ,ysyMs]/(f, 8yo,MOf)) =m,
which finishes the proof of the proposition. O

We consider the closure of the above affine examples in a product of projective

spaces. Similar arguments as in Theorem 5.4.2 show then the following result.
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5. Torsion order of complete intersections

Theorem 5.4.7. Let k be a field and let n,m > 2 be integers. Then the torsion

order of a very general hypersurface in PMo x ... x PMs of multidegree
(do,dy,...,ds) > (n+m,M;+1,...,Ms+1)

is divisible by m, if

n—1
l
4§Mo§n+2”—1+2<7) {J

1=0 m

Proof. Since the notion of very general is stable under field extension by Lemma 2.4.3
(ii) and the torsion order of a k-variety is divisible by the torsion order of its base
change to a field extension, we can assume without loss of generality that the field

k is algebraically closed and uncountable.

Let My, ..., M, € Z>1 be positive integers such that

n—1
4§M0§n+2”—1+z<7> VJ

=0 m

For any (s + 1)-tuple (do,...,ds) € Z;l with dg > n+m and d; > M; + 1 for

i€ {l,...,s}, Proposition 5.4.6 shows that there exists an irreducible polynomial

fo € k[yo,la s 7y0,M07y1,17 s 7y1,M17y2,17 cee 7yS7Ms]

of multidegree (do,d1,...,ds) such that the Z/m-torsion order of the integral k-

variety
X°:={f°=0} c AMo x...x AM:

relative to some closed subscheme W° C X° is equal to m.

Let Y := PMox...xPMs be the product of projective space and view AMot++Ms —
Y as a standard open subscheme; denote its complement by Hy,. Let X C Y be the

closure of the locally closed subscheme X° inside Y and let

f € k'[y(],()? <o Yo, Mos Y1,05 - - -5 Y1, M1, Y2,05 - - - 7?Js,Ms]
be the (multi-)homogenization of f°. Then it follows immediately that

X={f=0cYy =P x...x P,
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is an integral hypersurface of multidegree (dy, d1, .. ., ds) satisfying Tor”/ X, W) =
m for some closed non-empty subscheme W C X, in fact W is the unique closed
und reduced subscheme such that X \ W = X°\ W° C X.

Up to a base change to an algebraically closed field extension, which does not a
effect the torsion order (Lemma 4.2.6), we can assume that a very general hyper-
surface Xy, . 4, of multidegree (do,ds, ...,ds) in PMo x ... x PMs degenerates to X,
see Lemma 2.4.3 (iii).

Consider the total space X of the degeneration, which is a hypersurface in the
product of projective spaces PM0 x ... x PMs over some discrete valuation ring. The
intersection W of X with H,, and My+- - -+ Ms—2 general hyperplane sections gives
a closed subscheme of relative dimension 0, whose intersection with X is contained
in W, as X N Hyx, C W by construction.

Applying Lemma 4.2.9 we find that

Tor?™( Xy, .. a0 WN Xay....a.) = Tor?/™(X, W) = m, (5.4.13)

where W N Xg, . a4, C Xg,,....4, is @ non-empty zero-dimensional closed subscheme.

A simple computation using the Kiinneth formula shows that H 1’0(Xd0,...,ds) =0,
which uses that My > 1. Thus Lemma 4.2.7 shows that Tor(Xg, . 4,) = oo or
CHo(X4y,..d,) = Z. In the latter case, Lemma 4.2.6 and (5.4.13) show that the
Tor(Xq,,....d,) is divisible by m. O

Proof of Theorem 5.1.3: Let the assumptions be as in the statement of Theorem 5.1.3.
We set n = log,(M;) and note that n > logy(4) = 2. Moreover,

n—1 .
Mi=2"<24n-1+> (" VJ
j=0 \J/ L

Thus the statement follows directly from Theorem 5.4.7. O

5.4.4. Hypersurfaces in Grassmannians

To illustrate the flexibility of the method, we consider also hypersurfaces in Grass-
mannians over C. Recall briefly some standard facts of Grassmannians, see e.g. [EH16,
Section 3.2]. Let k be a field and I,n € Z>; be positive integers such that | < n.
We denote the Grassmannian variety, whose closed points parametrize [-dimensional

vector subspaces of k™, by Gr(l,n). Throughout this section, we fix a Pliicker em-
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bedding
tpr: Gr(l,n) — P,gl)_l =P,

which is a closed embedding. Let U C P be a standard open affine chart of the
projective space P. Then it follows from the construction of the Grassmannian that
the scheme-theoretic intersection V = U N Gr(l,n) C P is isomorphic to AN,
In fact, V is the intersection of dimU — dim V' hyperplanes in U see e.g. [EH16,
Proposition 3.2].

Lemma 5.4.8. Let the notation be as above. Then for any integral affine hyper-
surface X° C V ~ A0 of degree d, there exists an integral affine hypersurface
Yo CU ~ Al)-1 of degree d such that the scheme-theoretic closure X of X° in
Gr(l,n) is isomorphic to

X ~Y xp Gr(l,n),
where Y C P denotes the scheme-theoretic closure of Y° in P = p(7)-1,
Proof. Since V is the intersection of hyperplanes in U, we can write the global sec-
tions of U as k[U] = k[V][y1, - - -, YdimU—dim v]- In particular, there exist morphisms
of k-varieties

ty:V—=U and py:U—V

such that py oty = idy. We claim that the fibre product Y° = U xy X° satisfies
the property claimed in the lemma. Note that Y° is an integral affine hypersurface
of degree d, as k[U] = k[V][y1,- - ., Ydim U—dimv]. Consider the morphisms

f:y° 2 X° 5 Gr(l,n) and ¢:Y° > P= IP’(TZL)A,
where the unspecificied arrows are the natural inclusions. Then it follows from the

universal property of the fibre product that the scheme-theoretic image Im f of f is
isomorphic to the fibre product

Im f ~Img xp Gr(l,n).

Note that Y = Img. Thus it suffices to show that Im f is equal to the scheme-
theoretic closure X of X° in Gr(l,n).

The equality of morphisms py o vy = idy implies that as sets f(Y°) is equal to
the set-theoretic image of X° in Gr(l,n) via the natural inclusion. Since Y° and X°
are reduced schemes, we find that Im f is equal to the scheme-theoretic closure X
of X° in Gr(l,n), see e.g. [GW20, Remark 10.32]. O
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The lemma together with the examples of affine hypersurfaces in Theorem 5.3.1
shows the following theorem about the torsion order of very general hypersurfaces

in Grassmannians.

Theorem 5.4.9. Let n’,m > 2 and l,n > 1 be positive integers such that | < n
and set N == (}) — 1. Fiz a Plicker embedding Gr(l,n) — PN of the Grassmannian
Gr(l,n) over C. Then the intersection of Gr(l,n) with a very general hypersurface
of degree d > n' +m in Pg has torsion order divisible by m, if
n’) J

, {J +d—m. (5.4.14)

] m

n'—1
4<dimGr(l,n) =ln—-1)<2" -1+ > (
=0

Proof. Let n’,m,l,n be integers as in the theorem and write N = (?) —1. Since l(n—

1) satisfies the bound (5.4.14), there exists by Proposition 5.4.1 an affine hypersurface

of degree d > n’/ 4+ m such that Tor”™(X°, W°) = m for some closed subscheme
we c X°.

Let X C Gr(l,n) and Y C PV be the k-varieties constructed in Lemma 5.4.8;
let Hy, == PN \ U be complement of the standard affine open U = AV in PV. We
denote by W C X the unique reduced closed subscheme of X, whose complement is
equal to X°\ W°in X.

Let Y; be a very general hypersurface of degree d in projective space PV over
k. Up to replacing C by an algebraically closed field extension, we can assume
by Lemma 2.4.3 (iii) that Y; degenerates to Y. Let X  be the intersection of Yy
with Gr(l,n), which is embedded in PV via the fixed Pliicker embedding. Then
Xy degenerates to X. The intersection of Xy with H,, and dim X4y — 1 general
hyperplanes is a non-empty closed zero-dimensional subscheme W, of Xy, which
specializes to a closed subscheme of W C X.

Thus Lemma 4.2.9 implies that TorZ/m(Xd, Wy4) = m. We aim to deduce that m
divides Tor(Xy), which could be co. By Lemma 4.2.7 and Lemma 4.2.6, it suffices
to prove that H°(Xj, de) = 0. Consider the long exact sequence associtated to the

conormal short exact sequence of the (Cartier) divisor Xy in Gr(l,n)
s — HY(Gr(l,n), Q) — HO (X4, Q) — H' (X4, Ox,(—d)) — ...

It is well-known that the integral cohomology ring of a Grassmannian is generated by
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5. Torsion order of complete intersections

the Schubert classes and thus only non-trivial in even degree. In particular the first
term in the above exact sequence vanishes. The vanishing of the last term follows
directly from Kodaira’s vanishing theorem applied to ample line bundles of the form
Ocr(,n)(j) on Gr(l,n) for j > 0. Thus we have HO(Xd,Q}(d) = 0 by exactness,
which implies that m divides Tor(X) by the above argument. O

Remark 5.4.10. The assumption on the base field being C is mostly for simplic-
ity and the argument also works over arbitrary fields up to the computation of
R0 (Xgq) =0.

Proof of Theorem 5.1.4: The statement follows from Theorem 5.4.9 together with

the equality
n'—1 / . /
n J / n'—2 n
= = —1)2 — | =
2 (y) M (' =1) M

=0
see Lemma 4.6.4. O
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6. Specialization of algebraic equivalence

6.1. Introduction

We observe in this small note that algebraic equivalence specializes in strictly semi-
stable families (see Definition 2.3.2) via a slightly refined version of Fulton’s special-

ization map, which is constructed as follows:

Let R be a discrete valuation ring with (perfect) residue field k£ and fraction field
K. Let X be a regular proper flat R-scheme such that its reduced special fibre is
an snc divisor in X in the sense of Definition 2.3.1. Such schemes X are called
DNC-models in [BGS95]. For example, proper and strictly semi-stable R-schemes
(see Definition 2.3.2) are DNC-models. We denote the generic fibre by X, and the
irreducible components of the special fibre (with reduced scheme structure) by X;
with ¢ € I. Since each X; is a Cartier divisor on X (X is regular), there exists a

homomorphism
L;-kl CHH—l (X) — CHZ(XZ‘),

where ¢;: X; < X is the natural inclusion, see [Ful98, Proposition 2.6, Section 20.1].

Recall the localization exact sequence from [Ful98, Proposition 1.8]
CH1(X) -5 CHy 1 (X) L5 CH(X,) — 0,

where 11 X — X and j: X,, — & are the natural inclusions. This implies that the

homomomorphism

Z 0 CHpp (X) — €D CHY(X))

icl
induces a homomorphism
rsp: CHy(X,) — @D CHy(X;)/Im Py, (6.1.1)

iel
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6. Specialization of algebraic equivalence
where ®y is the composition

Lx
Py CHp 1 (X) 2 CHpp 1 (X) 24 P CHi(X,),
icl
see also Definition 3.4.4. We additionally denote the composition with the projection
onto the CH;(X;) factor by ®x x,. The morphism ®x has been used for instance in
[PS23, Definition 3.1] for I = 0 to obtain an obstruction to a decomposition of the

diagonal of the (geometric) generic fibre, see also (4.3.2).

Since intersecting with divisor is commutative by [Ful98, Corollary 2.4.2], we see
that the image of rsp is contained in the subgroup of @, CH;(X;)/Im ®x consisting
of classes of elements («;); € @; CH;(X;) which satisfy

o - (Xz N X]) =aqj - (Xl N XJ) € CHl_l(Xi N X])
We omit this in the following to simplify notation and the arguments. A version of

this subgroup is studied under the name prelog Chow ring in [BBG23, BBG22].

The homomorphism rsp can be thought of as a refined version of Fulton’s special-
ization map: Write X = >, a;X; € Pic(X) for some non-negative integers a; € Z>¢.
Then for any (I + 1)-cycle & € CH;41(X) the additivity of the intersection product

with divisors yields
Ja=X -a= Zai(Xi ca) = ZCLZ‘LXZ.’X*L?CY € CHy(X),

where 11 X — X, 1;: X; — &, and vy, x: X; — X are the natural inclusions. In

particular, we obtain the following commutative diagram

¥

CHy1 (X) m CH,(X)

PO ' PO
il'i ,LvazLXi,X*

CHl(X)7

where sp is Fulton’s specialization map ([Ful98, §20.3]) the dashed arrow is the
induced homomorphism on the quotient; this uses that +*1, = 0, as X is a principal

Cartier divisor on X. Thus Fulton’s specialization map factors through rsp.

The main result of this note is that the refined specialization map respects alge-
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braic equivalence in equicharacteristic 0.

Proposition 6.1.1 (Corollary 6.5.4). Let R be a discrete valuation ring with alge-
braically closed residue field k of characteristic O such that R is a localization of a
finite type k-algebra. Let X be a projective DNC model over R with generic fibre
X, and special fibre X. Denote the irreducible components (with reduced scheme
structure) by X; with i € I. Then rsp induces a morphism on the Chow group of

l-cycles modulo algebraic equivalence

rsp: Ai(X;) — @Al(Xi)/Im Dy
el

This result may lead to the construction of a rationally connected variety with
non-trivial Griffiths group, i.e. an algebraic cycle which is homologous to 0 but not
algebraically equivalent to 0. A strategy using degenerations similar to the one in
Section 4.4 and [PS23, Section 5] requires a variety with a non-trivial torsion element
in the Griffiths group as a base example; such examples have been constructed in
the literature, see for instance [Sch92, RS10, Tot16b, Sch25a, Ale23]. Additionally,
we need to ensure that the algebraic cycle representing the above torsion element
in the Griffiths group lifts to the generic fibre of a suitable degeneration. An extra
argument is required to show that the base change of the lift to the geometric
generic fibre is not algebraically equivalent to 0; in the case of 1-cycles on rationally
connected varieties this is shown in [KT25, Theorem 6].

Throughout this chapter, let R be a discrete valuation ring with perfect residue
field k£ and fraction field K. We usually denote an R-scheme by calligraphic letters
as X, YV, or Z. The special fibre is usually denoted by the corresponding latin letter
X, Y, or Z. We use a subscript n for the generic fibre, e.g. X, ¥, or Z,.

We start with a brief recollection on DNC-models from [BGS95] as well as regu-
lar embeddings and lci morphisms as used in [Ful98]. Section 6.4 summarizes the
required parts of an intersection theory on regular schemes over discrete valuation
rings which is developed in the PhD thesis of A. Weber [Web15]. Proposition 6.1.1

is proved in the final section.

6.2. DNC models

Definition 6.2.1 (DNC model, [BGS95]). A DNC model is a regular proper flat
R-scheme X such that the reduced special fibre is an snc divisor in X'. If a smooth

proper K-variety X is isomorphic to X xr K, we say that X is a DNC model of X.
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Remark 6.2.2. A strictly semi-stable R-scheme as in Definition 2.3.2 is a DNC-

model, if it is proper over R.

Hironaka’s resolution of singularities implies the existence of DNC models, see for

instance [BGS95, Section (1.1)]. More precisely, we have the following:

Proposition 6.2.3. Assume that the dur R is the localization of an algebra of finite
type over a field of characteristic 0. Then for any proper flat R-scheme X with
smooth generic fibre X, there exists a DNC model X and a morphism of R-schemes
7. X — X such that the induced morphism on the generic fibres Ty Xn — X, is
the identity. If X is projective over R, then so is X.

Sketch of proof: Let A be a finite type k-algebra such that R is a localization of A.
Since X is of finite type over R, there exists an affine open subset U C Spec A such
that the composition X — Spec R — U is of finite type.

By Hironaka’s resolution of singularities [Hir64, Main Theorem I, p. 138], there is
an integral regular scheme X’ together with a projective morphism X’ — X. Then
[Hir64, Corollary 3, p. 146] implies that there exists a DNC-model X as claimed.

Since the generic fibre X, is smooth, the sequence of blow-ups used in the resolu-

tion of singularities induces an isomorphism on the generic fibre. O

6.3. Regular embeddings and Ici morphisms

Definition 6.3.1 ([EGAIV, Définition 16.9.2] and [Ful98, Section B.7]).

(a) A closed embedding ¢: X < Y of locally Noetherian schemes is called a regular
embeddding of codimension p if every point x € X admits an affine open
neighbourhood = € Spec A C Y in Y such that the ideal I C A of the closed

embedding is generated by a regular sequence ai,...,aq € A of length d, i.e.
I = (a1,...,aq) € A is a proper ideal and a; € A/(a1,...,a;—1) is not a
zero-divisor for each i € {1,...,d}.

(b) A morphism ¢: X — Z of locally Noetherian schemes is called an locally
complete intersection morphism or short lci morphism if it factors as a regular

(closed) embedding followed by a smooth morphism.

Remark 6.3.2. We use here the convention of [Ful98, Section B.7] that regular

embeddings are closed and lci morphism admit a global factorization as above.

The following lemmas provide two examples of lci morphisms.
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Lemma 6.3.3 ([EGAIV, Proposition 19.1.1]). Any closed embedding ¢p: Z — X
of regular separated scheme of finite type over a locally Noetherian base scheme S
s a reqular embedding. In particular, any projective morphism of reqular separated

schemes of finite type over a locally Noetherian base scheme S is a lci morphism.

Lemma 6.3.4. Let ¢: Z — X be a lci morphism between separated scheme of
finite type over R. Let D C X be a closed subscheme which is also an effective
Cartier divisor on X. Assume that D' .= ¢~1(D) is also an effective Cartier divisor

in Z. Then the induced morphism
oD — D
is also a lci morphism.
Proof. Since ¢: Z — X is a lci morphism, we can write ¢ as
zZ5y-Sx,
where ¢ is a regular embedding and 7 is a closed embedding. Consider the fibre

product diagram

/

¥

D’m
|

Z L

lf.

< —

™

|

We know that 7’ is smooth morphism and ¢/ is a closed embedding by base change.
We aim to show that ¢/ is also a regular embedding. Since D x y) C ) is an effective
Cartier divisor in Y by [GW20, Proposition 11.50(a)], we can replace X with ) and
assume that the morphisms 7 and 7’ are the identity.

Since D' and D are effective Cartier divisors, the natural inclusions tp/: D' < Z

and tp: D — X are regular embeddings. In particular the composition
poipr =tpoy: D — X

is a regular embedding and locally we have Ny, pr >~ (tp/)* Ny /z®Nz,p by [EGAIV,

Proposition 19.1.5]. It suffices to show by loc. cit. that the sequence of sheaves

0 —)QOI*Nx/D —)NX/D/ —>ND/D’ — 0
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is exact and locally split. The sequence is always right exact by [EGAIV, Proposition

16.2.7]. Since D and D’ are Cartier divisors, we have

()" Na/p = (') pOx(D) = (tp)" " Ox(D) = (1p)"Oz(D');
NZ/D’ == (LD/)*OZ(_D/).

Hence locally the above sequence reads
0— (LD/)*Oz(D/) — (LD/)*NX/g ©® (LD/)*Oz(D,) — ND/D’ — 0,

which is clearly (locally) split exact. Hence, ¢’ is a regular embedding. O

6.4. Intersection theory on regular schemes over an dvr

Throughout this subsection we will assume that for any integral separated scheme
Z of finite type over R, there exists a regular integral scheme Z’ over R together
with a proper dominant morphism Z’ — Z which is generically an isomorphism.
Hence the assumption A(Spec R,Z, < n) in [Webl5, Assumption 3.1.2] is satisfied.

Example 6.4.1. The localization of an algebra of finite type over a field of charac-

teristic O satisfies the above condition, see Proposition 6.2.3.
The intersection theory in [Web15] is described in terms of bivariant classes.

Definition 6.4.2 ([Ful98, Definition 17.1]). Let f: X — Y be a morphism of
schemes over some base scheme S. A bivariant class ¢ of degree p over f is a

collection of homomorphisms
D CHY(Y') — CHi_p(Y xy X)

for all morphisms ¢g: Y/ — Y and all [, compatible with proper push-forward, flat
pull-back and (refined) Gysin maps, i.e. for every commutative diagram of fibre
products squares

f” ’l,[)l

XI/ Y// Z//
lh’ lh lho
x Ly v
ol

x 1 .y

with g: Y’ — Y an arbitrary morphism the following conditions are satisfied:
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(C1) If h is proper (and ¢ = idy/), then we have for all « € CHy(Y")

cél)(h*a) = hfkc(gllz(a) € CH;_,(X").
(C2) If h is flat of relative dimension n (and 1 = idy~), then for all « € CHy(Y”)

c;l;rn)(h*a) = (h/)*cg)(a) c CHH—n—p(X”)-

(C3) If hy is a regular embedding of codimension e and v is an arbitrary morphism,
then we have for all « € CHy(Y”)

hheD(a) =l (hha) € CHy_p-o(X").

We denote the group of all bivariant classes of degree p over f by AP(f).

The most important bivariant classes are given by pullbacks along flat morphisms

and (refined) Gysin maps for regular imbeddings or more generally lci morphisms.

Example 6.4.3. 1. Any flat morphism f: X — Y of relative dimension p in-
duces a bivariant class [f] € A7P(f) given by

A1 = (f)*: CH(Y') — CHypp (Y xy X),

where f’: Y/ xy X — Y’ is the induced flat morphism of relative dimension

p, see [Ful98, Proposition 1.7, Lemma 1.7.1, Theorem 6.2].

2. Any locally complete intersection morphism f: X — Y of codimension p (e.g.
regular imbeddings of codimension p) induces a bivariant class [f] € AP(f)
given by

AW = f': CH(Y') — CH, (Y xy X),

where f' is the refined Gysin map in [Ful98, §6.6], see [Ful98, Proposition 6.6].

Remark 6.4.4. The work of Kleiman-Thorup [KT87, Remarks after Proposition
3.3] shows that for any regular scheme Y over R any morphism f: X — Y of R-

schemes is equipped with a unique bivariant class over f, which we denote by [f],
see [Webl15, Remark 4.2.4 (i)].

The main result of [Web15] is the existence of an intersection product on regular
schemes over a base scheme S under the assumption stated at the beginning of this

subsection.
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6. Specialization of algebraic equivalence

Theorem 6.4.5 ([Web15, Theorem 4.3.3 and Lemma 4.3.5 (ii)]). Let X' be a regular

separated scheme of finite type over R. Then there exists an intersection product
‘X CHm(X) (039 CHn(X) — CHm+n—dimX(X)

satisfying the following properties:

(i) The Chow group CH*(X) := CHgimx—+(X) becomes a commutative graded
ring with [X] € CHY(X) as unit element.

(ii) Let vy,: V; — X be closed subvarieties of dimension n; for i =1,2. Then

V1] -x Vo] = 6o, )02 (V2]) € CHapy gy —aim (W1 N W),

Lv2

where v: V1 X x Vo — X is the natural (proper) morphism.

A. Weber [Webl5, Proposition 4.3.7] also constructed a pullback morphism for
any morphism f: ) — X of separated scheme of finite type over R with X regular,
which agrees with the pullback morphism along flat morphism and the Gysin map

for lci morphisms.

Proposition 6.4.6. Let f: Y — X be of reqular separated scheme of finite type
over R. Assume that f is a flat morphism of relative dimension p (respectively a lci
morphism of codimension —p). Then the flat pullback map (respectively the Gysin

morphism for lci morphisms)
7 CHp(X) — CHyyp(Y)
satisfies for any cycles o € CHp,(X) and f € CH,(X):
ffay f*B8=f"(a-xB) € CHypmip—dimx(Y)-

Moreover, if f is also proper, then for any a € CH,,(X) and 5 € CH,()) the
following holds

f* (f*a 'y ﬁ) = -y f*/B S CHTH»mfdimX(X)-

Proof. We will show that the pullback morphism stated in [Webl5, Proposition
4.3.7 (i)] coincides with the flat pullback (respectively the Gysin map) if f is flat
(respectively a lci morphism). Then the statement follows directly from [Webl5,
Proposition 4.3.7].
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6.4. Intersection theory on regular schemes over an dvr

Since both homomorphism are linear, it suffices to prove equality for a closed
subvariety ty: V — X. Then the pullback defined in [Web15, Equation (4.12)] is
given by

F . * .
CH,(¥) 24" adimX-n(iq,) L5 qdimX—nqy 2% o, (),

where Ey is the evaluation map on Y (see [Web15, Definition 4.1.12 (iii)]), Fx x is
the inverse of Ey under the identity morphism idy (see [Webl5, Equation (4.7)]),

and f* is the natural morphism of bivariant classes (see [Webl5, Lemma/Definition
4.1.3]). Thus we find

By f*FyylV] = Eyf*lw] = [w]f™ (V) = ] P (F1X]) € CHup(),

where the f* on the right hand side is the flat pullback respectively the Gysin map for
Chow groups. Applying the conditions (C2) and (C3) in the definition for bivariant
classes in Definition 6.4.2 yields

] O (1) = Fv)Em Y1) = V] € CHusp (D),

idy
Hence both pullback map agrees, which finishes the proof of the proposition. O

In the following proposition, we check that the above defined intersection product
on regular schemes over R agrees with Fulton’s intersection product if the regular
scheme is defined over the residue field k or the fraction field K of R.

Proposition 6.4.7. Let X be a reqular integral separated scheme of finite type over
R. Assume that the structure map X — Spec R factors either through Speck or
through Spec K. Then

for any o € CH,,,(X) and 8 € CH,(X), where - is Fulton’s intersection product, see
[Ful98, §8].

Proof. Let F' € {k, K} be either the residue field or the fraction field of R, i.e. we
have by assumption that X — Spec F' — Spec R is the structure morphism of the R-
scheme X. By linearity of both intersection products it suffices to show equality for
closed (integral) subvarieties. Let ¢y : V <= X and ¢y : W — X be closed (integral)

subvarieties of X of dimension m = dim V' and n = dim W. Consider the following
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6. Specialization of algebraic equivalence

commutative diagram of Cartesian squares

VxeW —VxpW — W

" / L
LW lLW J/ w

VY L vxpx 22 ox,

W

where «,,, is the graph morphism of ¢y, which is a regular embedding, as X is

regular. Recall that the intersection product for regular schemes over R is given by
V]-x W] = (v o i)« [ )0 (W) € CHypg—atim x (X),

see Theorem 6.4.5 (ii). By the uniqueness of the bivariant class for regular schemes
(see Remark 6.4.4), we find that the bivariant class

[tv] = [ny Jlpra] € A7 (1),

Hence, we obtain using the description of the bivariant classes in Example 6.4.3
V][] = (vory) [ ]G (W) = (vory )l i pral WD) = (voudyy )i, ([V X W)

in CHy,4—dim x(X). Applying [Ful98, Example 8.1.8] with 6: X — X xp X the
diagonal embedding yields

VIIW] = (voiy)sm, (IVxW]) = (yougy)«8 ([VIX[W]) = [V W] € CHptmn—dim 2(X),

which concludes the proof of the proposition. O

6.5. Algebraic equivalence specializes

Informally speaking, we aim to show that the refined specialization map defined
in (6.1.1) commutes with action of correspondences, see (6.5.1) below for a more
precise statement.

Assume that R is a discrete valuation ring with algebraically closed residue field
k of characteristic 0 such that R is the localization of a finite type k-algebra as in
Example 6.4.1. Let X and ) be projective DNC models over R as in Definition 6.2.1;
denote the irreducible components (with reduced scheme of structure) of the special
fibres X and Y by X; with ¢ € I and Y; with j € J, respectively. We denote the
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generic fibres by X, and Y, respectively.

Theorem 6.5.1. Let the notation be as above. Let I' € CHp, (X, x Y;) be an m-
cycle. Then there exist m-cycles I'; j € CH,,, (X; X1 Y;) for each (i,7) € I x J (see
(6.5.2) below for explicit description) such that the following holds:

(a) Let v € CHp41(X) be an n+ 1-cycle. Then we have

el j
Hence Y ;e i j« induces a well-defined homomorphism on the image of rsp.

(b) For every n-cycle € CH, (X)), we have

rsp(ea) (Z [ j«18p(a ) € @CHm+n,dimxn(Yj)/Im oy  (6.5.1)

el j jeJ

Remark 6.5.2. If X and Y are smooth projective R-schemes, then I'g g € CH,,, (X X,
Y') is the specialization of the m-cycle I' € CH,,(X,, Xk Y;) on the generic fibre.

Proof. We give an explicit way to construct the cycles I'; ; and check that the con-
structed cycles satisfy the desired properties.

Step 1: Construction of I';; Let 7: Z — X xr Y be a resolution as in
Proposition 6.2.3 and let Z; with [ € L denote the irreducible components of the
special fibre Z = Z x g k with reduced scheme structure.

For j € J, consider the pullback of the effective Cartier divisor X xY; C X xg)Y
along 7, which is an effective Cartier divisor whose supported lies in Z, in particular

we can write
(X xp V) =D auZ
leL;
for some non-empty subset L; C L and some positive integers a;; € Zq. For
each Z; with [ € Lj, there exists an i(j,l) € I (not necessarily unique!) such that
m(Z1) C Xija) Xk Y-

Let jz: Z,, — Z and jx: X;, — A be the natural inclusions of the generic
fibres. Then the localization exact sequence [Ful98, Proposition 1.8] shows that the
pullback maps j7 and j§ on Chow groups are surjective. Let [ e CH,,+1(2) and
& € CH,,41(X) be algebraic cycles such that j3T' =T € CH,,(Z,) = CHp (X, x x Yy)
and jy& = o € CH,(X,).
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6. Specialization of algebraic equivalence

We denote the projection onto the first and second factor by p: X xg)Y — X and
q: X XpY — Y, respectively. Since X, )V, and Z are regular schemes, the projective
morphism pon: Z2 — X and qonw: Z — ) are lci morphisms by Lemma 6.3.3. By
Theorem 6.4.5, there exists a well-defined cycle

I'z(pon)'a € CHujndimx,+1(Z2).

The projection formula for the intersection with (pseudo-)divisors [Ful98, Proposi-
tion 2.3 (c¢)] and the definition of the Gysin map for effective Cartier divisors [Ful98,
Proposition 2.6] yields

Lik/jq*ﬂ'* (f‘ z(po 7r)*07)
=[] g (T2 (pom)'a)
= s ([X Xk Y]] S TTs (f -z (porr)*d))

= (+Trx (Z ajZ - (f z(po W)*d)>

lELj

= QxTx (Z aj[L*Zl (f ‘z (p o 7'[‘)*54)) S CHm-{-n—f—dimX"(ij)y
leL;

where - means here the intersection with the Cartier divisors as defined in [Ful98,

Section 2.3]. Since ¢z, is a regular embedding, Propositions 6.4.6 and 6.4.7 imply

L%q*ﬂ'* (f‘ z (p o 71')*&) = (4T (Z a;l (L*Zlf‘ "7 L*Zl (p o ﬂ)*d)) € CHernerian (Y])
leLj

Applying [Ful98, Theorem 6.5, Proposition 6.6 (c)] to the obvious commuting dia-

gram shows

QT s Z a;i (L}ll“ 7z Lz, (po w)*d)
lELj
_ . * T * kK ~
- lZL Gt <LZZF Zmp LXi(j,l)a)
€Lj

— . * T . * ok o
=0 ) aj (”*LZzF XignxrY; P LXi(j,wa)

lELj
= ZQ*(T"* Z ale*Zlf "X XY p*L%d) S CHernerian (}G)
el leL;

i(j,0)=¢
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6.5. Algebraic equivalence specializes

We set

Lij= Z ajlﬂ*b*zlf € CH,,(X; x Yj). (6.5.2)
ZGL]'
i(j,)=i

Then the above computation shows that

0y e (r -z (pom) ) Zq*( i Kexa¥s p*L}i&> (6.5.3)
el

in CHm-I—n—i—dim Xy (}/})
Step 2: Proof of the properties Let v € CH,,+1(X) be an (n+ 1)-cycle. Since

the natural pushforward map

@ CHn+1 —> CHn+1 (X)
i€l

is surjective (it is already surjective on the level of algebraic cycles) and the homo-
morphism I'; ;. @y is clearly linear, we can assume that v € CH,(X;,) for some
19 € I. For j € J arbitrary, we have

(6.5.3) ~
> Tigu®ax (1) = D20 (Tig xoxyy; Pk 1) - = t500me (D2 (pom)"ix, +)
i€l iel

in CHy,4n4dim x, (Yj). Consider now the fibre square

Xio XXZ%Z
L

X
l O | por
LX

The horizontal arrows are closed embeddings of effective Cartier divisors (hence
regular embedddings) and the vertical arrows are lci morphisms, see in particular
Lemma 6.3.4. Thus [Ful98, Theorem 6.2 and Proposition 6.6] implies that

L%Q*ﬂ'* (f Z (p © ﬂ)*LXio *’7) = L*Yj GxTx (f ‘Z L/Xio *(p © 77)*'7> (6'5'4)

We aim to apply the projection formula from Proposition 6.4.6, but the problem is
that X;, X x Z is in general not regular (not even reduced). To fix this, we write the

effective Cartier divisor X;, xx Z in Z as

Xio xx 2= b2,
IeL
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6. Specialization of algebraic equivalence

for some non-negative integers b; € Z>( (not all equal to zero). Since Xj, is regular
and defined over a perfect field k, it is smooth over k, see [GW20, Remark 6.33.].
Hence, [Ful98, Proposition 8.12 (b)] shows that

L,Xio *(pOﬂ')*’y = LiXio * ([Dl] *(porr) '7) = L,Xio * (Z bl[Zl] *(por) ’7) = ZblLZz *(pOﬂ')*'y
l l

in CHy414dim 2—dim x(Z) where 1z,: Z; — Z is the natural inclusion and we denote
the map Z; — X,;, xx Z2 — X, for simplicity also by p o 7. Note that it is a
projective morphism between regular schemes and hence Ici, see Lemma 6.3.3. Hence

the equation (6.5.4) can be rewritten as
Z blL*YjQ*W* (f z(po W)*LXZ'O *7) = L%Q*Tr* (f zz+(po W)*’)/)
!

As Z; is regular scheme, we can apply the projection formula from Proposition 6.4.6
(and use Proposition 6.4.7) to get for all [ € L

Ly, 4T (f“ 2z «(po 77)*7) =1y, @ TalZ) (L*Zlf 7 (po W)*v) = 1y, Ly + QT (L*Zlf 7, (po 77)*7)

CHyyntdim x, (Yj), where we use in the last equality the functioriality of proper

pushforward and that the diagram

7 4,z

lqow Jqoﬂ'

vy 25y
commutes. Hence, we proved for every j € J that
> Tigaax,(v) = 307« (Z bigem. (5,17, (po W)W)) € CHpntdim x, (Y5),
iel l

in particular it is contained in the image of ®y, which finishes the proof of (a).

Part (b) follows directly from the construction of the I';; in (6.5.2) and part
(a). Proposition 6.4.6 applied to the embedding jz: Z, — Z shows together with
Proposition 6.4.7 that

]}(F Z (pOﬂ')*&) = ]}f Zn j}(pOﬂ')*& =TI XX gYy pra € CHm-Hl—dian(XW x YT])
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6.5. Algebraic equivalence specializes

In particular we find that

T (f Z (p o W)*d) € CHm-l—n-i—dim))(y)

restricts to I'xav on Y,,. Hence rsp(I'.c) is given by (6.5.3) (in fact its image under
the quotient modulo Im ®y) proved in Step 1, which shows (6.5.1) and thus (b). O

Remark 6.5.3. The construction of I'; ; in (6.5.2) depends on several choice, namely
the choice of a resolution Z of X x g, the choice of a element I' € CH,,,,1(Z) whose
restriction to the generic fibre is I', and the choice of an index i(j,1) € I such that
the projection of Z; is contained in X;(;;) X Yj. In particular, the cycle T'; ; is in

general not unique. One can show that the induced homomorphism

,j* @CH /Imq);( — @CHler dlan( j)/1m¢y7
iel jedJ

is independent of these choices, when restricted to elements («;); € @;c; CHy(X;)
such that o -x, X; N Xy = oy -x, Xi N Xy for all 4,7 € I.

Corollary 6.5.4. Let R be a discrete valuation ring with algebraically closed residue
field k of characteristic O such that R is a localization of a finite type k-algebra. Let X
be a projective DNC model over R with generic fibre X, and special fibre X. Denote
the irreducible components (with reduced scheme structure) by X; with i € I. Then

rsp induces a morphism on the Chow group of l-cycles modulo algebraic equivalence

rsp: A(X,) — @Az i)/ Im ®y.
el

Proof. 1t suffices to check that [-cycles which are algebraically equivalent to 0 are
mapped to [-cycles which are algebraically equivalent to 0. By definition (see Sec-
tion 1.6) v € CH;(X,)) is algebraically equivalent to 0, if there exists a curve C' and

n (I 4 1)-cycle on I' € CH;41(C x g X)) such that v = I'y(co — ¢1) for two closed
points cg,c; € C'. Without loss of generality we can assume that C' is a smooth
projective integral curve, see [ACMV17].

By taking the closure of C' C P% in IP’% and using resolution of singularities,
more precisely Proposition 6.2.3, we can assume that there exists a projective DNC-
model C of C' over R. Then the corollary follows directly from Theorem 6.5.1, more
precisely (6.5.1). O
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