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Introduction

Consider the polynomial ring k[xo, ..., zy] in n variables over some field k. An old question in
mathematics asks to find the common zeroes of some given polynomials fi, ..., fr € klzo,...,zy]
in some field k& (or in some field extension of k). For example, find the zeroes of the polynomial

22+ 9% — 22 e Rz, v, 7]

in R. For fixed z, the zeroes of the polynomial are the points on the circle centered at the origin
with radius z in R?, i.e. are parametrized by z € R and ¢ € [0,27) in the following way:

xr = zsing, y= zcos¢, and z = z.

This answers the question for R, but it does not generalize to other fields. So instead we want to
find a parametrization by rational functions, i.e. by fractions of polynomials. It is well-known
that for any field k of characteristic different from 2 the zeroes of the polynomial

22+ y? — 22 € klx,y, 2]

are of the form
x=2st, y=s>—1t2, and z = s + ¢

with s,t € k.
From the viewpoint of algebraic geometry this observation can be rephrased as follows: The
(smooth) projective curve
Q={>+y>-22=0}CP?

is rational which means that () is isomorphic to the one-dimensional projective space ]P’,lc. More
generally, the question

”Parametrize the common zeroes of a given system of polynomials by rational functions.”
can be rephrased to
"Is a given (smooth) projective variety rational?”.

In dimension one and two there are explicit criteria answering this question: An irreducible
curve is rational if and only if its geometric genus is zero. A smooth, projective surface is
rational if and only if its irregularity and its second plurigenus vanish (over the complex numbers
this is known as Castelnuovo’s Rationality theorem). In higher dimensions there is currently
no complete answer to the above question, even in the case of (Fano) hypersurfaces or more
generally complete intersections in projective space. For Fano hypersurfaces some progress was
made over the years, mostly over the complex numbers in [IM71} |CG72; [Puh87; Kol95; Puh98;
deF13; deF'16].



2 CHAPTER 1. INTRODUCTION

Recently, a new strategy to tackle the problem for Fano hypersurfaces and complete intersec-
tion was developed using the observation that (retract) rational varieties admit a decomposition
of the diagonal, i.e. the diagonal point dx € Xj(x) is rationally equivalent to the base change
2i(x) of some k-rational point z € X. Voisin ([Voil5]) introduced a cycle-theoretic degeneration
technique: For a variety X which degenerates to a mildly singular variety Y, she disproved
(retract) rationality for X by showing that Y does not admit a decomposition of the diagonal.
Voisin’s approach was generalized and refined in [CTP16; Sch19a]. Totaro used this technique
in [Tot16] to improve Kollar’s bound on very general hypersurfaces in all dimensions ([Kol95]).
Moreover, this approach was successfully used to construct new examples by [HPT18| and to
find a logarithmic bound for very general hypersurfaces in arbitrary dimension [Sch19b].

Nicaise and Shinder ([NS19]) introduced a motivic obstruction to stable rationality in charac-
teristic 0 by using the weak factorization theorem. They consider the free abelian group Z[SBg]
generated by stably birational equivalence classes of smooth projective k-varieties and showed
stably irrationality for varieties admitting a degeneration to a simple normal crossing variety
Y = J Y with

el

[PgimY] I Z (1) ﬂ Y | x PLJI—l # 0 € Z[SBy].
P£JCI =

Kontsevich and Tschinkel [KT19] proved the same statement for irrationality instead of stably
irrationality after replacing Z[SBg] by the free abelian group Z[Bir(k)], which is generated by
birational equivalence classes of smooth projective k-varieties. Using this obstruction Nicaise
and Ottem [NO22] found a new example of a stably irrational Fano hypersurface, namely very
general quartic fivefolds, and some complete intersections, e.g. very general (3,3) complete
intersections in P7.

Recently, Pavic and Schreieder [PS21| introduced a cycle-theoretic obstruction which uses
also degenerations to simple normal crossing varieties. Their obstruction works also in positive
characteristic and can be seen as a generalization of the motivic obstruction. They were able to
disprove retract rationality for a very general quartic fivefold by using a similar decomposition
as [NO22|.

In this thesis we will give another application of the method of [PS21] by showing that a
very general (3,3) complete intersection is not retract rational.

Theorem 1.1. Let k be an uncountable field of characteristic different from 2. A very general
(3,3) complete intersection in IF’,Z does not admit a decomposition of the diagonal, in particular
s not retract rational.

Even the rationality of (3,3) complete intersections was previously open in positive charac-
teristic. Similar to the quartic fivefold example by |[PS21], we will use a degeneration which is
inspired by the degeneration of [NO22|. The key input for the obstruction to rationality is the
example of a quadric surface bundle by [HPT1§].



Preliminaries

Conventions. A variety is a separated, integral scheme of finite type over a field k. We denote
the function field of a k-variety X by k(X). For a separated scheme X over a ring R and a ring
extension A/R we write X4 := X Xp A := X Xgpec g Spec A for the base change.

Let X be a variety or more generally an algebraic scheme over a field k, i.e. a separated
scheme of finite type over k. Then we denote the free abelian group of algebraic l-cycles by Z;(X)
and the Chow group of l-cycles by CHy(X), i.e. Z;(X) modulo rational equivalence.

A very general point of an irreducible separated scheme is a closed point outside a countable
union of proper closed subsets.

Let X be a wvariety over an algebraically closed field k. An alteration of X is a proper,
generically finite, and surjective morphism 7: X' — X such that X' is smooth over k. The
existence of alterations in any characteristic was shown by de Jong [deJ90]. By work of Gabber,
see e.g. [IT14], the degree of the alteration can be choosen to be coprime to any prime not
dividing the characteristic of the field.

2.1 Retract rationality and decomposition of the diagonal

Recall that two varieties over some field k are birational if they contain isomorphic Zariski-open,
dense subsets. A variety is called rational if it is birational to the projective space P} where n
is the dimension of the variety. We call a variety X stably rational if X x P} is rational for
some m > 0. Morover, a variety X is retract rational if there is an integer N € Z>( and rational
maps f: X --» ]P’,ZCV and g: ]P’,]gv --+ X such that g o f is defined and coincides with the identity
idx as a rational map. We call a variety X unirational if there exists a dominant rational map
}P’fy --+ X for some N > 0. The following relations between these notions are well-known.

Lemma 2.1. Let X be a variety over some field k. Then
X is rational = X 1is stably rational = X is retract rational = X is unirational.

Proof. The first implication is obvious. Let X be stably rational, i.e. there exists n, N € Z>q
such that
©: X xp P -5 PN
is a birational map. Let t: X = X xj {pt} — X X, P} be a section of the projection
pri: X xp P — X
onto the first factor and define f := ¢ o+ and g := pryop~!. Then f and g are rational maps

such that the composition g o f is defined and coincides with the identity, i.e. X is retract
rational. The last implication follows immediately from the definitions. O

The first and last implication are known to be strict by [BCTSSD85] and [AMT72], respec-
tively. Whereas it is currently unknown whether the second implication is strict.

3
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Definition 2.2. Let X be a variety over a field k and let Ax C X X X be the diagonal. Pulling
back Ax via the natural morphism Xy x) — X Xy X yields a zero-cycle 0x € CHo(Xp(xy). We
say that X admits a decomposition of the diagonal if

dx = zp(x) € CHo(Xp(x))
for some zero-cycle z € CHy(X).

There is an equivalent definition of the decomposition of the diagonal which also works for
algebraic schemes and is therefore sometimes preferred.

Lemma 2.3 ([Sch21, Lemma 7.3]). A variety X over some field k admits a decomposition of
the diagonal if and only if there exists a zero-cycle z € Zy(X) and a cycle Zx € Zp(X xi X)
which does not dominate the first factor such that

[Ax] = [X X 2] + [Zx] € CH, (X xx X), (2.1)
where Ax C X Xy X denotes the diagonal and n = dim X .

Proof. We recall first the well-known result

CHO(Xk(X)) = hﬂ CHn(U Xk X) (2.2)
U#D

For a closed point z € Xj(x) the closure of the image under the natural morphism Xj x) —
U X X defines an element in CH,, (U xj, X) by taking the associated cycle of the n-dimensional
subvariety. Extending this map Z-linearly, we obtain a map

Any one-dimensional subvariety L in Xj,x) give rise to an (n + 1)-dimensional subvariety in
U x X by taking the closure L of the image under the natural morphism X x) — U xj X.
Moreover, any rational function on L can be viewed also as a rational function on L. Thus we
see that the map factors through rational equivalence, i.e. for every open subset U C X
there exists a map

PU - CHO(Xk(X)) — CHn(U Xk X)

Since the map is given by taking the closure of the image under the natural map and since
the pullback along flat morphism of the form V x; X — U xj X defines a natural restriction
morphism CH,,(V xy X) — CH, (U X} X), the homomorphisms py; give rise to a homomorphism

p: CHo(Xk(X)) — hﬂ CHn(U Xk X)
U#D

To show ([2.2)) it suffices to prove that p is an isomorphism. Since any n-dimensional subvariety
S of U xj X, which represents a non-trivial cycle in

lim CH, (U x, X),
U#D

maps dominantly via the projection onto the first factor, the variety S can be restricted to the
generic fibre of the projection U x; X — U. In other words the preimage under the natural
map Xj(x) — U Xy X exists and is zero-dimensional. Hence, p is surjective.
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The injectivity of p follows from the observation that any (n+ 1)-dimensional variety of some
U xj X, which maps dominantly via the first projection, can also be restricted to the generic
fibre, i.e. give rise to a one-dimensional variety in Xy (x).

Let us come back to the proof of the lemma. Assume there exists a decomposition as in
. Since p is an isomorphism,

5x =p ([Ax]) = p ([X xp 2]) + p([Zx]) = [2(x)] € CHo(Xp(x))-

as Zx € X X} X does not dominate the first factor. Hence, X admits a decomposition of the
diagonal as defined in Definition

Assume now that X admits a decomposition of the diagonal as in Definition By
there exists some open subset U C X such that

Z*[Ax] = pU((S_)() = pU([Zk(X)]) = [U Xk Z] € CHn(U Xk X),

where i: U x; X — X Xj X is the base change of the open embedding U — X. Using the
localization exact sequence [Ful98, Proposition 1.8] we get that

[Ax] = [X x, 2] + [Zx] € CH, (X x, X),
where Zx is a cycle which does not dominate the first factor. O

As already mentioned in the introduction, the degeneration methods use the observation
that (retract) rational varieties admit a decomposition of the diagonal, see e.g. [Sch21, Lemma
7.5]:

Lemma 2.4. A retract rational variety over a field k admits a decomposition of the diagonal.

Proof. Let f: X --» }P’év and g: }P’kN --+ X be rational maps as in the definition of retract
rationality. Let I'y C X x IP’{CV and I'y C IP){CV x X denote the closure of the graphs of f and g,
respectively. After replacing X by a projective model, we may assume that X is proper. Up to
replacing X by I'y, we may also assume that f is a morphism which is automatically proper as
X is proper. Let K = k(X) be the function field of X. Then, we obtain a well-defined morphism

fr: CHo(Xg) — CHo(PY).

The projection pry: X X g P% — P% onto the second factor is a flat morphism, i.e. there is a
well-defined flat pull-back map

pry: CHo(PY) — CH,(Xx xx PY).

Since P]I\(] is smooth, the closed embedding I'y i — Xg Xk IP’% is a regular embedding and we
can define the refined Gysin homomorphism (see |[Ful98, Definition 8.1.2])

CHn(XK XK P?() — CHO(PLK).

Combining these two morphisms with the pushforward via the natural morphism pry: I'y x —
X we obtain a morphism
g*: CHy(PY) — CHy(Xk).

We claim that g% o fi = idop,(x,)- It suffices to check this equality for every closed point
z € Xg. By definition of the Gysin homomorphism

g fil2l = g [ (2)] = priu (XK Xk f(2)] - [Trk]) = [2],
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because g o f = id. Furthermore, CHy(P¥) = Z, i.e. fidx = [zk] for some closed point z € P}
because dx has degree 1. We can choose even z such that g is defined in z. Combining all the
results yields

ox = g" (fudx) = g*[2k] = [(9x2) k] € CHo(XKk).

That concludes the proof of the lemma. O
We also introduce the related notion of universally trivial Chow group of zero-cycles.

Definition 2.5. Let X be a proper variety over a field k. We say that X has universally trivial
Chow group of zero-cycles if for any field extension F/k, the degree map

deg: CH()(XF> — 7
is an isomorphism.

From the definition it is obvious that if X has universally trivial Chow group of zero-cycles,
then X admits a decomposition of the diagonal. The converse is also true for geometrically
integral and smooth varieties.

Proposition 2.6 ([CTP16, Proposition 1.4]). Let X be a geometrically integral and smooth
variety over a field k. Then X has universally trivial Chow group of zero-cycles if and only if
X admits a decomposition of the diagonal.

2.2 Chow-theoretic obstruction to (retract) rationality

In this section we recall the constructions in [PS21) Section 3]. To this end let R be a discrete
valuation ring with residue field k£ and fraction field K.

Definition 2.7. (1) A proper flat R-scheme X — Spec R is called strictly semi-stable, if the
special fiber Y = X Xpg k is a geometrically reduced simple normal crossing divisor on
X, i.e. the components of Y are smooth Cartier divisors on X and the intersections of r
different components is either empty or smooth and of codimension r.

(2) LetY = |J Y; be the irreducible components of the special fiber Y. The variety Y is called

i=1
a chain of Cartier divisors if additionally Y;_1NY; and Y;NY; 41 are irreducible and disjoint
inY; for 1 <i <m and all other intersection are empty.

Remark 2.8. If m = 2, the last condition says that the intersection Y1 N Ys is irreducible.

Definition 2.9. We use the same notations as above. Assume that X — Spec R is a strictly
semi-stable R-scheme with special fiber Y. (In particular we do not assume that Y is a chain
of Cartier divisors.) Denote the natural inclusion by v: Y — X and ¢;: Y; — X for 1 <i < m.
Then we define for every i € {1,...,m}

Pyy, =1 o CH1(Y) — CHp(Y3).

The obstruction map is the sum of all the homomorphisms

m m

Dy=> Day, =Y tfow: CH(Y) —>éCH0(Yi). (2.4)
=1

i=1 =1



2.2. CHOW-THEORETIC OBSTRUCTION TO (RETRACT) RATIONALITY 7

Remark 2.10. Notet that the pull-back maps i} exist and are well-defined by [Ful9S, Section
2.6] because each Y; C X is Cartier.

Although the involved Chow groups depend only on Y, the obstruction map might a priori
depend on the choice of the strictly semi-stable model. We recall the observation made by [PS21]
that the obstruction map does only depend on the special fiber Y, and not on the total space

m
X. To this end let Y = |J ¥; be the irreducible components of the special fiber. Denote the

=1
natural inclusions by

LiZYVi‘—>YV, L@tivi’j‘—)Yj,
where Y; ; := Y; N'Y; is the scheme-theoretic intersection of Y; and Y for i,j € {1,...,m}
different. As Y is a simple normal crossing divisor, ¢; ; are regular embedding of codimension
1. Thus, there exist well-defined homomorphisms ¢ ;: CH;(Y;) — CHo(Y;;), see e.g. [Ful98,
Example 5.2.1]. For v; € CH(Y;) we write ’YJ|YH =

Lemma 2.11. Using the observations and notations made above, any v; € CHy(Y}) satisfies

(Lj7i)*(')/j|yi’j) € CHy(Y3) for j #1i,
Pl = = 2 (il ) € CHoX) - or =
J

m
In particular, for v = 3" (u), v € CH1(Y) andi € {1,...,m}:
k=1

Py y,(v) = Z(Lj,i)* Yily,, = Z(Lj,i)* Yily, , - (2.5)
J#i J#i
Proof. The case i # j follows from [Ful98, Theorem 6.2 (a)] applied to the fiber squares

. Li g
Y, Y Yij ==Y
ltz‘ \Lbi and lbm ibj
Yy 45 X Y, —— Y,

i.e. for v; € CHy(Yj)):

bt (65) v = i 15 (1) 55 = 05 (45) 575 = (Lig)wtG 375

)

The second case follows directly from this by noting that [Y] = > [Yi] = div(t) C X, i.e.
k=1
[Yi] == [Vi] € PicX.
ki

This finishes the proof of the lemma. ]
Remark 2.12. The homomorphism

> (1)« @D CHy(Y;) —> CHy(Y)

i=1 i=1

1s obviously surjective as any codimension one subvariety of Y is contained in at least one

irreducible component. The map is in general not injective as one-cycles in the intersection of

two irreducible components have (at least) two different preimages. But we see from (2.4) that the
m

obstruction map does not depend on the choice of the ”decomposition” v = > (1), & € CH1(Y).
k=1
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The main theorem in [PS21] uses two observations made by Pavic and Schreieder. These are
written down in the following lemma.

Lemma 2.13 ([PS21} Section 3.2]). Let X — Spec R be a strictly semi-stable model and let @y
be defined as in (2.4).

(a) If v € CH1(Y) is a one-cycle on Y, then deg (®Px (7)) = 0.

(b) Let A/R be an unramified extension of discrete valuation rings, i.e. R — A is injective
and local with mp - A = my, then X4 := X X A is a strictly semi-stable A-scheme.

m
Proof. We start proving the first item. Let Y = |J Y; be the irreducible components of the

i=1
m

special fiber Y of X — SpecR and let v = > 9, € CH;(Y) be a "decomposition” with
k=1

vk € CHy(Yy) for 1 < k < m. Using the concrete description of the obstruction map in (2.5)),
we find by rearranging the summation that

D G vily,, = D () il

J#i

m
(L] i) VJ|Y - Z Z(L“)* Vi’Yjﬂ;

i=1 j#i

(i)e 2ily,, = @i)e iy, ) € @CHm

NE

Dy(y) =

..
I

.
+

M

Il
<
l
K
<

Il

.
Il
—
..
S
<.

Hence,

m
deg ®x(7) = deg (Z > ( tig)x Vily,, = (4g,0) %‘|Yj,i>

=1 i#j
=i2(deg<%|y )~ des (v, )
i=1 i#j
=0.

This proves item (a). Let us prove (b) now. Let X — Spec R be strictly semi-stable, i.e. the
morphism X — Spec R is proper and flat and the components of the special fiber are smooth
Cartier divisors such that the intersection of r different components is either empty or smooth
of codimension r. As properness and flatness are preserved under base change, X4 — Spec A is
proper and flat. Let L denote the residue field of A. Since A/R is unramified,

L= A/mA = A/mRA =k ®OR A7

where mpr and mya denote the unique maximal ideals of R and A, respectively. Hence, the
special fiber of X4 — Spec A is the base change of the special fibre Y of X — Spec R, i.e.

XaxaL=YxgpA=Y].

Thus, we immediately conclude that X4 is again strictly semi-stable as wanted which proves
item (b). O
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Rephrasing these two observations we conclude that the image of the obstruction map is
contained in the kernel of the degree map, i.e.

®y: CHy(Y) — Ker (deg: P CHy(v;) — Z> ,
i=1

and that for any unramified extension A/R of discrete valuation rings there exists a homomor-
phism

m
Oy, : CHi(Y) — Ker (deg: @CHO(Y;VL) — Z)
i=1
where L is the residue field of A. Studying these maps can give an obstruction to the decompo-
sition of the diagonal of the geometric generic fiber.

Theorem 2.14 ([PS21, Theorem 4.1]). Let R be a discrete valuation ring with algebraically
closed residue field and let X — Spec R be a strictly semi-stable projective R-scheme whose

special fiber Y = |J Y is a chain of Cartier divisors. Assume that the geometric generic fibre
iel

of X — Spec R has a decomposition of the diagonal. Then for any unramified extension A/R of

discrete valuation rings, with induced extension L/k of residue fields, the natural map

Dy, : CHy(Y1)/2 — Ker (@ CHo(V;)/2 25 Z/2>

iel

18 surjective.

2.3 Degenerations and Specializations

We will often use degenerations of varieties, or more generally reduced algebraic schemes, e.g.
to show that certain varieties are smooth (see Remark [3.5)). Therefore we introduce this notion
here by following [Sch19a, Section 2.2]. Let X and Y be reduced algebraic schemes over a field L
and an algebraically closed field k, respectively. We say that X degenerates (or specializes) to Y
if there exists a discrete valuation ring R with residue field k and fraction field K together with
an injection of field K — L such that the following holds: There exists a proper, flat morphism

X — SpecR

of finite type such that Y is isomorphic its special fibre X and X is isomorphic to the base
change X1, = Xk x L of the generic fibre.

The following lemma shows that in “nice” families X — B a very general fibre specialize to
the fibre over some fixed closed point b € B, see e.g. |Sch19a, Lemma 8§].

Lemma 2.15. Let f: X — B be a surjective, proper, and flat morphism of reduced, quasi-
projective algebraic schemes over an algebraically closed field k and assume further that B is
integral. Let 0 € B be a closed point. Then a very general fibre specialize to the fibre Xg over
the point 0 in the above sense.

Proof. A very general fibre of f is abstractly isomorphic to the geometric generic fibre of f, see
e.g. |Vial3| Lemma 2.1]. Hence, it suffices to prove that one fibre which is very general specializes
to Xp, i.e. we can reduce to the case where B is an (integral) curve. Since normalization
commutes with localization, we can assume furthermore that B is smooth by passing to the
normalization. Since the local ring Op g is an integrally closed Noetherian local ring, it is a
discrete valuation ring and the lemma follows. O
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Let us also mention the following result by Colliot-Thélene and Pirutka.

Theorem 2.16 (|[CTP16, Theorem 1.12]). Let A be a discrete valuation ring with residue field
k and fraction field K. Let X be a proper and flat A-scheme with geometrically integral fibers.
Assume furthermore that the special fibre X), and generic fibre Xk of X — Spec A are smooth.
Then each one implies the next one:

(i) Xk is retract rational.
(i) Xk admits a decomposition of the diagonal.
(iii) Xy admits a decomposition of the diagonal.

Remark 2.17. If k is algebraically closed, then the same statement holds for the geometric
generic fibre instead of the generic fibre, see (CTP16, Theorem 1.14].

2.4 Unramified cohomology and Merkurjev pairing

We follow mainly [Sch21] for this quick overview. For a scheme X and a sheaf F in the étale
topology, we denote by H'(X,F) the i-th étale cohomology group of F. If X = SpecA is
the spectrum of a ring A, we write H'(A,F) := H(Spec A, F). We solely use the constant
(étale) sheaf Z/2. The theory of unramified cohomology and Merkurjev pairing works also in
more generality, e.g. where one considers the sheaf of m-th roots of unity u,, and its tensor
powers. As we work over fields of characteristic different from 2, the sheaf us is isomorphic to
the constant sheaf 7Z/2 and thus also its tensor products, i.e. we work in a special case of this
more general theory.

For the rest of this section k denotes always a field of characteristic different from 2 and K/k
denotes a finitely generated field extension. We start with some preliminary results on étale
cohomology:

By Hilbert 90, H'(K,G,,) = Pic(Spec K) = 0. Thus, the long exact sequence in étale
cohomology associated to the Kummer exact sequence

0— po — Gy, — G, =0
yields that
HY(K,Z/2) = H'(K, p2) = K" ("),

where the first equality comes from the fact that po = Z/2 as étale sheaves. Hence, for every
element a € K* its residue class @ € K" /(k*)? defines an étale cohomology class

(a) € HY(K,7/2).

Using the cup product in étale cohomology (see e.g. |Sch21, Section 2.4]) any aq,...,a, € K*
give rise to a class
(a1,...,an) = (a1)U---Ul(ap) € H'(K,Z/2).
These classes are closely related to quadrics as the following discussion (see e.g. [Sch19b, Section
T
2.4]) shows: For co,...,c, € K* we denote by (cg,c1,...,c) the quadratic form ¢ = > ¢;27
i=0

over K. The tensor product of two quadratic form ¢ and ¢’ is denoted by ¢ ® ¢/. A quadratic
form over K is called a Pfister form if it is isomorphic to

(1,—a1) @ (1, —ag) ® - ® (1,—a,)
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where a; € K* for i = 1,...,n. We denote this Pfister form by ({(ai,...,a,)). The following
result due to the work of many people, including Arason, Elman, Lam, Knebusch and Voevodsky,
shows the above mentioned connection to étale cohomology of fields, cf. |[Sch19b, Theorem 2.2]

Theorem 2.18 (|[EL72, Main Theorem 3.2] and [Voe03|). Let K be a field of characteric different
from 2 and let ai,...,a, € K*. The Pfister form ({(a1,...,an)) is isotropic if and only if
(a1,...,an) =0€ H"(K,Z/2).

The long exact sequence of pairs [SGA4.2, p. V.6.5.4] together with Gabber’s proof of
Grothendieck’s purity conjecture implies the existence of a Gysin sequence, cf. [Sch21 The-
orem 2.3].

Theorem 2.19. Let V' be a reqular Noetherian scheme over k with a regular closed subscheme
Z C V of pure codimension ¢ and complement U := V \ Z. Then there exists a long exact
sequence

o HY(V,2)2) — H'(U,2/2) -2 HT"2(2,72,/2) — HYYV,2/2) — ... .

Next, we turn to the definition of unramified cohomology groups which are certain subgroups
in étale cohomology. Their definition, cf. [Sch21, Definition 4.1], requires so called geometric
valuation.

Definition 2.20. Let K/k be a finitely generated field extension. A geometric valuation v on
K over k is a discrete valuation on K, which is trivial on k, such that the transcendence degree
of the residue field k, over k is given by

trdegy, (k,) = trdeg (K) — 1.
We denote the discrete valuation ring associated to the discrete valuation v by A,.

Remark 2.21. FEvery geometric valuation v is given by the order of a prime divisor E on some
normal k-variety Y with k(Y') = K, i.e. v(¢) = ordg(¢) for every ¢ € K* (see e.g. [Mer0§,
Proposition 1.7]).

Definition 2.22 (|[Mer08|). The i-th unramified cohomology group of K over k with coefficients
in Z/2 is the subgroup
Hi (KK, 2)2) © H(K,Z)2),

that consists of all elements o € H(K,7Z/2) such that for any geometric valuation v on K over
k, we have 0,a = 0 where

~0,: H(K,7/2) — H"(k,7,/2)
1s the boundary map of the Gysin sequence (Theorem for Spec K = Spec A, \ Speck.

Remark 2.23. We use the definition given by Merkurjev [Mer08, Section 2.2] which differs
slightly from the original definition by Colliot-Théléne and Ojanguren (CTO89, Definition 1.1.1].
The latter requires that O,a vanishes for any discrete valuation of K which is trivial on k. The
two definitions agree when K = k(X) is the function field of a smooth projective variety X over
k, see e.g. [Sch21|, Proposition 4.10 and Remark 4.4].

Let us collect some results about unramified cohomology. We start with the functioriality
which is induced by the functoriality of étale cohomology.
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Proposition 2.24 ([Sch21, Proposition 4.7]). Let K'/K/k be finitely generated field extensions
and let f: Spec K' — Spec K be the natural morphism.

(a) Then f*: H(K,Z/2) — H'(K',7/2) induces a pullback map

f*H: (K/k,Z/2) — H. (K'/k,Z/2).

(b) If f is finite, then f.: H(K' 7/2) — H'(K,7Z/2) induces a pushforward map
for i (K1, 2)2) — (K /1, 2)2)

with f. o f* = deg(f) -id.

The functioriality of unramified cohomology allows us to define the base extension of some
unramified cohomology class.

Definition 2.25. Let K/k be a finitely generated field extension and X be a variety over k.
Let o € H: (k(X)/k,Z/2) be an unramified cohomology class. Moreover, let 1: Spec K(Xf) —
Spec k(X)) be the natural morphism corresponding to the inclusion k(X) — K(Xg) of fields.
Then, we define the class

ag =¢*a € H(K(Xk)/k,Z/2) Cc H(K(Xk)/K,Z/2).

Bloch-Ogus’ proof [BO74] of the Gersten conjecture for étale cohomology yields the following
theorem, known as injectivity and codimension 1 purity for étale cohomology |[CT95, Theorem
3.8.1 and Theorem 3.8.2].

Theorem 2.26 ([Sch21, Theorem 3.6]). Let X be a variety over a field k of characteristic
different from 2 and let x be a point in the smooth locus of X. Then the following holds:

(a) The natural morphism ‘ ‘
H'(Ox4,2/2) — H'(k(X),Z/2) (2.6)

18 injective.

(b) A class a € H (k(X),Z/2) lies in the image of (2.6) if and only if a has trivial residue

along each prime divisor on X that passes through x.

Using these results we are able to define a well-defined restriction map for unramified coho-
mology classes. Let X be a proper and smooth k-variety and let o € H: (k(X)/k,7Z/2) be an
unramified cohomology class. Moreover, let € X be a point. By part (b) of Theorem [2.26| we
know that o admits a lift & € H*(Ox , Z/2) and this lift is unique by part (a) of Theore
Thus, we may define the restriction «f, of o to « as the image of & via the natural morphism

H'(Ox 4,72/2) — H'(k(z),Z/2).
One can show that this element is in fact again unramified.

Proposition 2.27 ([Sch21, Proposition 4.8]). Let X be a proper, smooth variety over k and let
o€ Hi (k(X)/k,Z/2). Then for any x € X there exists a well-defined restriction

ol, € Hy,(k(2),2/2),

where k(x) is the residue field of the (not necessarily closed) point x.
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Corollary 2.28 ([Sch21, Corollary 4.9]). Let f: X — Y be a morphism between proper varieties
and assume additionally that Y is smooth. Then, there is a well-defined pullback map

£ Hyy(k(Y) [k, 2)2) — Hy (k(X) /K, Z/2)
which is given by restricting an unramified class o € HE, (k(Y)/k,Z/2) to the generic point of
the image of f and pulling it back to k(X).

Now we are able to introduce the Merkurjev pairing which allows us to find a cohomological
obstruction to rationality, see Proposition [4.7]

Definition 2.29 (Merkurjev pairing). Let X be a smooth proper variety over a field k of char-
acteristic different from 2 and K/k be a finitely generated field extension. Let z € Xi be a
closed point and let f,: Speck(z) — Spec K be the structure morphism. For any unramified
class o € H,.(k(X)/k,Z/2) we define

(z,a) = (f2), (akl,) € H'(K,Z/2).
Eztending this definition linearly to arbitrary zero-cycles z € Zy(X) yields a bilinear pairing
Zo(Xr) x Hyp(k(X)/k,2/2) — H'(K,L/2), (2,0)+ (z,a).

Remark 2.30. This pairing is a slight variant of the Merkurjev pairing defined in [Mer08,
Section 2.4]. More precisely our definition of the Merkurjev pairing is the composition

Zo(Xi) x Hi(k(X) [k, Z/2) Y25 Z0(X i) x Hi(K(X)/K,Z/2) — H'(K,Z,/2)
where 1p: Spec K(Xg) — Spec k(X) is the natural morphism and the latter map is the Merkurjev

pairing as defined in [Mer08, Section 2.4]. Since the Merkurjev pairing descends to the level of
Chow groups due to Merkurjev [Mer08, Corollary 2.9], there is a well-defined pairing

CHo(Xg) x H. (k(X)/k,Z/2) — H'(K,Z/2), (z,a) (z,a). (2.7)

The following lemma is an easy consequence of the various definitions made so far and will
be used later on.

Lemma 2.31. Let K/k be a finitely generated field extension and let 1p: Spec K — Speck be
the natural morphism. Moreover, let X be a variety over k and let o € H: (k(X)/k,Z/2) be an
unramified cohomology class.

(a) Let z € Zy(X) be a zero-cycle on X. Then

(zi, ) = Y* (z,a) € H(K,Z/2).

(b) Let 1o: :' Y — X be a generically finite morphism of varieties over k and 7: Y — X the
corresponding morphism after the base change with 1p. Then for any zero-cycle w € Zy(Yi)
on Yg

(w, m5a) = (T(w),a) € H(K,Z/2).

Proof. We first prove item (a). Recall the definition of the Merkurjev pairing (zx, a): We start
with o € H:, (k(X)/k,Z/2). Pulling back this class via the morphism Xy — X we obtain an
unramified class ax € Hi (K(Xk)/K,Z/2). Since ak is unramified, it has trivial residue for
every geometric valuation, in particular by Theorem m (b) ax is contained in

Im (H'(Ox ¢ 2y, Z/2) — H' (K (Yk),Z/2)) .
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Hence, we find a (unique) element in H(Ox, ., ,Z/2) mapping to ay. Pulling back this element
via the natural map Speck(zx) — Spec Ox -, and pushing it forward via the natural map
Spec k(zx) — Spec K gives the pairing (zx, ). The diagram below summarizes this discussion:

OzKGHi(K(XK),Zﬁ) PR Hi(OXK,zK,Z/2) . Hi(li(ZK),Z/2) (fz )+

I

a € H(k(X),Zk).

H'(K,7[2) 5 (zxc, o)

Recall that all unnamed maps in this diagram are given by pull-backs of a morphism between
spectra of rings. We can complete this diagram in the following way:

i € HI(K (Xic) 22) —— H'(Oxyeroes2) — Hi(r(zi0), %) L5 HI(K,2) 3 (2, )

| I I d

a € H(k(X),2/2) +—— H (Ox.,22) — H'(k(2),2f2) — EEOLIN Hi(k,2/2) > (z,a) .

The commutativity of this diagram follows directly from the commutativity of the corresponding
diagram of k-algebras together with the functoriality of étale cohomology. In particular, we find
that

(ZK,OZ> = w* (z,a) )
which proves item (a). We prove item (b) in a similar fashion: Let z = 7(w) be the image of w
under 7. The following diagram describes the pairing (w, 7§ a):

H'(k(Y),2/2) — H'(K(Yk),2/2) += H'(Oyyew,22) — H'(k(w),2/2) —— e Hi(K, 7))
W W
THa » (w, i)

Similarly, the pairing (z, a) = (7(w), ) is given by

HI(K(X),2)2) — HI(K(Xx),%2) ¢ H(Ox, 2.%2) — Hi(n(2),22) % Hi(K,7p2)
w w

(z,a) .

Since 7y« is a pull-back of o we can connect the two diagrams as follows:

e (w, 7§ a)

n m
Hl(k(Y) Z/Z) — HZ(K(YK)’Z/Q) o Hi(OYK,W7Z/2) N HZ( ( ) Z/2) fw 7,( 2/2)
HI(k(X),22) — H(K(Xk),22) < H/(Ox, i %f2) — Hiw(2),22) ~22% Z/Q)

w

“ (0.

The commutativity follows from the commutativity of the corresponding diagrams of k-algebras
together with the functoriality of étale cohomology. Thus we get

<w>7-(>)ka> = <Zv a> s

which finishes the proof of item (b) and thus also concludes the proof of the lemma. O
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Lastly, let us mention a vanishing result by Schreieder.

Theorem 2.32 (|[Sch19b, Theorem 9.2]). Let f: Y — S be a surjective morphism of proper
varieties over an algebraically closed field k of characteristic char k # 2 whose generic fibre is
birational to a smooth quadric over k(S). Let n = dim S and assume that there exists a class
g€ H"(k(S),Z/2) with f*8 € HI(k(Y)/k,Z/2).

Then for any dominant and generically finite morphism 7:Y' —'Y of varieties and for any

subvariety E C Y’ which meets the smooth locus of Y' and which does not dominate S via forT,
we have (T*f*B)|p =0¢€ H"(k(E),Z/2).



A strictly semi-stable model

Now we turn to our example regarding a (3,3) complete intersection in P7. We will use a
degeneration similar to the one by Nicaise and Ottem in [NO22, Theorem 7.2]. Their model
is not strictly semi-stable, so we construct such a model by blowing-up one component of the
special fiber. The obstruction found by Nicaise and Ottem lies in the intersection of the two
components of the special fiber. In order to use the argument from [PS21] we need to blow-up
the intersection. To end up with a strictly semi-stable model after the blow-up we also need to
perform a 2 : 1 base change.
Let kg be an algebraically closed field of characteristic different from 2. Let

k= ko(u,v,w)

be the algebraic closure of a purely transcendental, degree 3 extension of ky. We assume first
that chark # 3 and give later on a strictly semi-stable model in characteristic 3 for which we
can use basically the same arguments in Chapter

Definition 3.1. Let f%,g", h" € kolzo,...,xs] be homogeneous polynomials with deg f* = 2,
degg® = degh" = 3 such that the hypersurfaces F = {f* = 0}, G := {¢¥ = 0}, H :=
{R* =0} C Pgo and all the complete intersections FNG, FNH, GNH and FNGNH C Pgo
are smooth. (Bertini’s theorem implies the existence of such polynomials, in fact this works for
general f, g* and h".) Furthermore, we define the following three polynomials in k[xo, ..., x5]:
fo i= VA(z122 + 24705) + 23,
fs = +a} + 23 + 23 + 2} + 23,
f3 = af — 2} + pai — pad + p’a] — p%a},
where p € ko is a primitive third root of unity. (Note that such p exists as kg is algebraically
closed.) Consider the following polynomials in klxo, ..., x7]:
Cuw = co +u(@efo + f3) + v(fs + 2) + w(g” + z3),
Qo = T3%6 — TaTs + V(w327 + fo + 28) + WY,
Cow 1= acg + vfg + wh",
where
co = wirs + xiwy + vive + x3(wi + 2 + w2 — 2w3(xs + x5+ 26)) € ko[20, -+, 6]

Remark 3.2. Before starting the actual argument, let us make some short comments on the
chosen polynomials. At the end we specialize u,v,w all to 0. Thus we are mainly interested in
co and the term x3xe — x4xs5 which are also used in [Ska22]. The other terms ensure that our
model is strictly semi-stable and enable us to simplify the contribution of the Chow groups in the
obstruction map . In particular our choice of involving a cubic root of 4 and a third root of
unity is made solely to be able to work also in characteristic 5 and 7.

16
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There are many instances in which certain varieties must be smooth. This will be shown by
using a degeneration argument, i.e. we degenerate to another proper variety and check that the
latter is smooth. We will give now a list of varieties to which we will later degenerate in order
to show smoothness.

Lemma 3.3. With the same notation as above:

Ay ={f"=g"=h" =0} CP},
Agiy = {g" + 23 = 0} C P,
Ay = 19" + x} = f¥ =0} C P,
Apyy = {g" + 23 = h" =0} C P,
Agy = {f3 =0} C P},
Agiy = {fs +z§ =0} C P},
Airy = {fs + 23 = fs = 0} C P,
Apiity = {f2 + 2§ = fs + 23 =0} C P},
Ay = {f2 = f3=0} C P},
Ay ={fo+ai=fa+ai=23=0} C P}

are smooth complete intersections.

Proof. Recall that we use the notation F := {f* = 0}, G := {¢g¥ =0}, H := {h¥ = 0} C P{.
Moreover, we chose f*, g, h" € ko[zg,...,x¢] such that F, G, H, FNG, FNH, GNH
and FNGNH C P! are smooth, in particular Ay =FNGNH is smooth. We will prove the
smoothness of the remaining varieties via the Jacobian criterion.

Consider next A(;). The vanishing of its Jacobian immediately implies 7 = 0. Thus the
smoothness of A ;) follows directly from G being smooth. The Jacobian of A;;) reads

<3ogw 019" ... Ogg" 3:1:%)
Af?Y onfY ... Of* 0 )°

As F' is smooth, we immediately obtain that z7 = 0. Therefore A ;;) is smooth, because F'N G
is smooth. The smoothness of A(;,) follows by the same argument from H and G N H being
smooth. The varieties A(,) and A(,; are Fermat cubics and thus smooth as the characteristic
of k is different from 3. Next we turn to A(,;). Its Jacobian reads

323 327 323 323 3% 3x2 33
3r3 —322 3pr3 —3pxl 3p%22 —3p%2 0 )°

Recall that p is a fixed primitive third root of unity. Let P = [xg : - - : z¢] be a singular point
of A(yi)- The vanishing of all 2 X 2 minors of the Jacobian yields
aix?x? = ajx?x?, i,j €{0,1,...,5} (3.1)

where a; is the coefficient of the monomial xf’ in fg, ie. a; € {1,-1,p,—p, p? —p?}. Since
a; # aj; for i # j, implies that at most one coordinate of xg, ..., x5 is non-zero. Then all
coordinates xg, ..., zs have to be zero because fg vanishes at P. The point [0:---:0:1] € Pg
is not contained in A, because f3 + z3 = 23 # 0 at that point. Thus we find that Ay 18
smooth.
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The arguments for the smoothness of the last three varieties A1y, A(iy) and A(,) are similar,
so we will mainly consider A(,;;) and only indicate the changes for the other two varieties. The
Jacobian of A, reads

0 Az Az, 233 Vdws Vias 26

The Jacobian of A(;;) and A(,) are obtained by removing the last and forth column, respectively.
Let [zg : -+ : 26] € P8 be a singular point of Aviis), 1-e. all 2 X 2 minors vanish. Since Ay
should be smooth, we aim to find a contradiction: If xg # 0, then

<3:13(2J 3r2 323 323 322 32t 3:pg>

x1:x2:x3:m4:3§5:x5:0,

which contradicts 0 = f3 + :c% = :cg. Hence, we can assume that x¢g = 0. Moreover, we obtain
the following conditions:

mis: 0=z} — a3, (3.2)
mys: 0=ux5 — a3, (3.3)
mia: 0= x%$5 - xixg, (3.4)
miz:  0=2atxy — Vaz;zl,  (i,7) € {(1,2),(2,1), (4,5), (5,4)}, (3.5)
mge: 0=x3x6(x3 — x6). (3.6)

Note that by considering the minor m;e instead of m;3 we can replace z3 in by xg.
Moreover, the last condition exists and is needed only for A ;). (It would be also trivial for
A(izy and A(,y.) We will distinguish the following two cases. Note that for the varieties A ;)
and A, the cases reduce to zg = 0, z6 # 0 and x3 = 0, z3 # 0, respectively.

Case 1.  Assume 3 = xg = 0. We may asssume without loss of generality 1 = 1. The
equation implies that x% = 1. Moreover,

3_ 6384 63 6B
Ty = T1ly = Tylyp = Ty = Ty,

! € {0,1}. Then,

0= f3+a8 =2+ 223 € {2,4}

yields a contradiction.
Case 2.  Assume now x3 # 0 or zg # 0. Without loss of generality we may assume z3 = 1.
The equation (3.6) implies 3 € {0,1}. Moreover, for (i, j) € {(1,2),(2,1), (4,5), (5,4)}

8x9 = (22%)° (Vaz;)? = 4:1:? 6263 4a3.

Thus, 2} € {0,1} for i € {1,2,4,5}. Together with (3.2) and (3.3) we find that

0= fy+ad =203+ 203 + 1423 € {1,2,3,4},
which yields the desired contradiction. O

Let us construct now the model inspired by Nicaise and Ottem [NO22, Theorem 7.2]. Let
R := k[[t]] and consider the R-scheme

X = {Cu7v7w = tév’w + quwfl,"? e 0} C P%
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The special fibre Y of X — Spec R has two irreducible components, namely
Y =Y, UY5,

where
Vi = {cupw =27 =0}, Y2 ={Cuow = quw =0} CP.
We denote their scheme-theoretic intersection by Z := Y1 N Ya.

Lemma 3.4. The varieties Y1,Ys and Z C P7 are smooth. The geometric generic fibre
Xf = {Cu,v,w = év,w + t_lxﬂh),w = O} - P%
of X — Spec R is a smooth (3,3) complete intersection.

Proof. Since the models in which we specialize are proper over some discrete valuation ring, any
singular point will specialize via u — 0o, v — 0o or w — 0o to a singular point. Thus, it suffices
to prove that some specialization is smooth. This in turn follows from Lemma [3.3] as follows

Y1 specializes via v — oo to A(y; from Lemma [3.3]
Ys specializes via w — oo to Ay from Lemma 3.3
7 specializes via v — 00 to A(yi;) from Lemma B.3]

X7 specializes via t — oo and w — 00 to A, from Lemma
This concludes the proof. ]

Remark 3.5. Let us write down one such specialization concretely: We consider the specializa-
tion v — oo for Y. Recall that

Y1 = {cuww =27 = 0} = {co + u(zsfo + f3) +v(fs + 23) + w(g” + a3) = 27 = 0} C P,
see also Deﬁm’tz’onfor more details. Consider \ := % and

P V1= { A (co +u(mefo + f3) + wg?) + f3 + x5 =0} C ]P’W[m] — Spec ko(u, w)[[A]].
Then, the geometric generic fiber of v is isomorphic to Y1 and the special fiber is isomorphic to
Ay of Lemma i.e. Y1 specializes to Ay in the sense of Section . The smoothness of
Y1 can be seen now as follows: Assume that the generic fiber of 1 is singular. Any singular point
of the generic fiber yields a point in Sing. Since Singy C Yy s closed and ¢ is proper, the
special fiber is also singular which contradicts Lemma i.e. the generic fibre of ¥ is smooth.
Since Y7 is isomorphic to the base change of the generic fibre with Spec k — Spec ko(u, w)[[A]],
the variety Y1 is smooth. Thus, we convinced ourselves that it suffices to check smoothness after
some specialization in proper families.

Our current model X — Spec R is flat and proper. Moreover the irreducible components
of the special fiber and their intersections are smooth. However the components of the special
fiber of X — Spec R are not Cartier divisors in X', i.e. X — Spec R is not strictly semi-stable.
The problem is that the total space is singular.

Lemma 3.6. The singular locus of the total space X is given by
S = {Cu,v,w = év,w =Quuw=T7=1= 0} c X.

Moreover, S is smooth and X has ordinary quadratic singularities along S
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Proof. Let us first show that S is smooth. Using the definitions in Definition[3.1] S is isomorphic
to the variety
{00+u(4r6f2+f3)+v(f3+:c§)+wg“’:x§+vf3+whw:0,} c PS.
x3x67x4x5+v(f2+x§)+wf“’:0 k
By the same argument as in Remark [3.5it suffices to check smoothness after some specialization.
The variety S specializes via w — 00 to the smooth variety A;) from Lemma i.e. Sissmooth.
Next we check that .S is indeed the singular locus of X'. Recall that the singular locus Sing X
of X is given by the vanishing of the defining equations of X" as well as all minors of the Jacobian.
The Jacobian of & is given by

( 8Ocuﬂ),w cee 8GCu,v,w 87Cu,v,w 0 )

R R R R 3.7
7580011,11) + l‘7aOCIv,w .- taﬁcv,w + 1'766%1,10 ta7cv,w + quw + 33787(]1),111 Cy,w ( )

Obviously, the variety S is contained in Sing X because the defining equation and the second
row of vanish. We show the opposite inclusion: Let ([xo : -+ : x7],t) € X be a singular
point. Note that {c, ., = 0} C IP’,Z is smooth because it specializes via w — 0o to Ay from
Lemma Hence ¢, ,, = 0, because otherwise the Jacobian would have full rank. This implies
furthermore, by definition of X,

Trqvw = 0.

Since {cypw = Cpw =0} C ]P% specializes via w — 0o to A(w) from Lemma
{cupw = ow =0} C P

is smooth. Hence, the singular locus of X is contained in the special fiber. We have thus shown
that the singular locus of X is contained in

{Cu,v,w = év,w =t =Trquw = O} cX.
Hence it suffices to show under the assumption ¢y 4.4 = €y =t = 0 that
17 =0<4= quuw=0.

We start by showing “=": Note that {co+u(zsf2+ f3) +v(f3+z3) +wg® = 0} C P} is smooth
because it specializes via v — 00 to A(,;) from Lemma @ Thus, we conclude that g, ., = 0 as
wanted because otherwise (3.7)) has rank 2. For “<”, we note that

{Cu,v,w = Quw = 0} C PZ

is smooth because it specializes via w — oo to A from Lemma Thus, x7 has to be
equal to 0 as otherwise the Jacobian would have full rank. This shows Sing X C S and thus
S = Sing X.

Lastly, we describe the type of the singularities of X. Let P € S be any point, i.e. P is a
singular point of X'. Note that {¢y, = 0}, {guw = 0} C P} are smooth because they specialize to
F and H from Definition [3.I] which are smooth by definition, respectively. Thus the tangent cone
of {téy w+x7quw =0} C IF’E at P is Zariski locally isomorphic to the tangent cone of the ordinary
quadratic singularity {tx+yz = 0}. Moreover, the tangent cone of {t¢, ., + 7y = 0} C IP’E at
P intersects the tangent space of {cy 0w =0} C }P’E at P transversely because {cy . = 0} C IP’z
is smooth (as it specializes to A(;;) from Lemma via w — 00). This concludes the proof of
the lemma. O

Remark 3.7. In the proof that the singularities of X are ordinary quadratic, we used that
{yw = 0} and {qy = 0} C PT are smooth. But the argument shows that it suffices that the
two varieties are smooth at every point of S. This slightly weaker assumption will be used for
the strictly semi-stable model in characteristic 3.
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Lemma 3.8. The blow-up X’ := Bly, X — Spec R is strictly semi-stable with special fibre Y1UYs
where Y1 = BlgY1. Moreover,

ViNY, =BlgZ =27 =Y;NY>.

Proof. The family X’ — Spec R is clearly proper, as X is projective over R. Since R = k[[t]], the
affine scheme Spec R is an integral, regular scheme of dimension 1. By [Har77, III. Proposition
9.7] the family X’ — Spec R is flat, because X’ is integral and the morphism X’ — Spec R is
dominant.

By Lemmata [3.4] and we know that Y7, Ys, and S are smooth. Locally at a point of S,
X has ordinary quadratic singularities (see Lemma and a local computation shows that the
special fibre of X’ is given by Y; UYs where Y; = Blg Y;: Recall that

X = {cu,v,w = tév,w + T7qQuw = 0} - P;{

and Yy = {t = 27 =0} C X. Let U; = {z; # 0} C P%, be the standard affine charts for 0 <4 < 7.
Then,

ai%ftbi:cu,vﬂw(z—q 1—7)=0, 7 1
B1Y1|’1Ui (X N UZ) = witon <Zz0 z7)+biqv,;<m ﬂ):() C Ak X Spec k[[t“ X Pk (3.8)

where [a; : b;] are the projective coordinates of Pt for i € {0,...,7}. In particular, we find that
the special fiber is the union of two subvarieties, namely in the local description of the blow-up

{t:m:0}U{tzaiZO}CBIYmUi(XﬂUi)-

Ty

The latter one, i.e. {t =a; =0} is obviously isomorphic to Y2 N U;. Let us compute now the
blow-up of Y7 in S to see that it is the other irreducible component of the special fibre of
X’ — Spec R: Consider

Y = {Cu,v,w(yOa -y Y6, 0) = 0} C Pg

and let V; = {y; # 0} C P} be the standard affine charts for 0 < j < 6. Recall that

S - {év,w(y(]v cee )yﬁvo) = QU,w(y07 .- 'ay6) - O} C Yl'

Then we find that

Oljév,w (i::£70> 7ﬁqu,w (i”%’o) =0, 6 1

where [a; : ;] are the projective coordinates of P; for j € {0,...,6}. Comparing now
and , we see that the first component of the special fiber is precisely the blow-up of Y7 in
S as claimed. We can use this local description to check that the irreducible components are
smooth and Cartier in X, but we prefer the general theory of blow-ups here: Since Y7 and S
are smooth, the blow-up Yl = Blg Yj is also smooth. Moreover, }71 NYy = Blg Z = Z where the
latter equation comes from the fact that S is Cartier in Z. Thus, the irreducible components
of the special fiber of X’ and their intersection are smooth. By construction, ¥; C X is Cartier
and shows that Y5 is Cartier, i.e. X’ is strictly semi-stable. O
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Lemma 3.9. Let X' = X' xzp_g R be the 2 : 1 base change of X'. The blow-up

t—t?
X :=Blz X" — SpecR (3.10)

18 a strictly semi-stable R—s~cheme with special fibre X’k =Y, U Pz UYs where Py is a P,ﬁ—bundle
over Z. The intersections Y1 N Py and Yo N Py are disjoint sections of Pz — Z. The geometric
generic fibre

Xf = {Cu,v,w = t2év,w + T7quw = 0} C P%

is a smooth (3,3) complete intersection.

Proof. Recall that X/ — Spec R is strictly semi-stable by Lemma A local computation as
in Lemma shows that the singular locus of X" is the intersection Z of the two components
of the special fibre. Hence, the 2 : 1 base change is regular away from the singular locus Z of
the special fiber. A computation in affine charts shows that the special fibre of the blow-up
X — SpecR is Y; U Pz UY, where Py is a P'-bundle, because it is a smooth conic bundle
with a section, e.g. Y3 N Py. As the singularities of X” are ordinary quadratic, the blow-up
resolves them, i.e. X is regular and thus in particular strictly semi-stable. The smoothness of
the geometric generic fibre follows from Lemma O

Remark 3.10. The 2 : 1 base change is necessary to ensure that the components of the special
fiber are reduced.

3.1 A strictly semi-stable model in characteristic 3

As mentioned in the beginning of the previous section, we construct also a strictly semi-stable
model in characteristic 3. Let kg be an algebraically closed field of characteristic 3 and let k :=
ko(u, v, w) be the algebraic closure of a purely transcendental extension of kg of transcendental
degree 3.

Definition 3.11. We define the following three polynomials:

f2(3) = a? 422 42l o+ ak e klx, ..., 23,

fés) 1= xp + woxt + 125 + wot + xaxk + w52d € Ko, . . ., 5],

f:§3) = l‘%$2 + $§:1:4 + $iaj5 + x%xg + x%x(; + SC% € kl[zg, ..., xg].
Moreover, we consider the following three polynomials in k[xo, ..., x7]:

ci’%’w =co+u (m6f2(3) + f§3)> +v (fés) + .Igl‘%) +w (fég') + 2322 + x6x$> ,

Q1()31)1) = X3T6 — T4T5 + U <m3x7 + f2(3) — x%) +w ( 2(3) _ x% i x%) ’

o) =g+ offY +w (A7 + adwr +2f).
where
2 2 2 2 2 2
co = xix5 + 1Ty + 2576 + x3(xf + v] + xF — 2w3(24 + 5 + 6)) € kolzo, - - ., T6).

Remark 3.12. The polynomials are chosen such that the arguments and constructions which
we made in characteristic different from 2 and 3 can easily adapted to this model. In particular
we need that certain varieties are smooth, see Lemma |3.5 The analogue statement is written
down in the lemma below. Note that the varieties are labelled such that the labeling agrees with
the labeling from Lemma[3.3
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Lemma 3.13. With the same notation as in Definition |3.11|:

Ay = {87+ = P = 1) +of =0} C B,
A/(u') = {fég) + z32% 4 2622 = 0} C PI,
/(m) = {fés) + z322 4 z622 = f2(3) — 22+ 22 =0} CPl,
(i) = (£ + 2522 + wa? = 1% + 22a7 + 23 = 0} C P,
(=Y =0} c Py,
A'(m-) = {fés) + z32% = 0} C PY,
Alyis) = {f?Eg) + x3a8 = fzgg) =0} C P},
(oiiey = 157 — 2§ = 1§ + wsaf = 0} C B,

(viii)

o= U9 = 9 =0 3
1B 2 _ () 2 _ o —0) C PP
(x) = {f2 Tg = f3 + T3Tg = T3 = } C k

are smooth complete intersections.

Proof. Recall that k is a field of characteristic 3. We use the Jacobian criterion as in the proof
of Lemma to show smoothness. Let us start with A/(u‘)' Its Jacobian is given by
2 2 2 2 2 2 2
(fcl 2ror1 + x5 2x1To + ;) 27375 +xf 2woTs + 15 27475 + T3 2T3T6 + X7 2x6x7) .
Thus we immediately see that the Jacobian vanishes if and only if

x1:m2:x4:x5:x3:m6:x7:0.

Hence, the only singular point of A’(ii) might be the point [1:0:---:0] € ]P)Z. Since that point
does not lie on A/(n')’ the variety A,(n’) is smooth. The same argument shows that A/(v) and A’(m.)
are smooth.

Next we consider A’(iii). Its Jacobian reads

a:% 2x0x1 + 93% 2x1x0 + xi 2x3x5 + :E% 2x01y + x% 2x415 + x% 2xr3x6 + x% 2r6x7
0 2.%'1 2.21?2 2.1‘3 2$4 21’5 —2.%'6 2:B7 ’

(iii)

We denote the 2 x 2 minor given by the i-th and j-th column by m; ;°. Using the vanishing of

D) D) (i) (i) (441) (441) (441)
Mo Moy Mg y"s My 5", My 37, Mgg and mg 7

in this order we find that

T1 =29 =24 =25 =23 =x¢ =27 = 0.

More precisely, the vanishing of m(()"f) implies 1 = 0. Then, the vanishing of mg";) yields zo =0

and so on. We note that the point [1:0: ---: 0] € P! does not lie on A’(iii). Hence the previous

argument shows that A’(iii) is smooth. The same argument shows the smoothness of A’(M.Z.Z.) and
A’(ix) because we used the sixth and seventh row of the Jacobian only to conclude xg = 0 and

x7 = 0, respectively.
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The Jacobian of A/(:(;) is given by

x% 2xox1 + x% 2rx1x90 + :1:?1 2x3T5 + :B% 2x0xy + m% 2x475 + :U% 2x376
0 221 229 2x3 214 2xs —2x¢
0 0 0 1 0 0 0

The same approach as for A/(m) shows that
T1 =29 =24 =25 =0.

Since the line
{a;lzxg:m4:x5:x3:0}CIF’2

does not intersect A’(I)7 it follows that A’(x) is smooth.

Consider A’(iv) and look at its Jacobian

w% 2xor1 + l‘% 2x129 + :c?l 2x375 + x% 2x0x4 + x% 2x45 + x% 2x3T6 + x% 2x6x7
0 21129 2x014 + ﬁ 2x316 + x% 2z 75 + x% 2x31s5 + CEi 2xgr7 + x% :zg ’

We denote the determinant of the 2 x 2 minor involving the i-th and j-the column by m{™.

Z?J
Then the equations

_ ) _ 3
0=mg, = 722,

w 2 4
0= m(()72) = 2{T2T4 + X

imply 1 = 0. Similarly, the vanishing of
(n.n2) . (2.5 (o). () and ()
implies that
1'2:.734:.%5:1'3:1'6:0.

Thus A/

(iv) is smooth, because it does not intersect the line

{331:x2:$3:x4:m5:x6:O}CPZ.

The smoothness of A’

(vid) is shown by the same argument. Note that it is crucial that the

polynomial fés) contains the monomial x%.
It is left to prove that A'(i) is smooth. Its Jacobian reads

23 2momy + 23 2x179 + 23 2x375 + 33 2mowy + 22 2x475 + 23 22376
0 2x129 22974 + 23 2x316 + 72 2m475 + 75 27375 + 27 13 | (3.11)
0 21’1 2%2 2:63 23;4 2%5 —2336

We claim that any singular point satisfies
1 =o9 =124 = x5 = 0. (3.12)

Assume that this claim holds. Then it follows immediately that A’(Z.) is smooth: Let [xg: - : xg)

be a singular point of A’(i). The vanishing of fés) and f2(3) — m% reads

2 2 _ 2
0:x3x6+xg:x3f:v6,
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i.e. implies 23 = 26 = 0. Since [1 : 0--- : 0] € P} is not contained in A’(i), we conclude the
variety A’(i) is smooth if the claim that any singular point satisfies 1) holds. Thus it is left
to show the claim. We will prove it by contradiction and assume that one of the four variables
is non-zero. Let us order the four variables as follows

21, %2, x4, and Ts. (3.13)

Note that if the first k& of these variables are zero, then the Jacobian looks similar to (3.11]) in
the sense that up to removing some zero columns and rearranging the columns it has the form

2

0 2zy z?+2yz
0 2z 2y

If z # 0, the Jacobian of A’(i has not the full rank if and only if the 2 x 2 minors of the last two
rows vanish, i.e. we obtain equation of the form

0=2zy(...)—22(...) = 0=y(...)—(...).

We use this observation to find a contradiction in each of the following four cases which we
distinguish by the first non-zero variable in :

Case 1. Assume x1 # 0: Using the approach we describe above, we obtain the following
equations:

0= 21’% - m% — 22924,

0 =2xox4 — x% — 2x425,
0= —2x276 — x%,
0=2xox3 — :c?, — 2x376,
0 =2xox5 — 33?1 — 2x3T5.

We see from the first equation that xo # 0 (otherwise 1 = 0). Thus we can assume without
loss of generality 9 = 1. Rearranging these equations yields

2 =x4—1 (3.14)
r4x5 = x4+ 1 ( )
T = 2, (3.16)
$§:$3$6_$3:$§_5L‘37 ( )
(3.18)

x5 = x5(z3 — 1).

The vanishing of fé?’) yields

0:x%+x4+xix5+x§x3+$§x6+azg
x4—1+934+x4335+x5333+:c39:6+x6
B3 204 — 1+ xq(xg + )+$§$3+$§$6+$2
B9 224 — 14 z4(xq + 1) + 25 — 22 + 2226 + 23
||

4 2 4
*1+$3*§C3+$3+$g
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=22 —1—2%—ad+af, (3.19)
and also
0= a% + 2y + adus + wdws + adwg + o]
;34_1+x4+$§x5+$§$3+$§x6+$g
= oy~ 1+ ad(as — 1) + 2l + adwe + o
B2y — 14 (2 — 2a) (—ws — 1) + e + o
EID

—xq — 14 (23 — x3)(—x3 — 1) + 23 + 25§

—x4 — 14+ 3+ 22 — 23 + 5. (3.20)

Plugging (3.20)) in (3.19) yields

2 2 2 4 12 4 2
0= (—14+as+ai—ai+a8)? —1—af—af+a5 =i+ —af — 2l + 25 +ai+ a3+ 23 +o3 = p1.

Moreover, squaring (3.18) and using (3.19) yields
8 _ .5

0= (1423 + x5 —25)? — (23 —23)(w3 — 1)? =23 + 23° — 2§ — 2] — 23 + 23+ 1 =: po.

If A’(Z.) has a singular point with x; # 0, then two polynomial p; and pe in k[x3] must have a

non-trivial greatest common divisor. Thus, we find a contradiction by showing that the greatest
common divisor of these two polynomials is a unit. Note that

pL— P2 = —x%o—i—xg—xg—xg—x%—i—x%—kx%—l.
Thus, we compute the greatest common divisor of po and p; — po:

—a3 — w3+ 1) (p1 —p2) + 235 + 2§ + 2§ — 25+ 23 — 1,

—x3—1)- (2] + a5 + 2§ — 23 + 22 — 1) + ps,

D2

p1 — P2
x§+x§+mg—x§+x§—1:

2

(
(
(
py = (w3 + 1) (—af —af + a3 — 25 — 23 + 1) — a3 + 3 — a3,
(
(
(

w3+ 1) -p3—af — xS +ad —ad — a3 1,

—af — 2§+ a) —af—ad+ 1= (2§ — 2 + 2 +23) (23 + 23— 1)+ a3 + a3 +1,
—xd a2l —1=(—x3—1) (22 +234+1)— a3,

1‘3+1)-:L‘3—|—1,

where p3 = 2§ + 2§ + 25 + 25 — 23 — 23 — 25+ 1.
Case 2. Assume 1 = 0, x2 # 0: By the same argument as in Case 1, we can assume without
loss of generality z4 = 1 and obtain the following equations:

22 =151, (3.21)
T35 = x5+ 1, (3.22)
T6 = T3, (3.23)
2? = x3(xg — 1) = 25 — 3. (3.24)

Since f‘ég’) and f2(3) - x% vanish, we obtain the condition

0= (23 + a5 + 2333 + 2326 + 28) + (25 + 23 + 1 + 2% — 27)
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3.21
3x5—2+a:§(x3+1)+x§x6+x§+x§+1—x§
623 _ 14 ad(es+1) + 23 + 25 + 22 — 23

€29

—1+4 (23 — 23) (w3 + 1) + 23 + x5 + 2§ — 23
:$3+x3+x3_$3—1.

On the other hand,
B22) o

. €29
1 =" 22(x3 — 1)? (3

= (7§ — x3)(v3 — 1)7,
i.e.
Ozxg—i-mg—x%—xg—l.

We check again that the greatest common divisors of the two polynomials is a unit and conclude
that no singular point of A’(i) satisfies x1 = 0,22 # O:

sS4t tas—as3—1=(x3—1)- (25 +a5 — 22 —x3—1) — a3 — a5 — a3+ 1,
i af—xf —ax3—1l=a3-(v3+ah+a3—1)+25 -1
5+ ai+ w3 —1= @3 +23+1)- (23 — 1) — 23,
$§—1:$3'LL‘3—1.
Case 8. Assume x1 = 29 = 0, x4 # 0: By the same argument as in Case 1 and Case 2 we can
assume without loss of generality x5 = 1 and obtain the following equations:
33?1 =x3— 1,
_ .2
.CL'6 — l‘3,

0= —x3w6 +x3+1=—a3+a3+1.
Moreover, the vanishing of fé‘g) implies
0=af +ag+adegt+ai=w3—1+as+ai+ad=ad+2] 231
The greatest common divisor of these two polynomials is a unit:
6 4 _ 2
Sty —a3—1= (23 —a3+1)(z5 —23—1) — 23 — a3

x3— 23— 1= (—23+1)(—23 —z3) — 1.

Hence, no singular point of A’(i) satisfies 1 = 0,29 = 0,24 # 0.

Case 4. Assume x1 = x9 = x4 = 0, x5 # 0: As in the previous cases we can assume without

loss of generality x3 = 1. Moreover, any singular point of A’(i) satisfies

z6=1, 28 =26—1=0

which contradicts our assumption that x5 # 0.
This concludes the proof of the claim that any singular point of A’(i) satisfies 1’ and thus
finishes the proof of the lemma. O

Recall that k = ko(u, v, w) where kg is an algebraically closed field of characteristic 3. Let
R = K[[t]] be the formal power series in one variable over k and consider the R-scheme

X = { 532] w = té,lfw + x7q(3) = 0} C IP)E



28 CHAPTER 3. A STRICTLY SEMI-STABLE MODEL

where the polynomials are defined as in Definition [3.11} The special fiber X} of X — Spec R
has the two irreducible components

Vo= (e =2 =0}, Yoi= {ef =) =0} CPL

Let Z := Y1 NY> denote their scheme-theoretic intersection. The model X — Spec R is again not
strictly semi-stable because X' is not smooth. More precisely, the singular locus of X is given by

§i= o), ) =g =z =0} c

with A7 | from Lemma Applying the same construction to X — Spec R as in characteristic
different from 3, which was done in the previous section, we obtain a strictly semi-stable model.

This can be seen by following the argument in Lemma@ and replacing the A from Lemma

Lemma 3.14. The blow-up X' := Bly, X is a strictly semi-stable R-scheme with special fibre
Y1 UYs where Yy = BlgYy. Furthermore, consider the 2 : 1 base change X" := X' xp_,r R.

t—t?
Then, the blow-up )
X :=Bly (X") — Spec R (3.25)

of X" in the subvariety Z is a strictly semi-stable R-scheme with special fibre Yi UP;UY, where
Pz isa Pi—bundle over Z. The intersections Y1 NPy and YoN Py are disjoint sections of Py, — Z
and the geometric generic fibre

X = { ) oy = 26, + 27ff), = 0} C P

u,

of X — Spec R is a smooth (3,3) complete intersection.

Remark 3.15. We use the same letters for this strictly semi-stable model as for the model
constructed before in characteristic different from 3 to simplify the statements in the next chapter.
But we will repeatedly mention that in characteristic 3 the model looks different.

The lemma is proved by adapting the proofs of Lemmata and[3.9. Let us make

this more precise: In Lemmata and we often degenerate to a variety Ay from
Lemma to show smoothness. For the proof of Lemma [3.14 we instead degenerate to the

Uarz'leig}/L ftl’() (with the same index) from Lemma . Moreover in the proof of Lemma we
used tha

{evw =0}, {qow =0} CP]

are smooth to describe the singularities of X — Spec R (in characteristic different from 2 and
3). In characteristic 3 the varieties

{év,w = 0}7 {qgi)u = 0} - ]P)’IZ

are singular. But as already mentioned in Remark[3.7 it suffices that the two latter varieties are
smooth along S which is proved in the lemma below. Besides this two adjustments the arguments

from Lemmata (53], and[3.9 can be copied to prove Lemma[3.1].

Lemma 3.16. The varieties

are smooth along S = {x7 = qqg‘?w = év??w = cu?’zw = ()} - IP’Z.
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Proof. The Jacobian of A’(m) reads (up to some factors of the form 2(v + w))

(0 x1 we 2(v+w)rs+vry+ 6 T4 — m% T5 — mM —xg + mg;g vx3 + 2w$7) )

Using that S C {z7 = 0}, we immediately see that the only singular point of Al(m) which might
be contained in Sis [1:0:---:0]. Since cq(ffq)w does not vanish at this point, we find that A’(m.)

is smooth along S. The Jacobian of A’(m.) is (up to some factors of the form (v + w)) given by

(0 201To  2x0T4 + a:% 2x316 + x% 2x4x5 + x% 2x3xs + xi 33§ + 2wxgxy wx%) .

Thus A’

intersects S, i.e. A

is smooth away from the line | = {x1 = 29 = --- = 24 = 0} C IP)Z which does not
! ;) is smooth along S. O

(zii



Very general (3,3) fivefolds are irra-
tional

In this section we prove that the geometric generic fibre Xf of the strictly semi-stable family
X — Spec R does not admit a decomposition of the diagonal which implies T heorem Recall
that we defined the strictly semi-stable family X — Spec R in characteristic 3 (see Lemma
slightly different from the one in characteristic char k # 3 (see Lemma [3.9).

To this end let A := Oy p be the local ring of X at the generic point np, of Pz with
»iz

residue field x(Pz). Then X4 — Spec A is strictly semi-stable and we obtain a homomorphism

d . CHy (X x k(Pg)) — CHo(Pz x k(Py)),

Xy, Py

where X, denotes the special fiber of the strictly semi-stable model X — Spec R. The main
result of this section is the following proposition which implies that X7 does not admit a
decomposition of the diagonal by Theorem [2.14]

Proposition 4.1. Let X — Spec R be the strictly semi-stable model with special fibre Y1 UPZUY3
from 1) or from 1} if chark = 3. Let A= Oy p_ be the local ring at the generic point

of Py with residue field k(Pz). Then for any zem-cyclé z € CHy(Py), the element
6PZ — Zg(Py) € CHD(PZ X K}(Pz))
does not lie in the image of @/.,EA P, modulo 2, where 0p, denotes the diagonal point of Pz xk(Pz).

Let us lay down the strategy of the proof first: We will assume that the element is contained
in the image of ® 4Py modulo 2. Similar to [PS21] the strategy is to simplify the contribution
from CH; (X} x k(Py)) by repeatedly applying Fulton’s specialization map. A new ingredient is
the idea of degenerations to cones which have trivial Chow groups of zero-cycles. We will arrive
at the conclusion that the diagonal point dz, € CHo(Zy x k(Zp)) satisfies

5Z0 € Im (CH()(Zo) — CH()(ZO X H(Zo))) mod 2.

This contradicts some property of the non-trivial unramified cohomology with Z/2-coefficients
on Zp which is also studied in [Ska22].

Before we give the details of the proof we start with a couple of observations regarding certain
Chow groups and an cohomological obstruction which gives the contradiction in the proof of
Proposition These are laid down in the following two section. In the last section we give
the actual argument as well as some consequences of Proposition

30
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4.1 Chow groups of certain varieties

We describe some Chow groups of certain varieties which we consider later in the proof of
Proposition 4.1l The following lemma works quite generally and describes the Chow group of
one-cycles for a variety which is the intersection of a cone with a hypersurface that intersects
the vertex of the cone with high multiplicity.

Lemma 4.2. Let W :={F| =--- = F, =0} C P! be a smooth variety over some field k where
Fi,...,F. € K[xg,...,z,] are some homogeneous polynomials and r > 0. Let
Vi={Fi = =F =gz +g =0} CP"
where g; € k[xzg,...,x,] are homogeneous polynomials of degree d —i. Assume further that
D:={Fi=--=F =g =gy=0} CPl

is smooth. Then for any field extension ' /k there is a surjective homomorphism
CHo(D X e /{/) & CHl(W Xk K,) — CHl(V Xk /{l).
Remark 4.3. Our assumption on D and W implies that V is smooth away from Q.

Proof. We first note that V' is the intersection of the cone Cyy over W C PP & {x,, 41 = 0} C P2*!
with vertex @ := [0 : ---: 0 : 1] € P! and the degree d hypersurface H := {g17n41 + go =
0} Cc PPl As Cy is a cone with vertex @, the projection from @ induces a rational map

p: Cy --—» W.

Away from the point @, ¢ is a morphism Cy \ @ — W whose fiber over some k-rational point
P € W is the line [p through @ and P € W where we view W as a subvariety of the hyperplane
{xn41 = 0} C PP The hypersurface H intersects the line [p at the point @ with multiplicity
d — 1. Hence, there is a unique other point on that line in the intersection V = Cy N H which
is mapped to P under ¢. Thus, ¢|;, yields a birational map

V- W.
This map is resolved by the isomorphism
Bl V — Blp W

which can be checked by an explicit computation: We consider the blow-up of H at the point @
because Blg V' is the strict transform of V' under the blow-up Blg H — H. Recall that the blow-
up Blg H is given by the closure of the graph of the rational map [z : - -+ : Zpp1] = [xo 1 -+ @ 2.
Let 2o, . .., Znt1 and ¥, - - . , Y denote the coordinates of PP+ x P, The blow-up Blg H is given
in the chart U/ := {y; # 0} C PPt x P? by

Y Y
Tnt191 <??:-~~7%>+$i90 (72""’?7-)20

a:j:mig for je{0,...,n}\{¢}

i

Blg H|; = { } C Pt x AT

The equations x; = :L‘ZZ—Z describe hyperplanes in the first factor, i.e. we can also describe the
blow-up as

Blg Hly,, = {a:n_Hgl <Z°y"> + 200 (Zoyy"> :o} C PL x A"
KA A KA KA
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where x;, 11 and %, ceey % are the coordinates of PL and A7, respectively. Hence,
K2 1
Blo V|, = Fi (et )= (32,32 ) =0, c Pl x A" (4.1)
;) — . .
Ui Tn+191 %77% +xzi90 %77% =0 " "

Similarly, the blow-up of W in D is the strict transform of the blow-up of P? in {go = g1 = 0} C
PP, Hence, in the affine charts U; := {x; # 0}:

P22 ) ==F, (22,20 ) 0, L
Blpny, (W NU,) = b PR C A xPL (4.2)
91 (5252 ) ~to0 (5030 ) =0
where %’ R % and s, t are the coordinates of A” and P, respectively. Moreover, the birational

map ¢|,, extends to a morphism
Bl V — Blp W

The morphism is given in the charts which are described in (4.1]) and (4.2)) for i =1 € {0,...,n}

by
([ml : $n+1]7 <y0>7yn>> = <<yovayn> 7[331' : _$n+1]> .
Yi Yi Yi Yi

Thus, we see that Blg V' — Blp W is a birational morphism which is locally an isomorphism,
i.e. it is an isomorphism which extends |y, .
Hence, there is an isomorphism on the level of Chow groups

CH, (Blp W) —» CH, (Bl V).

Since W and D are smooth, we can apply the blow-up formula for Chow groups (see e.g. [Voi03,
Theorem 9.27]), i.e. there exists an isomorphism

CHo(D) D CHl(W) ~ CH; (BlD W)
Consider the natural pushforward
CH1 (BIQ V) — CH1 (V)

of the proper morphism 7: BlgV — V. Since 7 is an isomorphism away from (), which is a
(singular) point, the pushforward on the Chow groups of one-cycles is surjective. Indeed the
strict transform of a one-cycle on V' is mapped to that one-cycle under the pushforward map.

As blow-ups commute with extension of the base field, the above construction also holds
after some base extension. Thus, we obtain a surjective homomorphism

CHo(D Xk KJI) D CHl(W Xk Iﬁ:/) — CH1<V Xk Hl).
This concludes the proof of the lemma. ]

Next we observe that cones in PP} with a k-rational point as vertex have universally trivial
Chow group of zero-cycles.

Definition 4.4. Let V = {Fy, = --- = F, = 0} C P} be a variety with a k-rational point P where
Fy,...,F. € klzg,...,z,] are some homogeneous polynomials. We say that V is a cone over
P if after a suitable coordinate transformation xq,...,Tn — Yo,--.,Yn the point P is the point
[0:---:0:1] and the homogeneous polynomials Fi, ..., F, are contained in klyo, ..., Yn—1].
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Lemma 4.5. Let V C P} be a cone with a k-rational point P as vertex. Then V has universally
trivial Chow group of zero-cycles.

Proof. We need to show that for any field extension F'/k the degree map deg: CHy(Vp) — Z is
an isomorphism. Since P is k-rational point, it suffices to show that any closed point Q) € Vp is
rationally equivalent to deg(Q) - Pp.

Let Q € Vr be a closed point and let r := deg(Q) = [F(Q) : F]. Consider the base change
of Vi to the algebraic closure F of F. Then there are exactly r closed point Q1,...,Q, € V&
which map to Q € Vp under the natural map V= — Vp. Since V' is cone over P, the base-change
Vi is also a cone with vertex Pz. Hence, there exist (unique) lines [, ..., [, such that I; passes
through P and Q;. Let L =1, U--- U, be the union of these lines. As Pf is the base-change
of the F-rational point Pr and the points @); are mapped to ) under the map Vi — Vg, we
see that the point Pz and the union of points Q1 U --- U @, are invariant under the action of
Gal(F'/F). Thus, L is invariant under the action of Gal(#'/F). In particular we find that L is
the base change of some subvariety L' C P%.

Since L; is a line for every i € {1,2,...,7}, there exist some f; € F(L;) such that

P — Q; = div(f;).

In particular

rPr— Y Q; =div(f)

i=1
r o _
where f := [[ fi € F(L). Since L is invariant under Gal(F'/F'), the rational function f is
i=1

contained in F(L'), i.e.
TPF - Q = div (f) .
Hence we showed that any closed point @@ € Vg is rational equivalent to a multiple of Pg for

any field extension F'/k. Thus, V has universally trivial Chow group of zero-cycles. 0

Using this observation we prove that certain algebraic schemes have universally trivial Chow
group of zero-cycles. The considered algebraic schemes will come up in the proof of Proposi-
tion 4.1f when using Lemma 4.2

Lemma 4.6. Let kg be an algebraically closed field of characteristic different from 2. We define
the following reduced algebraic schemes

Dy = {23 — 222 = 2225 + 23wy + x3(23 + 23 + 22 — 223(x4 +25)) =0} C Pio,
Dy :={cop = x3 = zgx5 =0} C ]P)goa

d
So¢ :={co = w6 = waw5 =0} C Pgo,

where ¢y € kolzo, . .., x| is defined as in Deﬁnition or Definition|3.11. Then D1, Da, and S§e

have universally trivial Chow group of zero-cycles.

Note that the polynomials ¢y € kg[xo, ..., z¢] in Definition and Definition are the

same, i.e. a distinction between characteristic 3 and characteristic char kg # 3 is not necessary.

Proof. As kg is algebraically closed, there exists a square root v/—1 of —1. The transformation

x5 = V—1lys, T4 ys+ys, x;—y; forie{0,1,2,3}
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induces an isomorphism Dy & D) where D] is the algebraic subscheme of IP’ZO given by

{(V=198ys + yiya + yivs + ys(y3 + y3 + 2pays — 2y3(ya + ys + V—1ys5)) = y5 — 245 = 0} .

The projection from the point P=1[0:---:0:1] € IP’ZO induces a birational map
Dy - DY := {y5 — 243 = 0} C P},

Let W = {V-1yd + v} + 2y3ys — 2(1 + vV=1)y3 =0} C Dj and let U := D} \ W be the
complement. Let z € Zy(D}) be any zero-cycle. Obviously, we can write

2=z + 29 € Zo(D})

for some z1 € Zo(W) and 2z € Zyp(U). Note that W is a cone over the kg-rational point
P=[0:---:0:1] € on. Thus W has universally trivial Chow group of zero-cycles by
Lemma in particular zy = k- P € CHy(W) for some k € Z. Similarly, D} is a cone over the
ko-rational point [1: 0:0:0:0] € Pio and thus has universally trivial Chow group of zero-cycles
by Lemma Since U is isomorphic to an open subvariety of DY, U has also universally trivial
Chow group of zero-cycles, by the localization exact sequence. Thus we can write

ZQZZ'P,ECHO(U)
for some | € Z where P’:[1:O:~--:O]€]P’20. As the lines
[s:t]—[s:0:0:0:¢:0], [u:v]—[0:0:0:0:u:v] (4.3)

are contained in D), the ko-rational points P and P’ are linearly equivalent in D) and the
previous discussion shows that

2= (k+1)- P e CHy(D)).

Since the lines in (4.3) are defined over kg, the argument works also after some field extension.
Thus, D) and therefore also D; = D] have universally trivial Chow groups of zero-cycles.
Consider next

Dy = {23 = 2425 = 2325 + 2324 + 2576} = D3 U D3

where D} = {z3 = x5 = 23z + 2326}, D3 = {x3 = 24 = 285+ 2326} C ]P’go are two subvarieties
which are isomorphic to each other. The varieties D3, D2 C IP’%O, and their intersection

D3N D3 = {z3 = x4 = x5 = 2526} C P},

are cones with a kg-rational point as vertex. Thus, we see from Lemma [4.5] and the Mayer-
Vietoris exact sequence for Chow groups [Ful98, Example 1.3.1 (¢)]

CHo (D3 N D3) — CHy(D3) ® CHy(D3) — CHy(D3) — 0

that Dy has universally trivial Chow group of zero-cycles.

Lastly, Sied = {23z5 + 2324 + 23(2% + 22 + 2 — 223(24 + 25)) = 2425 = 0} C on is a cone
over the ko-rational point [0 : 0:1:0: 0 : 0] and thus has universally trivial Chow group of
zero-cycles by Lemma, O
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4.2 A cohomological obstruction

Proposition 4.7. Let ky be an algebraically closed field of characteristic different from 2 and
let

Zo = {33(2)$5 + 22xy + 23z + x3($§ + 22+ x% —2x3(xq + x5 + x6)) = X306 — T4x5 = 0} C IP%O.
Then the class 0z, € CHo(Z ky(z,)) is non-zero in the quotient

CH, (Zovko(zo))/Q

0 7& [520] € CHo(Zo)/2

The proof of this proposition follows mainly the argument by Skauli [Ska22|, which uses ideas
of Schreieder in [Sch19b]. The main idea is to compute the Merkurjev pairing of dz, with some
non-zero unramified class «. This pairing will give a non-zero element in some étale cohomology.
On the other hand, if [0z,] = 0 in the quotient, then it turns out that the pairing has to be
also zero which gives us a contradiction. This approach has several technical difficulties, mostly
caused by the the singularities of Zj. These issues have been resolved in [Sch19b].

We recall the computations from [Ska22]. Let Zy be defined as in Proposition and let

Q = {$3ZC6 — X455 = 0} C Pgo

be the cone over ]P’,%/,O X P}% embedded in IP’%O ={xg =21 =292 =0} C IP’%O with vertex plane
{rs=24 =25 =26 =0} C }P’go. Recall that the Segre embedding of }P’}CO X ]P’}CO is given by

IP’,lcO X IP’,ICO — IP’%O, ([z0 : z1], [22 & 23]) = [2022 @ 2023 & 2122 : 2123).
Thus, we get a rational map
©:Q --» JP’,}EO X ]P’,%/,O, [xo 1+ xg] — ([w3 : 5], [x3 : 24]).
Lemma 4.8. The rational map o induces a morphism
Q :=BlpQ — P, x Py,

where D = {x3 = x4 = x5 = x¢ = 0} C Q is the vertex plane of the cone Q over P,lco X IP’}cO.
Restricting this morphism to the strict transform of Zy via the morphism Blp Q@ — @ yields a
surjective morphism

for Zy == Blpnz, Zo — Pi, x Py, -

Moreover, the generic fiber of fo is smooth and the singular locus does not dominate IP’,ICO X IP’,lcO.

Proof. Define
Q' :=Blp Q := {ysys — yays = zy; — x;: =0, fori,j € {3,4,5,6}} C P x P},

where xg, x1,...,xs are the coordinates of Pgo and ys3,...,¥ys are the coordinates of Pio. Then
it is immediate to check that the projection onto the first factor

pr;: Blp@Q — @
is the blow-up of @) in D. Moreover, the projection onto the second factor

pry: Q' —» IP’,ICO X IP’,lcO
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is induced by ¢. The strict transform Z{ of Zj is given in the chart {y; # 0} C Q' (i € {3,4,5,6})
by

2 2 2
o L LU LU <y3> +<y4> +<y5> —2y3<y4+y5+y6> —0%,
vi ' lwi Cwi i vi vi vi \¥i v i

(4.4)
and the exceptional divisor is given by

Ys 2Y4 2Y6
FE = :U2+:U+x:3:-:0}. 4.5
{Oyz Yy TPy (4:5)

The projection onto the second factor pry induces a morphism
for Zy — Py x P .

Using (4.4]), the variety Z|) is given in the chart {y3 # 0} by

2 2
.1‘(2)&4-.%%%4—1'%7?4425 —i—x% 1+ <y4> + <y5> _2<y4+y5+y4;g5> =0 CP%OXA%O,
Y3 Y3 Y3 Y3 Y3 Ys Y3 Y3
(4.6)
and the restriction of the morphism fj to that chart is

Zh — AL x At CPL x Pi, <33 AR I ,(y4,y5>)r—><[1:y5],[1:y4]>. 4.7
0 ko X Ay C Py X Py (w0 @12 @2 : 2] v Us " s (4.7)

Similarly, the variety Z restricted to the chart {ys4 # 0} is isomorphic to

2 2
2Y3Ye 2 2Y6 2 Y3 Y3Ye Y3 YsYs | Y6 3 2
=g T T T I3+ — +1+<> —2(1++> =0, C Py <A} ,
{ i T Py 4((3/4) vi va v m ko™ ho

and the morphism fj is in that chart given by

Zh — AL x At CPL x P}, <a: tX1 T2 X ,(y3,y6>>l—><[y6:l],[yg:1]>. 4.8
0 ko X Ay C Py X Pry (o s a1+ a2+ 2] 2 e ” ” (4.8)

Hence, we directly see that fy is surjective and the generic fiber of fj is smooth because it is a
Fermat quadric over the function field of the generic point of IE”}fo X ]P’,lco. The statement about
the singular locus follows from [Ska22, Remark 3.6]. For the convenience of the reader we give
an alternative proof: We claim that every singular point of Z| satisfies

Y3Ye = yays = 0.

Then, by the local description of fy in and the image of the singular locus under
the morphism fy is contained in the union of the coordinate axis, i.e. a proper closed subset of
P, % P, -

To prove the claim it clearly suffices to show that the singular locus of Zj in the chart
{ys # 0} is contained in y4ys = 0 because we can assume y3 = 0 outside of this chart and then
ya4ys = 0 follows from the definition of Q’. Assume without loss of generality y3 = 1. Then
reads

Zy = {adys + viys + 23yays + 23 (L + 93 +y2 — 2 (ya + Y5 + vays)) = 0} C Pp x A7 .
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For any singular point the Jacobian
(2zoys 2x1ys 2w2yays 2w3(...) @F +ysa3 + 25(2ys — 2ys — 2)  xF + yaa3 + 23(2ys — 2y4 — 2))

has to vanish. Assume that rg = 1 = x2 = 0 and thus z3 # 0 because xg, 1, T2, and x3 are
projective coordinates. Then the vanishing of the last two components of the Jacobian yields a
contradiction

0= (2ys —2y5 —2) + (2y5 — 2y4 — 2) = =4 # 0.

Hence, one of the coordinates zy, =1, and x2 is non-zero which immediately implies y4y5 = 0. [

The non-zero unramified cohomology class comes from a quadric surface bundle studied by
Hassett, Pirutka and Tschinkel [HPT18, Example 8]:

Proposition 4.9. The variety Zj C Blp Q is birational to the following quadric surface bundle
Q = {yzs® + xzt® + ayu® + (2® + > + 22 — 2(wy + x2z +y2))v? =0} C IP’%O X IP’%O
Hence, there exists a non-trivial class

0 a=fi (22 € 2,000, 2/2).

Proof. The ambient spaces Blp @ and Pio X IP’%O are birational, e.g.
Py, x P} -+ BlpQ,[z:y:2],[s:t:u:v]— [s:t:u:v:vgzvg:v%},[z:x:y:%]

defines a birational map. Moreover, the birational map is an isomorphism in the charts z = 1
and y3 = 1. Setting now z = 1 in the defining equation of @ and comparing the result with
, we immediately see that Q and Z) are birational. Thus the unramified cohomology groups
are isomorphic. Schreieder observed in [Sch19b, Proposition 9.6] that the class

pri (3.2) # 0 € HE (ko(Q)/ko,2/2))

is non-trivial which was proven in [HPT18, Proposition 11]. Following the birational maps we
thus see that

20 Yo

This finishes the proof of the proposition. O

a=f* (Zl yl) #0 € H, (ko(Z0) /Ko, Z/2).

The explicit description of the unramified cohomology class « allows us to obtain the following
vanishing result.

Lemma 4.10. Let E C Z| be the exceptional divisor and let o be the unramified class from
Proposition . Let F/ky be some finitely generated field extension. Then for any closed point
e in the smooth locus of Ep

ar|, =0¢€ H*(k(e),Z/2).

Proof. Let ng, € Er C Z; pp denote the generic point of Er. Recall that a = f§ <Z—1 y—l) where

20’ Yo

fo: Zy — IP)}CO X }P’,lﬂo is defined as in Lemma Since (;—é, %) corresponds to the quadratic

<1 z g Zlyl> <1 A Zlyl>
"20 Yo 20 Yo 20" Yo 20 Yo

form
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over kg (P,lfo X ]P’,lco) = ko (%, %), the restriction of ap to the generic point of Er corresponds to

the same quadratic form over F(Er). To be more precise: As fg,: Er — PL x P} is dominant
and z%’ Z—g are mapped to z—(l) and Z—é respectively, « F|77E corresponds to the quadratic form
F

<1 Ys v ysy4>
Y3 Y3 Y3 Y
on F(Ep). This quadratic form is isotropic over F'(Er) because the equation for i = 3 in (4.5)

is a subform of <1, Ly L y—5y—4> Thus, the restriction ap| vanishes in H?(F(EF),7Z/2) by
Y3’ y3’ Y3 Y3 NEp
Theorem Since H*(Op,¢,Z/2) — H*(F(EF),Z/2) is injective by Theorem [2.26] (a), the

restriction ap|, € H?(r(e),Z/2) of a to the regular point e of Ep vanishes. O
Proof of Proposition[[.7]. Let

Zy = {$(2)$5 + x%x4 + Q?%IE(} + I‘g(:ﬂ% + xi + x% —2x3(xq + x5 + x6)) = X326 — T4w5 = 0} C Pgo
and let 6z, € CHo(Zo x,(z,)) be the class of the diagonal. We aim to show that

CHo (Z0=ko(Zo))/2

0 7é [520] € CHO(ZO)/Q

To abbreviate some notation let us define K := ko(Zy) and k := ky. For a contradiction assume
that
0z, =221 + 22K € CHo(ZO,K) (4.9)

where z; € CHo(Zp k) and z9 € CHo(Zp) are some zero-cycles. Recall that there exists a
non-trivial element o € H2 (k(Zy)/k,Z/2) which was constructed by [HPT18] (see also Proposi-
tion. Since Z{ is the blow-up of Zj in some subvariety DN Zy (see Lemma, the varieties
Z{, and Z are birational, i.e.

a € Hy(k(Zo)/k,2/2) = Ha (k(Zy) [k, L/2).

We denote the blow-down morphism by pg: Z) — Zy and the exceptional divisor by E. As
already mentioned, the main idea for this proof is to compute the Merkurjev pairing (dz,, «)
and use to find a contradiction. Since Zj is not smooth, the Merkurjev pairing might
not factor through rational equivalence. Therefore we need a smooth ”model” for Zy which we
construct by using an alteration. (If resolution of singularities would be known also in positive
characteristic, the argument becomes slightly easier.) Let 79: Z[ — Z{ be an alteration of odd
degree which exists by work of de Jong |deJ96] and Gabber, see e.g. [IT14]. Since ky is perfect,
Z{ is smooth. Then, we obtain the following diagram

70

0
zl y Zh — 2 7,

I

Pl x PL.
Extending the base field to K/k, the diagram reads
Zyx — Ly —— Zox,

where 7 and p denote the base-change of the morphism 7y and pg, respectively. Note that 7 is
again an alteration of odd degree.
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Next we need to pull-back the zero-cycle (4.9) and the unramified cohomology class to Z ;-
and Z{/, respectively. Let us start with the latter one: Since, 7y is surjective it maps the generic
point of Z{ to the generic point of Zj. Thus 7y induces a morphism

70: Speck(Z{)) — Speck(Z}), (4.10)
which we also denote by 79. We apply Proposition m (a) to obtain an element
mga € HE (K(Z0)/k,Z/2) .

Note that (4.10]) is a finite morphism, as 7y is generically finite. Thus there exists also a well-
defined push-forward morphism

(o)« Hy(k(Z)/k,2/2) — H(k(Z0)/k, 2/2)

by Proposition (b). Next we pull-back the zero-cycle dz, from CHo(Zo,x) to CHo(Zj x):
Since p: Z(/L x — Zo,k is proper, there exists a well-defined push-forward map on the level of
Chow groups. Restricting this push-forward map to the open subvariety Z(/), x \ Ex gives an
isomorphism

CHy (Z67K \ EK) — CHg (Z()’K \ (ZQK N DK)) ,

as the map on varieties is an isomorphism. Using the localization exact sequence for Chow
groups (see e.g. [Ful98| Proposition 1.8]), we find the following commutative diagram

CHo(Ex) — CHo(Zj o) — CHo(Zj x \ Ek)
CHo(ZO,K) — CH()(ZO,K \ (ZO,K M DK)))

Thus, restricting the class (4.9) to the open subvariety Zy k \ (Zo,x N Dk ) and pulling it back
via p, we find by the above diagram that

for some zero-cycles z{ € CHo(Z], ), 25 € CHo(Z))) and a zero-cycle z; supported on Ef.

Consider the pull-back of along 7. More precisely, if we restrict 7 to the preimage of
the smooth locus, there exists a well-defined pull-back map on the level of Chow groups (see
[Ful98, Section 8.1]). Thus, by the localization exact sequence ([Ful98| Proposition 1.8]) we
obtain the following diagram

ot (= ((204)™)) — €t (1) — 0 (- (5)")
[~
CHy (2} ) — CHo (2, K)sm> .
By restricting to the smooth locus and pulling back the zero-cycle along 7 we find that

0r = 22) + 25 g + 23 + 24 € CHo(Z) ) (4.12)

sing
where d; is the zero-cycle on Z ;- induced by the graph of 7, 2 is supported on 1 ((Z(’) K) > ,

sm
2% is supported on 771 (EK N (Z(’),K) ), z5 € CHo(Zy), and 27 € CHo(Zj g )
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Lastly, we compute the Merkurjev pairing of the cycle (4.12]) with 7. Let us compute first
(6,,75) € HY(K,7./2).

Recall that the graph I'; is isomorphic to Z[/, so the generic point np. of the graph I'; which
represents the cycles ¢, has function field isomorphic to Z{ and the natural morphism

Spec k(Z)) — Spec K = Spec k(Z;)

is the same morphism as (4.10]). By construction of the Merkurjev pairing ,

(07, 750) = () ((750) Ky, ) -

Since, the composition of the base extension by K and restriction to the generic point is the
identity, we obtain by Proposition [2.24] (b)

(67, 75) = (10)«(10)* e = deg 9 - « € H*(k(Z}),2/)2) = H*(K,7/2).

As deg7p is odd and o # 0 € H?(K,Z/2) by Proposition the pairing (., 7jc) is non-zero.
We claim now that

(22 + 25 jc + 25 + 2 150 = (28 i + 25 + 2, 70) = 0 € H*(K,Z/2)
which yields the contradiction
0# (6,,750) =0 € H*(K,Z/2),

i.e. our initial assumption (4.9)) is false and this proves Proposition
It is left to show the claim: Since the Merkurjev pairing is linear in the first argument,
it suffices to prove that each summand of the zero-cycle pairs zero with 75a. The pairing

<z§’7 K,T§a> is the pull-back of the pairing (2, 7j«) via the natural morphism ¢: Spec K —

Spec k, see Lemma (a). Since k is algebraically closed, all higher étale cohomology of Spec k
vanish, in particular H?(k,Z/2) = 0. Hence,

<zé/,K7 Téka> =" <Z§/,T§a> =*0 = 0.

Next, we show that (24, 75a) = 0. Recall that the zero-cycle 24 is supported on 7*1((267 )N
Ek). Using the local descriptions of E and Z, see and , we see that (Z) r)*" N Ex C
E3. Hence it suffices to check that the pairing (z3, 7;«) vanishes for a single closed point zj
which is mapped via 7 to a regular point 2§ of Fx. Lemma (b) and Lemma imply

(2, 15a) = (2h,a) =0 € HYK,Z/2).

Lastly we check that (2}, 75a) = 0. Recall that 2} is supported on 7! ((Z})%"8). By Lemma
the singular locus does not dominate P}( X IP’}(. Thus, we can apply Theorem and conclude
that

(zf,m50) = 0.

This proves the claim and thus Proposition [£.7] O
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4.3 Proof of the main result

Proof of Proposition [{.1: Let us recall what we want to prove: Let ko be an algebraically closed
field of characteristic different from 2 and let k := ko(u,v,w) be the algebraic closure of a
purely transcendental extension of kyg. Moreover, let R = k[[t]] be the formal power series in one
variable over k. We consider the strictly semi-stable model

X — SpecR

from (3.10), or (3.25)) if chark = 3. Recall that the special fibre & of X — Spec R has three
irreducible components .
YYUPZzUYs

where }71 = Blg Y; is the blow-up of Y7 in the singular locus S of X and Py is a P,lg—bundle over
Z =Y1NYs, see also ([3.10)) and 1’ Moreover, let A := O3 Py be the local ring at the generic
point of Py with residue field k(Pz). We want to show that for any zero-cycle z € CHy(Py) the
element

5PZ — Z(Py) S CHD(PZ X k(Pz)) (4.13)

does not lie in the image of the obstruction map
q)-)EAJDZ : CHl(.)Ek Xk k‘(Pz» — CHo(PZ Xk ]{(Pz))

modulo 2 where @3 p s defined as in 1)
Assume that 1) is contained in the image of ® 5 p modulo 2. The idea of the proof is
to simplify the Chow groups in the obstruction map as much as possible and conclude that

5Z0 € Im (CHo(Z(]) — CH()(Z() X ko(Zo))) mod 2. (414)

which contradicts Proposition [4.7
Step 0. Clearly,

CH, (Y1 x k(Pz)) ® CH;(Pz x k(Pz)) ® CH, (Y3 x k(Pz)) — CH (X}, x k(Py)),

where the map is given by the push-forward along the corresponding inclusions of varieties. Let
us consider the contribution of CHy(Pz x k(Pz)). We know that P; — Z is a P}-bundle (see
Lemma and Lemma respectively) and Z is smooth, so there is a canonical isomorphism

CHo(Z x k(Pz)) @ CHy(Z x k(Pz)) — CHy(Py x k(Py)). (4.15)

For the convenience of the reader we quickly describe this map: The map from the first summand
is given by pulling back a zero-cycle via base extension of the flat morphism Py — Z with
k(Pz). Geometrically, the class of a closed point in Z x k(Pyz) is mapped to the class of the
line over that point. The map from the second summand is given by pulling back a one-cycle
via base extension of the flat morphism Py — Z with k(Pz) and intersecting it with a section
of the P-bundle Pz x k(Pz) — Z x k(Pz). Combining this description with the concrete
description of the obstruction morphism we find that the contribution of CHy(Z x k(Pz))
to the obstruction morphism vanishes modulo 2. Indeed, take a closed point z in Z x k(Py),
the above description of the isomorphism tells us that we take the fiber over this point
which is a P!. By the concrete description of the obstruction morphism (see (2.5)), we then
intersect this line in Pz x k(Pz) with Y] x k(Pz) and Y5 x k(Py). These intersection points
are equal to the point z we started with by viewing z as a point in Py x k(Py) via the sections
Z xk(Pz) — (YiNPy) x k(Pz) and Z x k(Pyz) — (YaN Py) x k(Pyz) respectively. Since these two
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intersection points lie in the fiber over z, which is a P!, they are rationally equivalent. Hence,
the image of the CHy(Z x k(Py)) via the obstruction morphism is zero modulo 2.

Next we discuss the contribution of CH;(Z x k(Py)). As Z — Yo N Py is a section of the
projective bundle P; — Z and the isomorphism is given by pulling back the one-cycle
and intersecting it with a section, we find that any one-cycle of Z x k(Pyz) is mapped under
to a one-cycle supported on Y5 N Pz. Hence, the contribution of CHy(Z x k(Py)) to the
obstruction map is absorbed by CH;(Ys x k(Pz)). After this discussion we thus find that the
image of the obstruction map ® TaPy modulo 2 is contained in

Im (CHl(f/l % k(P7)) @ CHy(Ya x k(Py)) —s CHo(Py x k(PZ))> mod 2. (4.16)

Next we take a look at CH;y (Y] x k(Py)). As blow-ups commute with extension of the base
field, the blow-up formula for Chow groups (see e.g. [Voi03, Theorem 9.27]) yields a canonical
isomorphism

CH, (Y} x k(Pz)) & CHo(S x k(Pz)) = CH,(Y; x k(Pyz)).

Thus we conclude that (4.16]) is contained in

Im (CHl(Yi X k‘(Pz)) D CHl(}/Q X k(Pz)) D CH()(S X k(Pz)) — CH()(PZ X k(Pz))) mod 2.

(4.17)

Next we will use Fulton’s specialization map to make the Chow groups more accessible. For
this we recall an observation made by Pavic and Schreieder.

Lemma 4.11 ([PS21, Lemma 5.7]). Let B be a discrete valuation ring with fraction field F' and
residue field L. Let p: X — Spec B and q: Y — Spec B be proper, flat B-schemes with connected
fibers. Denote by X, Y, and Xo, Yy the generic and the special fibers of p, q respectively. Assume
Yy is integral, i.e. A = Oyy, s a discrete valuation ring, and consider the flat proper A-
scheme X4 — Spec A, given by base change of p. Then Fulton’s specialization map induces a
specialization map

Sp: CHZ()(77 X F(Yn)) — CHZ(X() X, Z(ifo)),

where F and L denote the algebraic closures of F and L, respectively, such that the following
holds:

(1) sp commutes with pushforwards along proper maps and pullbacks along regular embeddings;

(2) If X = Y, then sp(dx,) = 0x,, where 6x, € CHy(X, xp F(X,)) and 0x, € CHo(Xo XL

L(Xy)) denote the diagonal points.

Recall that we aim to conclude from the assumption that is contained in the
image of ¢ TaPy This is done in the following three steps. In each step we apply Fulton’s
specialization map, see Lemma [£.11], by specializing one parameter u,v,w to 0 in order to
control the Chow groups in (4.17): The first specialization allows us to write the first Chow
group of Y5 as the first Chow group of ¥; and some Chow group of zero-cycles. In the second
step the first Chow group of Y7 will simplify to the first Chow group of some projective space,
which is isomorphic to Z, and again some Chow group of zero-cycles. Lastly the remaining
Chow groups of zero-cycles, namely the two added in the previous steps and the Chow group
of S, specialize in the third and final step to Chow groups of the reduced algebraic schemes in
Lemma i.e. are also isomorphic to Z. Thus we will be able to conclude . The following
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diagram summarizes the strategy in a very informal way:

Y, S Y1 + something,
Vi A P54+ something,

S + something ~As Sted Dy, and Dy from Lemma .6

We start with some general remarks and lay down the details afterwards. Since the specializa-
tion map in Lemma [£.11] commutes with pushforwards along proper maps and pullbacks along
regular embeddings [Ful98|, Proposition 20.3|, we may compute the specialization of by
specializing the involved varieties. The ground field k = ko (u, v, w) will change in each step, but
remains algebraically closed by the construction in Lemma To simplify the notation we
denote the ground field in each step by s which we specify at the beginning of each step. Note
that the varieties in depend on u, v, and w. To distinguish the specialized varieties from
each other we denote the parameters as indices, e.g. Z = Z, .. We will omit the parameters
after the specialization to 0. If there might be confusion after specializing all parameters we will
write a 0 as index, e.g. Zp. As a last remark, we try to explicitly write down the specializa-
tion, i.e. write down X and Y from Lemma In order to keep the text readable, we omit
the explicit specialization for characteristic 3 and we think of Pz as a trivial P'-bundle over Z
which is technically not correct because Py is only a locally trivial P!-bundle (see Lemma

and Lemma [3.14)).

Recall that we defined the following polynomials in k[xzg, ..., x7]:

co = xixs + vixs + x326 + 13(23 + 2] + 22 — 2w3(74 + 25 + 26)),
fo = Va(z122 + 2475) + 23,
f3 = xg +af + a3 + 23 + af + a3,
fa = — ot + pai — pad + p?a — p*a},
Cuww = Co+ w6 fo + f3) + v(fz + 23) + w(g” + 23),
Qo = 376 — T45 + V(w37 + f2 + 75) + W[,
bow = To + vfs +wh,
where p € ko is a primitive third root of unity, see also Definition 3.1,

Step 1. We simplify the contribution of Y3: The ground field x is ko(u,v) and we want to
specialize w — 0. More precisely, we consider the proper and flat family

Y = {upo +wg" = w3w6 — 2425 + 0(f2 + 25) + wf = 0} C Pl X Py — Spec &[[w]].

Its geometric generic fibre is Pz, , , and its special fibre is Pz, ,. (Recall again that we assume
for simplicity that Py is a trivial P'-bundle in order to write down the family ) — Spec k[[w]]
more nicely.) The special fibre Pz, , of the family Y — Spec s[[w]] is integral because Py, , is a
Pl-bundle of Z,, and the latter variety degenerates via v — oo to A(visiy from Lemma and
is thus smooth and integral. Hence, we can apply Lemma to

X ={cypo+wg” =0} C Pg[[w” — Spec k[[w]] for Y1,
X = {cupo+w(g¥ +a3) = quo+wf* =0} C ]P)Z[[w]} — Spec k[[w]] for Ys,
7

X = {cupo +wg"” = quo +wf" =éyo+wh" =7 =0} C Py, — Speck[[w]] for S, and
X =Y — Speck[[w]] for Py,



44 CHAPTER 4. VERY GENERAL (3,3) FIVEFOLDS ARE IRRATIONAL

respectively. We are mostly interested in Yo as we want to simplify its contribution in the
obstruction, i.e. in (4.17). Note that Y5 4,0 is a cone over Y74, C PS with vertex [0 : ---: 0 :
1] € P7 which is precisely the situation described in Lemma The varieties

W =Y14n C ]P’g, and
D = Doy = {Cupo = 3 = 2376 — 2475 + v(fo + ) = 0} C P¢

are smooth as they degenerate via v — 0o to A(,;) and A(,) from Lemma respectively. Note
that in characteristic 3 the varieties

W =Yiu, CPY, and
_ — 1.3 _ _ (3) .2y _ 6
D= Dyuyi=qc T3 = 2376 — T475 + V([ xg) =0 C P,

u,v,0 T

are also smooth as they degenerate to A’(m.) and A’( 2) from Lemma respectively. Thus, we
can apply Lemma with V =Y5,, and d = 2 and obtain a surjective homomorphism

CHo(Daup X £(Pgz,,)) ® CH1(Yiuw X £(Pz,,)) — CH1(You X £(Pgz,,));
i.e. the specialization of (4.17)) is contained in
Im (CHl (Yl,u,v,Ll) @ CHj (DZ,U7U7L1) @ CHj (Su,v,Ll) — CHy (PZu,'U,L1>> mod 2 (418)

where Ly := k(Pgz, ).
Step 2. We simplify the contribution of Y;: The ground field « is ko(u) and we specialize
v — 0. Consider the proper and flat family

Y= {cuo0+v(fz+ x3) = w3we — vaws + v(fo + 13) = 0} C Pg[[vﬂ X Pflg[['u]] — Spec £[[v]].

The variety Pz, , is the geometric generic fibre of JJ — Spec R and the variety Pz, is the special
fibre. The latter variety is a PL-bundle over Z, which is integral because its defining equations
are linear in the variable xg. Thus Pz, is integral and we can apply Lemma to the flat and
proper families

X = {co+u(wefo+ f3) + v(fs +23) =0} C Pi[[v” — Spec k[[v]] for Y1,
X = {cuo0+v(fs+a3) =23 = 3425 —0(fo +23) =0} C Pﬁ[[v]] — Speck[[v]] for Da,

Y- {cu,o,o—l-v(f3+w:é)=mg+vf3:0,} - Pg[[v]l s Specnu] for S, and

z326—T4x5+0(fa+22)=0

X =Y — Speckl[[v]] for Py,

respectively. The only interesting specialization is the specialization of Y7: We note that Y7 ,, is
a cone in PS with vertex [0:---:0: 1] € PS. Similar to Step 1 we want to apply Lemma
Therefore we need to check that W = ]P’i and D = Dy, C IP’E are smooth where D1, is given by

{x% — 2x§ +ufy = $%$5 + :c%m + :cg(ac§ + a:?l + a:g —2x3(xg +x5)) +ufs = 0} - IP’g.

The projective space W is obviously smooth and D specializes via u — oo to A, from
Lemma In characteristic 3 we need to replace fa and f3 in the above definition of D by f2(3)

and f§3), respectively. The variety D degenerates via v — oo then to Aj, ) from Lemma [3.13
i.e. D is also smooth in characteristic 3. Applying Lemma [£.2] with V' = Y7 ,, and d = 3 yields
a surjective homomorphism

CHO(Dl,u X Ii(PZu)) &) CHl(PH(PZu)) —» CHI(Yl,u X K(qu)).
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Moreover, CH; (Pi( Py )) = 7 is generated by a line. Without loss of generality we can assume

that the line [ is defined over x. By Lemmawith k" = K (and the same W, D, and V as above)
the line [ give rise to a one-cycle on Y;,. The image of that one-cycle under the obstruction
yields a zero-cycle in Pz, x k(Py,) which is defined over . Hence, the specialization of
is contained in

Im <CH0 (Py,) ® CHo (D1.4.1,) ® CHo (Da,u.,) ® CHy (Su.1,) — CHy (PZU,LQ)) mod 2
(4.19)
where Ly = k(Pz,).
Step 3. We simplify the remaining Chow groups: The ground field is k = kg and we specialize
u — 0. We consider the proper and flat family

Y ={co+u(fs + x6f2) = 306 — 425 =0} C Pg[[u]] X P};[[u}] — Spec k][[u]].

The variety Pz, is the geometric generic fibre of Y — Spec k[[u]]. The special fibre Py, of the
family ) — Spec x[[u]] is a P!-bundle over Zy which is integral because its defining equation is
linear in xg, i.e. Pz, is integral and we can apply Lemma to

= {rimretntnl i o) =0 C po Ly — Specrlu]]  for D,
X = {co +u(zefo+ f3) = x3 = —zgx5 =0} C ]P’ﬁ[[u]] — Spec £[[u]] for Do,

X = {co +u(zefo + f3) = w326 — T425 = x% = O} C ]P’i[[u” — Spec k][] for S, and
X =Y — Speckl|[u]] for Py,

respectively. Note that D;, and Dj, specialize via u — 0 to D; and Dj from Lemma
respectively. Moreover, the algebraic scheme S, specializes via u — 0 to

So = {C() = T3Te — T4T5 = l‘g = 0} C Pg.
Its reduced scheme is S5 from Lemma By Lemma
Dl, DQ, and Séed

have universally trivial Chow group of zero-cycles. Thus, the specialization of (4.19)) is contained
in

Im (CHO(PZO) — CHQ(PZO X K](PZO))) mod 2. (420)

Moreover, applying Lemmam (2) repeatedly to our initial assumption that (4.13) is contained
in (4.17) implies that dp, is contained in (4.20).

Since Pz, is a Pio—bundle over Zy, the pushforward of zero-cycles yields a canonical isomor-
phism CHg(Pz,) = CHy(Zp). As Chow groups do not change under purely transcendental field
extensions, there is an isomorphism CHy(Zy X ko(Zp)) = CHo(Zo X ko(Pz,)). Moreover, the
diagonal point ¢ Pz, is mapped to the diagonal point dz, under the composition

CHQ(PZO X kQ(PZO)) i) CH()(ZQ X kO(PZO)) i) CH()(ZQ X kZQ(Zo)).
Hence, we conclude that
520 € Im (CH(](Z()) — CH[)(ZO X ko(Z@))) mod 2

which contradicts Proposition [£.7] Thus our initial assumption is wrong and we conclude that
the element 6p, — 23(p,) € CHo(Pz x k(Pz)) is not contained in the image of ® 5 p modulo 2
which proves Proposition O



46 CHAPTER 4. VERY GENERAL (3,3) FIVEFOLDS ARE IRRATIONAL

Corollary 4.12. The smooth (3,3) complete intersection

X? = {Cu,v,w = tQév,w + :I:7qv,w} C ]P)%

from Lemma or from Lemma [3.14] in characteristic 3, does not admit a decomposition of
the diagonal, in particular X is not retract rational.

Proof. Assume that XF admits a decomposition of the diagonal. Consider the strictly semi-
stable family X — Spec R from Lemma or from Lemma in characteristic 3. Recall that
X7z is its geometric generic fibre and the special fibre X}, of this family is given by

Y1 U Py UYs,

where the varieties are defined as in the above mentioned lemmata. Let A = Oy Py be the local
ring at the generic point of Pz. Then A/R is an unramified extension of discrete valuation rings.
Thus it follows from Theorem (i.e. [PS21, Theorem 4.1]) that the natural morphism

(D/"EA : CHl(A;k X k(PZ))/2 — Ker (CHO(Y/'L;‘,(PZ))/Q fan) CHo(Pz,k(PZ))/Q fan) CHO(Yz,k(PZ))/Q dﬂ Z/2

(4.21)
is surjective. Note that for any zero-cycle z € CHy(Py) of degree 1, the element

5PZ — Zk(Py) € CHO(PZ X k(Pz))

has degree 0. Thus the image of (4.21) contains this zero-cycle. More precisely, since the
zero-cycle is supported on Pz x k(Pz) it is contained in the image of @ %,.p, modulo 2 which

contradicts Proposition Hence, /'\N,’f does not admit a decomposition of the diagonal and is
thus not retract rational by Lemma [2.4 O

Hence we constructed an example of a smooth (3, 3) complete intersection in P” which is not
retract rational which implies that a very general (3,3) complete intersection in P7 is not retract
rational and thus proves Theorem

Corollary 4.13. Let k be an uncountable field of characteristic different from 2. A very general
(3,3) complete intersection in IP’Z does not admit a decomposition of the diagonal.

Proof. Let B be the variety parametrizing smooth (3,3) complete intersection of IP’Z, i.e. Bis
an open subvariety of Pi!9 x Pi19. (Note that 119 = (130) —1.) Let f: Y — B be the family
of smooth (3,3) complete intersections, i.e. ) is a closed subvariety of B X Pz. We claim that
it suffices to prove the argument for (uncountable) algebraically closed fields k. Indeed, assume
that the statement holds over algebraically closed fields. If a (3,3) complete intersection over
a (not necessarily algebraically closed) field k& admits a decomposition of the diagonal then its
base change with & also admits a decomposition of the diagonal. Thus the closed point in B
whose fibre admits a decomposition of the diagonal lie in the image of a countable union of
proper closed subsets under the natural morphism

BE*)B,

i.e. is a countable union of proper closed subsets. (Recall that B is a projective variety.) Thus
we can assume without loss of generality that & is algebraically closed. By Corollary there
exists a smooth (3,3) complete intersection in ]P’z which does not admit a decomposition of the
diagonal. Hence the statement follows directly from Lemma and Theorem [2.16 O
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