TORSION ORDER AND IRRATIONALITY OF COMPLETE
INTERSECTIONS

JAN LANGE AND GUOYUN ZHANG

ABSTRACT. We provide new logarithmic lower bounds for the torsion order of a very
general complete intersection in projective space as well as a very general hypersurface
in products of projective spaces and Grassmannians, in particular we prove their retract
irrationality.

1. INTRODUCTION

The torsion order Tor(X) of an integral variety X over a field k is the smallest positive
integer e € Z>; such that a decomposition

e'AX:ZXX+Z€CHdimx(XXkX) (11)

exists, where z € CHy(X) is a zero-cycle and Z is a cycle on X x; X whose support does
not dominate the second factor; we set Tor(X) = oo if no such decomposition exists.

The notion originates from work of Bloch [Blo80] (using an idea of Colliot-Thélene) and
Bloch-Srinivas [BS83] and has been studied for instance in [CL17, Kah17, Sch21, LS24].
Slight variants of the torsion order have been considered in [ACTP17] and [Voil7].

A rationally (chain) connected smooth projective variety X has finite torsion order and
X admits a decomposition of the diagonal (meaning Tor(X) = 1) if X is (retract) rational
or Al-connected. Thus the non-rationality of smooth projective (rationally connected)
varieties can be shown by proving that the torsion order is strictly larger than 1 (or
equivalently disproving a decomposition of the diagonal). This approach to the rationality
problem has been successfully started by Voisin [Voil5]. The rationality problem itself has
been extensively studied for a very general member of many classes of algebraic varieties
using various methods. We refer the reader to the recent surveys [Deb24, Sch25] for an
overview of the methods and results.

Two other properties of a smooth projective integral variety are captured by its torsion
order. If f: X — Y is a generically finite morphism between smooth projective in-
tegral varieties over a field k, then a “pull-push-argument” shows that Tor(Y) divides
deg f - Tor(X). In particular, Tor(Y) provides a lower bound for the degree of any
unirational parametrization of Y. The torsion order of a smooth projective integral k-
variety is also the smallest positive integer such that the kernel of the degree morphism
deg: CHo(X1) — Z is e-torsion for any field extension L/k, where Tor(X) = oo if and
only if no such integer exists.

In this paper, we provide new and improved lower bounds for the torsion order of very
general complete intersections in projective space as well as hypersurfaces in products of
projective spaces and Grassmannians.
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1.1. Complete intersections. An argument of Rojtman [Roi80] for hypersurfaces ex-
tended to complete intersections by Chatzistamatiou-Levine [CL17, Proposition 4.1] shows
that the torsion order of a Fano complete intersection of multidegree (dy, ..., d) in PN*s
over any field divides d;!----- d,!, in particular it is finite.

In the same paper, Chatzistamatiou-Levine provide a lower bound for very general
Fano complete intersections by building on earlier work of Totaro [Tot16] and Kollar
[Ko0l95]. The torsion order of a very general complex complete intersection X of multide-

gree (dy, . ..,ds) and dimension N is divisible by some prime power pif

Pt
for some ¢ € {1,...,s} if pis odd or N is even, see [CL17, Theorem 7.2]. By using the
Fano index r(X) := dim X + s+ 1 —d; — - -+ — d,, the statement roughly means that

Tor(X) is divisible by a positive integer m if some degree d; satisfies
d; >m-r(X)+m.

For hypersurfaces, this bound was significantly improved by Schreieder [Sch19b, Sch21]:
A very general hypersurface X of degree d and Fano index 7(X) > 0 over a field k has
torsion order divisible by a positive integer m, if m is invertible in k& and

d > logy(r(X) +m) + m.
We extend the bound of Schreieder to complete intersections.

Theorem 1.1. The torsion order of a very general complete intersection of multidegree
(dy,...,ds) and positive Fano index r over a field k is divisible by a positive integer m if
m € k* and there exists a degree d; such that d; > logy(r +m) + m.

A complete intersection of multidegree (di, ... ,ds) is very general if it is (up to a field
extension) isomorphic to the geometric generic fibre of the parameter space of complete
intersection of the given multidegree, see Section 2.5.

In fact we obtain slightly better bounds, which recover the bounds for the torsion
order of hypersurfaces in [LS24]. For instance, we obtain the following result for the 2-
divisibility of the torsion order, which yields the same bound in positive characteristic as
the stable irrationality bound of Nicaise-Ottem [NO22] in characteristic 0. The results in
[NO22] are proven using a motivic method, which builds on earlier work of Nicaise—Shinder
[NS19] and Kontsevich-Tschinkel [KT19]. The motivic method was recently improved by
Hotchkiss—Stapleton [HS25] to handle A'-connectedness.

Theorem 1.2. Let k be a field of characteristic different from 2. Then the torsion order

of a very general complete intersection of multidegree (di,...,ds), dimension at least 4
and Fano index r is divisible by 2 if r < 2 or some degree d; > 4 and
d; + 2
r < (d; +1)24 — { ;r J

In particular, such complete intersections are neither (retract) rational nor A'-connected.

Note that the torsion order of complete intersections with non-positive Fano index r
might be infinite, e.g. non Fano complete intersection over C have infinite torsion order.
The case of hypersurfaces in the above theorem is covered by [Moe23], who showed the
stable irrationality in char 0, and [L.S24, Theorem 1.1]. The latter results also cover the
case of quartic fivefolds, see also [NO22] and [PS23, Theorem 1.1].
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1.2. Hypersurfaces in rational varieties. We illustrate the flexibility of our approach
by considering also hypersurfaces in other rational varieties. Among them hypersurfaces in
products of projective spaces are probably the most extensively studied ones with regard
to the rationality problem, see for example [BB18, AO18, ABBP20, NO22, Moe23].

To the best of our knowledge, there seems to be no upper bound for the torsion order of
hypersurfaces in products of projective spaces known in the literature. Although one might
be able to adapt Rojtman’s argument for complete intersection also to these examples,
which we do not pursue here. Instead we provide the following lower bound.

Theorem 1.3. Let k be a field and let m,s € Z>, be positive integers such that m is
invertible in k. Then the torsion order of a very general hypersurface in P}i\ﬁ Xpoo o xk]P’%
of multidegree (dy,ds, ..., ds) is divisible by m, if

My >4 and (di,ds,...,ds) > (logy(My) +m, My +1, Ms+1,..., M;+1).
In particular, it is neither stably rational nor retract rational nor A'-connected.

This extends and generalizes earlier results by Nicaise-Ottem [NO22, Proposition 6.2],
where stable irrationality for s = 2 is shown in characteristic 0.

A different class of examples are hypersurfaces in Grassmannians, which are related to
Gushel-Mukai varieties, see e.g. [DK18]. We obtain the following result by relating certain
hypersurfaces in Grassmannians directly with the ones in [Sch19b, 1.S24].

Theorem 1.4. Let l,n € Z>, be positive integers such that l(n — 1) > 4. Consider the
complex Grassmannian Gr(l,n) and fix a Plicker embedding Gr(l,n) < PX. Then the

torsion order of the intersection of Gr(l,n) with a very general complex hypersurface of
degree d > 4 in PX is divisible by 2, if [(n — 1) < (d + 1)2¢7%.

The restriction to the complex numbers is mostly for simplicity of the argument and it
should be possible to obtain a similar result also in positive characteristic, see Remark 5.10.

The stable rationality for hypersurfaces in the Grassmannian Gr(2,n) is studied in an
unpublished work of Ottem' and also in work of Yoshino [Yos24, Yos25]. For | = 2,
Yoshino obtained a slightly better bound (2(n — 2) < (d + 1)2¢7% + 2) for the stable
irrationality of hypersurfaces in Gr(2,n), see [Yos25, Theorem 1.3].

1.3. Outline of the argument. Nicaise-Ottem [NO22] proves successfully the (stable)
irrationality of algebraic varieties using a degeneration to snc schemes, where the obstruc-
tion to rationality lies in some lower stratum using the motivic volume. A cycle-theoretic
analogue of this method was given first by Pavic—Schreieder [PS23] for proper families
with a generalization to non-proper families by Lange—Schreieder [LS24].

We elaborate the idea of [LL.S24] to consider non-proper degenerations to snc schemes by
studying affine degenerations to which the method of [PS23, 1.S24] is applicable. In fact,
we reformulate most of the assumptions in terms of basic commutative algebra statements.
An iterated application of this affine degeneration allows us to construct affine complete
intersections from affine hypersurfaces, where the torsion order of the former is controlled
by the torsion order of the latter.

Applying this machinery to the concrete hypersurface examples from [Sch19b, Sch21,
L.S24] provides affine complete intersections with a (non-trivial) lower bound on the torsion
order. We emphasize that this ultimately relies on certain vanishing results for unramified
cohomology classes found for instance in [Sch19a, Sch19b].

Lavailable at his webpage: https://www.mn.uio.no/math/personer/vit /johnco/papers/gr25.pdf.


https://www.mn.uio.no/math/personer/vit/johnco/papers/gr25.pdf

4 JAN LANGE AND GUOYUN ZHANG

The main results are obtained by considering different compactifications of these affine
examples together with a standard degeneration argument. To control the compactifica-
tion, we use the theory of Grobner basis.

We would like to point out that we use degenerations similar to and inspired by the ones
in [NO22, Moe23]. While they use one degeneration into many components, which they
control via tropical geometry, we consider several simple degenerations into 2 components.

In Section 2, we recall the theory of Grobner basis, a relative version of the torsion
order used in [LS24], and the notion of very general in families. The framework of affine
degenerations is developed in Section 3. In Section 4, we check that the hypersurfaces
from [Sch19b, Sch21, L.S24] as well as special complete intersections related to an example
of Hassett—Pirutka—Tschinkel [HPT18a] fit in our framework of affine degeneration. This
essentially boils down to some elementary computations using the explicit equations. The
final section (Section 5) is devoted to the proof of the main results.
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2. PRELIMINARIES

2.1. Notations and conventions. All rings are assumed to be commutative with 1.
The characteristic char(A) of a ring A is the smallest positive integer ¢ € Zs; such that
any element in A is c-torsion and zero if no such positive integer exists. The exponential
characteristic of a field k is 1 if char k = 0 and char k otherwise. Unless stated otherwise,
the generators of a polynomial ring are assumed to have degree 1.

Let R be a ring. By an R-scheme we mean a separated scheme of finite type over R. If
R = k is a field, then we also say algebraic scheme over k. An integral algebraic scheme
over k is called a k-variety (or short: variety). If X is an R-scheme and A is an R-algebra,
then X xp A (or simply X,) denotes the fibre product X Xgpec g Spec A.

For an algebraic scheme X over a field k, we denote its Chow group of dimension ¢
cycles by CH;(X). We denote the tensor product CH;(X) ®z A for a ring A by CH;(X, A).

2.2. Monomial orderings and Grobner basis. We recall a few basic notions related
to monomial ordering of polynomial rings following the reference [CLO25, Section 2.2].
Let k be a field and let R = k[z1, ..., x,] be the polynomial ring over k in n variables.
A monomial ordering on R is a well-ordering, i.e. a total ordering such that any non-
empty subset admits a smallest element, on the set of monomials z* = z{* - - - %" where

a=(ay,...,a,) € ZL, such that for every «a, 8,7 € Z%,

® > 2P = 2% > P,
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see [CLO25, Section 2.2 Definition 1]. A monomial ordering > is called graded if |a| > |3
implies z® > 2? for every a, 3 € 7%y, where |a| := ay + -+ + a,. The most important
example for this paper is the graded lexicographical ordering.

Example 2.1 ([CLO25, Section 2.2 Definition 5]). Consider the relation >gex on the
set of monomials =%, o € Z%,, on R = k[zy,...,1,] given by 2% >0, 27 if |a| > |8| or
la| = |B| and the left-most non-zero entry in o — 3 € Z" is positive. Then >gey is a
graded monomial ordering on R, called the graded lexicographic ordering.

Let R = k[zy,...,x,] be a polynomial ring over a field k£ and fix a monomial ordering
on R. For a polynomial f =Y, a,x® € R we define the leading monomial of f as

LM(f) := max{z® : a, # 0}, (2.1)

where the maximum is taken with respect to the choosen monomial ordering. We say that
the leading monomials of a collection f1,..., f. of polynomials in R are relatively prime
if for all 4,5 € {1,...,r} with i # j we have

ged (LM(f,), LM(f;)) = L.

Example 2.2. Consider the polynomials

f =32y +62°y* —bay+5, g=a"+2*P+y  +ay—1, h=y*+y+1¢ckry

The leading monomials with respect to the graded lexicographic ordering (z > y) are
LM(f) = 2%? LM(g) =2°, LM(h)=y".

In particular, we see that the leading monomials of g and h are relatively prime, while

the leading monomials of f and g are not.

Definition 2.3. Let f € k[zy, ..., z,] be a polynomial of degree d. Then
(o, ... xp) = 2lf (xl, xn)
Zo

7 xo
is a homogeneous polynomial of degree d in k[xy, ..., x,], called the homogenization of f.
Let I C k[xy,...,x,] be an ideal. Then we define the homogenization of I to be the ideal

I" = (fh f e I) C k’[!ﬁo,ﬂ?l,...,xn},
which is a homogeneous ideal in k[zg, x1, ..., Z].

A collection of polynomials whose leading monomials are relatively prime in the above
sense behave well under homogenization.

Proposition 2.4. Let R = k[xy,...,x,] be a polynomial ring over a field k and fiz a
graded monomial ordering on R. If the leading monomials of a collection of polyno-
mials f1,...,f. € R of degree at least 1 are relatively prime, then I" = (fI,..., f").
In particular, the scheme {fl = --- = fh = 0} C P} is the projective closure of
{fi=-=f. =0} C A}, if k is algebraically closed.

Proof. This is a consequence of the theory of Grobner basis. The assumption on the
relative primeness of the leading monomials implies that fi,..., f, is a Grobner basis
for I by [CLO25, Section 2.9, Proposition 4 and Theorem 3|. The homogenization of a
Grobner basis of I is a basis of 1", see e.g. [CLO25, Section 8.4, Theorem 4]. The claim
about the projective closure is shown for example in [CLO25, Section 8.4, Theorem 8]. [
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2.3. Strictly semi-stable schemes. We recall the well-known definition.

Definition 2.5. Let R be a discrete valuation ring with residue field k£ and fraction field
K. A strictly semi-stable R-scheme is an integral separated scheme X flat and of finite
type over R such that

e the generic fibre X is smooth over K;

the special fibre Y := X}, is geometrically reduced;

each irreducible component Y; of Y (i € I) is a Cartier divisor in X’;

for every () # J C I, the scheme-theoretic intersection Y := ;c;Y; is smooth
and equidimensional of dimension dimY + 1 — |J|, if non-empty.

2.4. Relative torsion orders. Let X be a variety over a field k. Let Ay C X x, X
denote the diagonal class in the Chow group, and 6x € CHy(Xy(x)) be the class induced
by pulling back Ax via the natural morphism X x) — X x; X.

Definition 2.6 ([LS24, Definition 3.3]). Let A be a ring and let X be a variety over a
field k. Let W C X be a closed subset and denote its complement by U := X \ W. The
A-torsion order of X relative to W, denoted by Tor™(X, W), is the order of the element

6X|U = 5U c CHo(Uk(X),A)

Note that Tor™(X, W) € Zs,U{oc} and it divides the characteristic of A if char(A) > 0.
We recall a few basic facts about the relative torsion order, starting with the following
simple lemma.

Lemma 2.7 ([LS24, Lemma 3.6]). Let X be a variety over a field k and let W C X be a
closed subscheme. Then the following hold:
(1) For all m € Z, Tor™™(X, W) | Tor®(X, W);
(2) Let W' C W C X, then Tor®(X, W) | Tor®(X, W’);
(8) Tor(X) is the minimum of the relative torsion orders Tor”(X, W) where W C X
runs through all closed subsets of dimension zero;
(4) If X is proper and deg: CHo(X) = Z is an isomorphism, then Tor(X) = Tor”(X, W)
for any closed subset W C X of dimension 0 containing a zero-cycle of degree 1;
(5) Tor™( Xy, Wp) | Tor™(X, W) for any ring A and for any field extension L/k. More-

over, if k = k is algebraically closed, then Tor™(Xy, W) = Tor™(X,W).
Lemma 2.8. Let X be a smooth projective variety over an algebraically closed field k. If
H(X, Q) =0, then the torsion order Tor(X) = oo or CHy(X) = Z.

The lemma is a consequence of Rojtman’s theorem and says that for smooth projective
varieties over algebraically closed field with h'Y = 0 the torsion order is infinite or it is
the torsion order relative to any non-empty closed zero-dimensional subset.

Proof. Let X be a smooth projective variety over an algebraically closed field with Hodge
number 7' = 0. Assume that the torsion order Tor(X) is finite. Then it follows by an
“action of correspondence” argument that the group of degree 0 zero-cycles CHy(X)y is
[ := Tor(X)-torsion. By Rojtman’s theorem [Blo79, Roi80, Mil82], the Albanese mor-
phism induces an isomorphism

CHo (X )o — Alb(X)()

between CHy(X)y and the [-torsion points of the Albanese variety of X. By [Igub5], we
have dim Alb(X) < h'?(X) = 0. Hence CHy(X ) = 0, which proves the lemma. O
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Recall that the relative torsion order behaves well under degeneration.

Lemma 2.9 ([LS24, Lemma 3.8]). Let R be a dvr with fraction field K and residue field
k. Let X — Spec R be a separated flat R-scheme of finite type with geometrically integral
fibres. Denote the geometric generic fibre by X = X xz K and set Y = X Xp k.

Then for any ring A and for any closed subscheme Wy C X such that the fibres of
X\ Wx are non-empty we have

TOI‘A(Y/,WX Xx }7) ‘ TOI"A(X,WX X x X)

The key technical result in [LS24] relates the torsion order of the geometric generic
fibre of a degeneration into two components with the torsion order of the intersection of
the two components. We state a simplified version of [L.S24, Theorem 4.3].

Theorem 2.10. Let R be a discrete valuation ring with algebraically closed residue field
k and fraction field K. Let A be a ring of positive characteristic ¢ € Z>1, i.e. every A € A
is c-torsion, and assume that ¢ € k*. Let X be a flat separated R-scheme of finite type
with geometrically integral generic fibre X = Xk and special fibre Y = Xy. Let Wy C X
be a closed subscheme and we denote by Wy := Wy NV the scheme-theoretic intersection
with a subscheme V- C X. Assume the following:

(1) Y consists of two components Yy, Y1 whose intersection Z = Yy N'Y; is integral;

(2) X°:= X\ Wy is a strictly semi-stable R-scheme, see Definition 2.5;

(8) the variety Y; \ Wy, is isomorphic to an open subscheme of AY™Y fori=0,1.
Then we have

Tor(Z, W) | Tor™(X xx K, Wx xx K).

Proof of Theorem 2.10: Applying [1.S24, Theorem 4.2] to the family X'° — Spec R yields
together with the assumption (3) that the group

CHo(Z \ Wz xy L, A)
is Tor (X \ W, )-torsion for every field extension L/k. In particular,
Tor™(Z, W) | Tor™ (X, W),
which finishes the proof of the theorem. 0

2.5. Very general elements of a family. We recall the notion of a very general element
in a family, as stated for instance in [Sch25, Section 2.5].

Definition 2.11. Let k be a field and let 7: X — B be a proper flat morphism of
algebraic k-schemes with B geometrically integral. We say that a closed point b € B is
very general (with respect to ) if there exist (algebraically closed) field extensions K /k(b)
and L/k(B) and an isomorphism ¢: K — L of fields which induces an isomorphism

Xy Xpp) K =X Xy L,

where X; := 7~1(b) denotes the fibre over b.
If B is a fine moduli space or a parameter space of some class of algebraic varieties and
m: X — B is its universal family, we often simply say that X, is very general if b € B is.

Remark 2.12. If k is an uncountable algebraically closed field, then [Vial3, Lemma 2.1]
shows that there exists a subset U C B(k), which is the intersection of countably many
non-empty open subsets of B, such that any point in U is very general in the above sense.
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We say an algebraic scheme X over a field L degenerates to an algebraic scheme Y
over an algebraically closed field k, if there exist a dvr R with residue field £ and fraction
field K, a flat proper morphism X — Spec R, and an injection of field K < L such that
Y =X xgkand X = X xg L, see for example [Sch19b, Section 2.6].

Lemma 2.13. Let k be a field and let m: X — B be a proper flat morphism of algebraic
k-schemes such that B is geometrically integral.

(i) If trdeg, k > dim B, where ko C k is a subfield over which m is defined, then there
ezists a very general element b € B.
(ii) Let k'/k be a field extension. If b € B is very general with respect to m, then any
closed point b’ € By lying over b is very general with respect to mp: X — By.
(iii) Up to a base-change, a very general fibre X, degenerates to the fibre Xo over any
closed point 0 € B in the above sense.

Note that there exists a subfield ky C k, which is finitely generated over its prime field,
such that 7 is defined over kg, as m: X — B is a morphism of algebraic schemes over k.
We provide a proof of this well-known lemma for the convenience of the reader.

Proof. We start proving (i). Let kg C k be a subfield such that = is defined over ko,
i.e. there exists a morphism my: Xy —> By of algebraic schemes over ky such that all
squares in the diagram

X —— B Spec k
Xy —— By Spec ko

are Cartesian. Assuming trdeg, k > dim B, there exists a finite field extension k" /k
and a homomorphisms of fields ko(By) — k. Indeed, we have dim B = dim B, =
trdeg,,, ko(Bo). Thus we can find a diagram of field homomorphism as follows:

ko(Bo) k

ﬁniteT ﬂt%\
kO(t1>-”7t(lirrlB> L kO(tlw-‘;tn)

purely trT purely trw

ko ko

where n = trdeg;, k. Then, we can clearly construct a finite field extension ™ /k admitting
a morphism from kq(By). By the universal property of the fibre product, there exists a
morphism ¢: Speck™ — B of k-schemes such that the composition Spec k™ — B — B
factors through Spec ko(By). More precisely, we consider the following diagram with the
obvious morphisms.

Spec kt —— Spec ko(By)

T

*B— 3 By

| |

Spec k —— Spec kg
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In particular, ¢+ determines a closed point b € B and we claim that b is very general.
Indeed, note that X = &) xp, B and the morphisms

Speckt —+ B — By, and Speck(B) -- B — By,
factors through Spec ko(By), where 7 is the inclusion of the generic point. Thus

Xb Xn(b) kT —— Xo X By Spec k’o(Bo) Xn EEE— XO X By Spec ]{Zo(BQ)
Spec kT —————— Spec ko(By) Spec k(B) ————— Spec ko(By).

are Cartesian squares. Here, k(b) denotes the residue field of the closed point b, which is a
subfield of kT and X, denotes the generic fibre of the morphism 7: X — B. In particular,
it suffices to find (algebraically closed) field extensions K/k™ and L/k(B) together with an
isomorphism of field K — L which fixes ky(By), see also the argument in [Vial3, Lemma
2.1]. The existence of such fields K and L is clear, as any two algebraically closed field
extension of the same transcendence degree over the same field are abstractly isomorphic.

By a similar argument as above, the statement (ii) reduces to the following question
on fields. Given an isomorphism of algebraically closed fields ¢: K — L with subfields
k(b) C K and k(B) C L as well as field extensions x«(b')/k(b) and k'(By)/k(B), there
exists algebraically closed fields K" and L’ and an isomorphism ¢’: K’ — L’ such that K’
contains (V') and K as subfields, L’ contains k'(By/) and L as subfields, and ¢’ extends
¢. The existence follows by the same reasoning as in the proof of (i).

We turn to the proof of (iii). Let 0 € B be any closed point. Up to replacing k by an
algebraically closed field extension whose transcendence degree over k is at least dim B,
we can assume by (i) that there exists a closed point b € B, which is very general in the
sense of Definition 2.11. Tt clearly suffices to show that the fibre X} := 7~1(b) degenerates
to Xo. By a Bertini-type argument, there exists a geometrically integral curve C C B
containing 0 and b, see e.g. [CP16, Corollary 1.9]. Up to replacing C' by its normalization,
we can assume that there exists a smooth geometrically integral curve C' and a flat proper
morphism 7o : Xo — C and two closed points ¢q, ¢ € C such that ¢ € C' is very general
in the sense of Definition 2.11 and the fibres over ¢y and ¢ are isomorphic to Xy and X,
respectively. Thus we see that X, degenerates to Xy, as O¢,, is a dvr. U

Example 2.14. We will use the following two examples of families over a field k.

(a) Complete intersections in PV: Let d := (di,...,d;) € Z%, be a collection of
positive integers, where 1 < s < NN is an integer. Then the affine scheme

By := HY(PY, Opw (dy)) Xy, -+ % HO(PY, Opn (d,))

parametrizes sets of s polynomials fi,..., fs € k[zo,...,xy] with deg f; = d;.
Let X; C By X, PV be the closed subscheme such that the fibre of X; — B,
over a point corresponding to fi, ..., fs is the closed subscheme of PV cut out by
the homogeneous ideal (fi,..., fs). There exists an open subscheme B C By, cf.
[GW20, Corollary 14.113], such that the fibre over any point b € B has dimension
N —s. Thus the morphism X := X; x5, B — B is a family of complete intersections
of multidegree d.

Other choices for B include (an open subscheme of) a product of Grassmannians
or an iteratated Grassmannian bundle over Spec k. We refer the reader to [Ben12,
§2.2] and [DL23, §1.2] for more details on moduli spaces for complete intersections.
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(b) The parameter space of hypersurfaces of multidegree d := (dy, . .., ds) in the prod-

uct of projective spaces IP’,iwl Xpow o Xg ]P’,]CMS is given by

B =P (H® (P, Opu (dy)) @ - @5 H® (PM, Oz, (dy)) )

Then we consider the universal family X — B of multidegree d hypersurfaces in
IP’,]yl Xp o X IP’%. Note that X is a closed subscheme of B X Pfyl X X Pi\[

3. AFFINE DEGENERATIONS

In this section, we construct (strictly semi-stable) families over a dvr, which satisfy
the assumptions of Theorem 2.10. In particular, we need to write down a family whose
special fibre consists of two irreducible components and whose total space is regular. This
is straightforward in the affine setting. Let A be a smooth k-algebra of finite type and let
f1, f2 € A, then the natural morphism

Spec (A Qr k[t /(t — flfg)) — Spec k[t] @ (3.1)
is a degeneration such that the total space is regular and the special fibre is equal to

Spec A/(f1f2) = Spec (A/(f1)) USpec (A/(f2))-

A key assumption in Theorem 2.10 is the “rationality” condition (3), which we reformulate
to an algebraic condition for degenerations as (3.1) in the first part. In the second part,

we provide two general constructions of families as in (3.1) which satisfy the assumptions
in Theorem 2.10.

3.1. Strongly rational algebras. The assumption (3) in Theorem 2.10 states that the
irreducible components of the special fibre are isomorphic to an open subscheme of affine
space. Rephrasing this geometric condition algebraically leads to the following definition.

Definition 3.1. Let k be a field. A finite type k-algebra B is called strongly k-rational if
B is isomorphic as a k-algebra to the localization of a polynomial ring over k and B # 0.

Example 3.2. (1) The polynomial ring k[xy, ..., z,] is clearly a strongly k-rational
algebra for every n > 0.
(2) The finite type k-algebra k[xy, xs]/(1 + z122) is strongly k-rational, as

Kl 2o] /(1 + 122) = K2, 23],

(3) If B is a strongly k-rational algebra, then B ®; L is strongly L-rational for every
field extension L/k.

The following remark verifies that the spectrum of a strongly rational k-algebra is
isomorphic to an open in affine space, in particular rational.

Remark 3.3. Let B be a strongly k-rational algebra. Then there exists a polynomial
ring A = k[zy,...,2,] and a multiplicative subset S C A such that B = S~'A. Since
B is also of finite type over k by the definition of strongly rational k-algebra, we find
that Spec B — Spec A = A} is an open immersion by [Oda04, Theorem 2.7], see also the
Added part in loc. cit. for an alternative argument”. Indeed, [Oda04, Theorem 2.7] says
that Spec B — Spec A is an open immersion, if A — B is a flat birational extension of
finite type. Note that the localization map

A— S1A

2We found the argument and reference through an answer of Martin Brandenburg on mathoverflow


https://mathoverflow.net/a/20792
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is a flat ring map, see [Stacks, Tag 00ht], and a birational extension of A in its fraction
field (i.e. the quotient map A — Frac(A) factors through S™'A). Since the composition

k— A— S'A~B
is of finite type, the map A — S™'A is of finite type by [Stacks, Tag 00F4].

The above remark implies that strongly k-rational algebras are geometrically integral
and smooth k-algebras. We provide an algebraic proof for the convenience of the reader.

Lemma 3.4. A strongly k-rational algebra B is a geometrically integral, smooth k-algebra.

Proof. 1t suffices to prove that B is an integral domain and (formally) smooth over k,
which is obvious as B is by definition isomorphic as a k-algebra to the localization of a
polynomial ring over k. U

3.2. Affine strictly semi-stable families. We provide a general setup to construct
affine strictly semi-stable schemes over the dvr k[t]) such that its special fibre consists
of two irreducible components which are rational.

Definition 3.5. Let k be a field and let A be an integral smooth k-algebra of finite type
and of Krull dimension N + 1. We say that two elements f; € A[z] := A ®; k[z] and
fo € A are admissible with respect to A if the quotient ring A[z]/(f1, f2) is a geometrically
integral k-algebra of dimension N and the k-algebras A[z]/(f1) and A/(f;) are strongly
k-rational and of Krull dimension N + 1 and N, respectively.

The above definition is motivated by the following proposition.

Proposition 3.6. Let k be a field and let A be an integral smooth k-algebra of finite type
and of Krull dimension N + 1. Assume that f; € Alz] and fo € A are admissible with
respect to A in the sense of Definition 5.5. Then the affine scheme

Spec(Alzlo.py @k R)/(t = f1f2) (3.2)
is a strictly semi-stable R := k[t])-scheme. Moreover, the k(t)-algebra
Alz] @, k(1) /(t = f1f2) (3.3)

is an integral domain.

Proof. We check the definition of strictly semi-stable R-schemes, see Definition 2.5. Note
first that the k[t]-algebra
B = Alz, 1] /(t - fif2) = Al2]
is a smooth k-algebra and thus in particular flat. As k[t] is an unramified k-algebra, B is
a flat k[t]-algebra by [GW23, Remark 18.30]. Thus the R-algebra
B @y R = (Alz] @, R)/(t = f1f2)

is flat. Localizing at the multiplicative subset {(0.f1)" : n € N} C B @y R, then implies
that (3.2) is a flat R-scheme. Since B is clearly an integral domain and being an integral
domain is preserved under localization, it follows that the k(t)-algebra (3.3) is an integral
domain and the affine scheme (3.2) is integral.

The generic fibre of the R-scheme (3.2) is the spectrum of the k(t)-algebra

(A @ k(t))[z, w]/(t = frfe, wd.fr = 1), (3.4)

which is a standard smooth A ® k(t)-algebra in the sense of [Stacks, Tag 00T6]. Thus
(3.4) is a smooth k(t)-algebra, as A is a smooth k-algebra by assumption.


https://stacks.math.columbia.edu/tag/00ht
https://stacks.math.columbia.edu/tag/00F4
https://stacks.math.columbia.edu/tag/00T6
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The special fibre of the R-scheme (3.2) has two irreducible components, Spec A[z]s, £, /(f1)
and Spec A[z]a.f, /(f2), which are both smooth k-schemes by Lemma 3.4 and clearly
Cartier divisors in (3.2). The intersection is the spectrum of the k-algebra

Alzlo.p [ (f1s f2) = (A/(f2)) [z, w]/ (fr, w0 fr = 1),

which is a smooth k-algebra by a similar argument as for (3.4). Note that this uses the
fact that A/(f;) is strongly k-rational and thus a smooth k-algebra by Lemma 3.4. [

The following example provides a way to construct admissible pairs with respect to
strongly k-rational algebras.

Example 3.7. Let k be a field and let B be a strongly k-rational algebra, e.g. a polynomial
ring. Let f € B[z] such that B[z]/(f) is geometrically integral of Krull dimension dim B.
Then the pair f; = f +vy € Bly,z| and f, =y € B[y| is admissible with respect to B[y].
Indeed, the assumptions on B and f together with the k-algebra isomorphisms

Bly, 2]/ (fi, f2) = Bl2l/(f),  Bly,zl/(f1) = Bly,2]/(f +y) = Blz], Blyl/(f2) = B

imply directly that f; and f, are admissible with respect to Bly].
3.3. The key construction. In this part, we provide the key construction of a new
admissible pair from an admissible pair. The idea is the following simple observation: Let

fi1 € Alz] and fy € A be admissible with respect to a strongly k-rational algebra A for
some field k. Then the generic fibre of the family (3.1) is the spectrum of the k(t¢)-algebra

Alz] @i k(1) /(t = fif2) = Alz,y] @k K@)/ (t + fry, f2+y)- (3.5)
Note that the k(t)-algebras
Alz yl @k k(1) /(t+ fry) = (Alz] @k k(1) and - Alz,y] @i k(8)/(f2 +y) = Alz] @ k(1)

are strongly k-rational. Thus ¢; :=t + fiy and g5 := f5 + y are admissible with respect
to Alz,y] ®x k(t) if the k(t)-algebra (3.5) is geometrically integral.

As integral varieties over a field K with a K-rational point in the smooth locus are
geometrically integral, see e.g. [Stacks, Tag 0CDW]|, we introduce the following extra
condition for f; € A[z] and f, € A

VF/k V(q,q) € F? 3 F-algebra epimorphism A[z]s, s, % F/(fi+ a1, fat+aq) = F. (%)

The following lemma shows that this extra condition guarantees that the k(t)-algebra
(3.5) admits a k(t)-rational point in the smooth locus.

Lemma 3.8. Let k be a field and let A be an integral smooth k-algebra of finite type.
Assume that fi € Alz] and fo € A are admissible with respect to A in the sense of
Definition 3.5 and satisfy condition (). Then the k(t)-scheme

Spec(Alz]o.f, @k k(t))/(t = f1f2)

contains a k(t)-rational point and is geometrically integral over k(t).

Proof. The existence of a k(t)-rational point is equivalent to showing that the k(¢)-algebra

(Allo.py @1 k() /( + fry, f2 + y)
admits a k(t)-algebra epimorphism to k(t). The latter can be constructed as
(Alz,ylo.py @k k() /(t+ fry; fa +y) = (Al2lo.py @k K@)/ + fr, f2 +1) = K(2),

where the first surjection is the quotient by the ideal (y — 1) and the second surjection
exists by condition (*) applied to the field extension F' = k(t) and the pair (¢1, g2) = (¢, 1).


https://stacks.math.columbia.edu/tag/0CDW
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Thus the smooth and integral k(t)-variety

Spec(Alzlo.p, @k k(1)) /(= f1f2),
see Proposition 3.6, is geometrically integral over k(t) by [Stacks, Tag 0CDW]. O

Corollary 3.9. Let k be a field and let A be a strongly k-rational algebra. If fi € Alz]
and fo € A are admissible with respect to A in the sense of Definition 5.5 and satisfy the
condition (*), then the two pairs (hy, ha) and (hy, he) with

hy :=t+ fiy € Aly, 2] @ k(t) and hy:= fo+y € Aly] @ k(t)
hy = fit+y €Ay, 2] @k(t) and hy:=t+ foy € Aly] @ k(t)
are admissible with respect to Aly] @y, k(t) and also satisfy ().
Proof. We check the definition of an admissible pair: Note that
Aly, 2] @5 k() (b1, ha) = Al2] @4 k(8)/(E — f12) 2 Aly, 2] @ k(2)/ (s, o)

Thus the quotient is geometrically integral over k(¢) by Lemma 3.8. Recall that for i = 1,2
the k(t)-algebras

Alz yl @ k(@)/(t + fiy) = (Alz] @4 k1), and  Alz,y] @4 k(t)/(fi +y) = Alz] @4 k(t)

are strongly k(t)-rational. Thus the pairs (hy, hs) and (hy, hy) are admissible with respect
to Aly] @ k(t). To show condition (%), let F'/k(t) be a field extension and let (q1, q2) € FZ.
Then the composition

Aly, 2lo.g, @k F/(h1 + q1, ha + q2) — Alzlo.p, @k F/(t+ L + @1, fo + 14 o) O F
yields an F-algebra epimorphism, where the first map is the quotient by the ideal (y — 1)
and the second map exists because fi and f; satisfy the condition (x). Hence, the pair
(hi, hy) satisfies condition (x). The same argument works for (hy, hs). O

We end this part by reformulating the condition () for the construction in Example 3.7.

Example 3.10. Let k£ be a field and let B be a strongly k-rational algebra, e.g. a poly-
nomial ring. Let f € B[z] be neither a zero-divisor nor a unit. Assume that B[z]/(f) is
geometrically integral and that f satisfies the condition

VF/k Vq € F 3 F-algebra epimorphism B|z|s, @ F/(f +q) - F. (%)

Then the pair f; = f+vy € Bly, z] and f, = y € Bly| is admissible with respect to Bl[y]
by Example 3.7 and satisfies condition (), as

Bly, z]o.(+y) @k F/(f +y+ a1,y + ¢2) = Blzlo.y @1 F/(f — @2 + @1)
for every field extension F'/k and ¢;,q2 € F.

3.4. Admissible pairs and torsion orders. In this part, we apply Theorem 2.10 to
the degeneration (3.2), which provides us a flexible way to understand the torsion order
of complete intersections by understanding the torsion order of hypersurfaces.

The first theorem is a key technical result, which controls the torsion order in affine
degeneration of the form (3.2) and can be seen as an algebraic version of Theorem 2.10.


https://stacks.math.columbia.edu/tag/0CDW
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Theorem 3.11. Let k be an algebraically closed field and let A be a commutative ring
with 1 and of finite characteristic e € Z>y such that e € k*. Let A be an integral smooth
k-algebra of finite type. Assume that fi € A[z] and fy € A are admissible with respect to
A and satisfy condition (). Let | € Alz] be a non-trivial element and consider

Wy .= Spec A[z]/(f1, fa, 1 - 0. f1) C Z := Spec A[z]/(f1, f2)
W = Spec Alz] @i k(1) /(t — fifo,1-0.f1) C X := Spec A[z] @ k(t)/(t — fif2),

where k(t) is an algebraic closure of a purely transcendental extension k(t)/k. Then X is
an integral variety and Tor™(Z, W) | Tor™ (X, Wg).

Proof. Let R := k[t]) and consider the R-scheme
X = Spec (A[z] @ R/(t = f1f2)) - (3.6)

Note that Z is the intersection of the two irreducible components of the special fibre and
X is the geometric generic fibre of X. We aim to apply Theorem 2.10 to the family (3.6);
thus we check that the assumptions in Theorem 2.10 are satisfied.

The family (3.6) is flat and separated over R by [GW20, Proposition 14.20 and Propo-
sition 9.15]. It is clearly of finite type.

The generic fibre X is geometrically integral, as it is integral by Proposition 3.6, Cohen-
Macaulay by [Eis95, Proposition 18.13], and contains an open (dense) subscheme, which
is geometrically integral by Lemma 3.8.

Indeed, the base change Xj; to the algebraic closure is irreducible, see e.g. [GW20,
Proposition 5.50], and clearly generically reduced. Thus it suffices to show that Xj is
reduced, which holds for example if X is Cohen-Macaulay, see e.g. [GW20, Proposition
14.126]. Since X = Spec A ®y, k(t)[2]/(t — fif2) is a hypersurface of the smooth affine
k(t)-scheme Spec A ®, k(t)[z], it is Cohen-Macaulay by [Eis95, Proposition 18.13]. Note
that we used here that A is strongly k-rational and thus smooth by Lemma 3.4.

Consider the closed affine subscheme

W = Spec (Alz] @, R/(t — fif2, - 0:/1)) C X

Note that Wy Xy Z = Wy and Wy x4 X = Wy for W5 and Wy as in the statement of
the theorem. The open subscheme X° := X\ Wy C X is given by

Spec (Alz] @k R/(t = f1f2))1.0.7, = Spec Alzlio.z, @k R/(E = f1f2),

where we used that [, fi € A[z]. Thus X is a strictly semi-stable R-scheme by Proposi-
tion 3.6 and so condition (2) of Theorem 2.10 is satisfied. Indeed, X° is an open subscheme
of a strictly semi-stable R-scheme and X° is also of finite type over R. Thus it is again
strictly semi-stable, see e.g. [Har01, Proposition 1.3]. The special fibre of the family (3.6)
consists of the two irreducible varieties

Yo = Spec A[2]/(f1) and Y1 = A[2]/(f2).

By definition of an admissible pair, the intersection Z = Yy, N'Y; = Spec A[z]/(f1, f2) is
(geometrically) integral and the varieties Yy and Y) are isomorphic to an open subscheme
of affine space, see Remark 3.3. Hence condition (1) and (3) hold.

In total, we have shown that the assumptions of Theorem 2.10 are satisfied for the family
X and the closed subscheme Wy. Thus the theorem follows from Theorem 2.10. O

The following theorem provides a framework to inductively construct certain affine
complete intersection from affine hypersurfaces by simultaneously controlling the (relative)
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torsion order. As the torsion order is related to the rationality, see the discussion in the
introduction, the proposition can be seen as an affine analogue and generalization of the
result [NO22, Theorem 7.7], where stable irrationality is studied.

Theorem 3.12. Let k be an uncountable algebraically closed field and let m > 2 and
n,r > 0 be integers with m € k*. If there exist non-constant polynomials

fisoo s fr €klxy, .. xny] and  f € K[z, ... Tpyy, 2]
such that
(C1) the k-algebra B = k[xy, ..., Znir]/(f1,- .., [r) is strongly k-rational;
(C2) the affine scheme Spec B[z]/(f) is an integral k-variety of dimension dim B;
(C3) there exists a non-zero polynomial | € k[xy, ..., Tpir, 2] such that
Tor™™ (Spec BI2]/(f), Spec BI2]/(f.1 - 8. )) = m;
(C4) f € Blz] satisfies condition (xx).
Then for every integers d and M with d > M > 1, there exist polynomials
f fe klxy, ..., Tpar, Wi, ... war, 2] and  frig € klwy, ..., w]
of degree degf =deg f +d, deg f = deg f and deg f,+1 = d such that
(a) the polynomials f1,. .., fri1 and f satisfy the properties (C'1)-(C4) if additionally
d=M or M > 2;
(b) the polynomials f1,..., f. and f satisfy the properties (C1)-(C}) and the degrees
with respect to the x, z- and w-coordinates are deg, , f = deg f and deg,, [ = d+1.
We call d the added degree and M the number of added variables.

Proof. The theorem is a consequence of the following claim, which we prove by applying
inductively the results from Section 3 together with a simple degeneration argument.

Claim. For all integers d and M with d =M > 1 ord > M > 2, there exist polynomials
feklz,..., tnem 2,01, ..., wy]  and  frig € k[wy, ..., way]

of degree deg f and d respectively, such that f and f.+1 are admissible with respect to
Blwy, ..., wg| for B as in (C1) and satisfy condition () from Section 3 as well as

TorZ/m (SpeCB[Zuwla s 7wM]/(f’ fr+1>7speCB[Z7wlu s 7wM]/(f7 f7‘+17 l- 8Zf>> =m
for some l € ka1, ..., &nyr, 2]. Additionally, we have f — f € klwy, ..., wy] of degree 1.

Note that the claim immediately implies (a), see Definition 3.5 and (*). The explicit

construction of f and f,41 in the claim allows us to construct f and deduce (b).

The proof of the claim is divided into two steps. In the first step we show the claim
for d = M > 1 via the results from Section 3. The second step proves the claim for
d > M > 2 by applying a simple degeneration argument together with Lemma 2.9.

Step 1. Assume that d = M > 1. We construct inductively f and f, 1. If d =1, then
Example 3.10 applied to the strongly k-rational algebra B and f € B[z| shows that

f=f4+we klxi,...,Tpirw, 2] and  fry = w € kfw]
are admissible with respect to Blw] and satisfy the condition (x). Note that
Blw, 21/(f, fr+1) = B2/ (f),

which shows the claim for d = 1.
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Suppose that for some d > 1 there exists polynomials f € klzy,..., xnir,wy, ..., Wy, 2|
and f,.1 € k[wy, ..., wy] as in the claim with M = d. Consider a purely transcendental
field extension k(t)/k. Then the polynomials

§i= F ot waes € K(On,- .+ Toerswr, - way1, 2] and
Gr1 =t + wapr frpr € k(t)[wy, ..., way]
are admissible with respect to Blwy, ..., w4 1] and satisfy condition (x) by Corollary 3.9.

Note that
B':=B Ok k(t)[wla R 7wd+laz]/(§7g7“+l) = B ® k(t)[wh e W, Z]/(t o ffTJFl)'

Thus, Theorem 3.11 and the assumption on the relative torsion order in the claim imply

Tor™™ (Spec B @y k(1), Spec(B' @y k(1))/(1 - 9.9)) = m.

Up to identifying k(t) with k& via a field isomorphism, which exists as both fields are
algebraically closed field extensions of the same (uncountable) transcendence degree over
the same prime field, we can assume that the polynomials § and g, are defined over k.
Note that § and g,,; are admissible with respect to Blwy, ..., wg1] and satisfy condition
(). We also have deg§ = deg f, deg gr41 = d + 1, and deg,, § = 1 as well as

TOYZ/m (SpeCB[wla <oy W41, Z]/(gagTJrl)) SpeCB[wb <oy Wa, Z]/(gangrlal : azg)) =m.

Thus, we have constructed inductively polynomials as in the claim for d = M, which
concludes the first step.
Step 2. Assume that 2 < M < d. By Step 1, there exists polynomials

feklzr, ..., tnemwy, ... wap, 2] and  fryg € kfws, ..., wa

of degree deg f = deg f and deg f,,1 = M, which satisfy the conditions in the claim for
d = M. In fact, it follows from the construction in Step 1 that we can take

f=f+w +- - +wy €klry,...,zp,wr,. .., wy,2z]and (3.7)

Jra1 =to —wn(ts —war—19) € klwi, ..., W] '
for some t; € k with t; = 0 if and only if M = 2, some t; € k* which is transcendental
over the prime field of k, and some polynomial g € kf[w,...,wy o] of degree M — 2.

More precisely, t1,ts are algebraically independent over the prime field of k if M > 2 and
t1 = 0, g = —1, and ty is transcendental over the prime field of k if M = 2. Let k(t)
be an algebraic closure of a purely transcendental field extension k(¢)/k. Consider the

polynomials

§1:JFGW[%,~->37N,%,--->?JM] and (38)
Gr41 = fra1 +twn(wpr—1 — Op2)h € W[wh W),
where the polynomials f and fra1 are as in (3.7), h € kf[wy,...,wy1] is an arbitrary
polynomial of degree d — 2, and 2 is the Kronecker delta, i.e. dp0 =1 if M = 2 and
Onr2 = 0 otherwise.
We check that the polynomials g and g1 in (3.8) satisfy the conditions in the claim

by using some abstract field isomorphism k = k(t), see also Step 1.
The admissibility of § and g,,; with respect to B ® k(t)[ws, ..., wy| and condition
() can be shown via similar arguments as in Section 3. We provide some details for the

convenience of the reader. Identify k(t) with k(¢,t2) and consider
A:=B Qg k’(t,tg)[’wl, c ,’UJM].
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Note that A is strongly k(t,ts)-rational, as B is strongly k-rational by (C1), see Exam-
ple 3.2 (3); in particular A is a smooth geometrically integral k(t, t)-algebra of finite type
by Lemma 3.4. Viewing ¢ and ¢,41 from (3.8) as elements in A[z], we find that

A[Z]/<§) = B[wh ooy Wq, Z]/(f) Ok k<t7t2>
3.8
Af(gr) ) AJ (t2 = wu(ts = war1g = Hwar = Sur2)h)
are strongly k(t, t,)-rational by the definition of admissible (Definition 3.5) for f and f,.,
and Example 3.2 (2). The elements g € A[z] and g,1 € A satisfy condition (%), as for
every field extension F'/k(t,ts) and any ¢, g2 € F, we have an F-algebra epimorphism

~ (V
A/j{[Z]azg ®k(t,t2) F . B ®k F[wla e ,’(UM72, Z]tazf :)?) F (39)
(9 + a1 gr1 + @2) (f+w1+"'+wa2+5Mv2+%+ql)

The first arrow is the quotient by the ideal (wps—1 — dar2) together with an isomorphism
of F-algebras using the explict description of § and ¢,4; from (3.8). This uses that
t1 — 0p29 € k*. In particular, we see that the k(t,¢3)-scheme

Spec Alz]o.5/(9, 9r1+1) = Spec (A/(9r41)) [lo.4/(9) (3.10)

contains a k(t,ty)-rational point and is smooth over k(t,t,), as it is a standard smooth
Spec A/(g,+1)-scheme and the k(t,t5)-algebra A/(g,41) is strongly k(t, t2)-rational by the
above, see also Lemma 3.4. The scheme (3.10) is an open subscheme of Spec A[z]/(§, gr+1),
see e.g. the argument in Remark 3.3. Both schemes are integral k(t,t;)-varieties, as
Alz]/(g, gr+1) is an localization of the integral domain

B ®g k(t)[ta, w1, ..., war, 2] /(G gre1) (g) B @y, k(t)[ws, . .., war, 2]/ (f). (3.11)

Thus, the k(t,ty)-scheme (3.10) is geometrically integral by [Stacks, Tag 0CDW]. Since
(3.10) is an open subscheme of the k(t, ty)-variety Spec A[z]/(g, gr+1), which is also Cohen-
Macaulay by [Eis95, Proposition 18.13], the variety Spec A[z]/(g, gr+1) is also geometri-
cally integral over k(t,t3). Hence g and g, are admissible with respect to A, in particular
also with respect to B ®y k(t)[wy, ..., wy].

The statement about the torsion order follows now directly from Lemma 2.9 via the
degeneration ¢ — 0. Hence, the polynomials g and g, satisfy the conditions in the claim
for d > M > 2, which concludes the second step and the proof of the claim.

We turn to the construction of f and the proof of (b). Let d and M be positive integers
such that d > M. Then, the claim applied for the integers d + 1 and M + 1 shows that
there exists polynomials

f € ]{7[.751, vy gy, Wy - - 7wM+17Z] and fT+1 € k[wla s 7wM+1]

of degree deg f and d + 1, respectively, such that the conditions (C1)—(C4) are satisfied
for f1,..., fre1 and f. In fact, the construction in Step 2 shows that the polynomials

f=f+w+ 4wy € klxy, ..., Tpor, W1, ..., Wary1, 2] and
fro1 = ta —war (b — wng — tHwyr — dpr12)h) € klwy, ..o war ]
work for some specific ¢,to € k* and t; € k and some polynomials g € kfwy, ..., wa_1]

and h € k[wy,...,wy| of degree M — 1 and d — 1, respectively, see (3.7) and (3.8). We
note that there is a B-algebra isomorphism

Blwy, ... waer, 2/ (s fra1) = Blws, . .., war, 2]/ (f), (3.12)
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where f is the degree (d 4 deg f) polynomial

in k[z1,..., Tper, Wi, ..., Wy, 2]. It is straightforward to see from the isomorphism (3.12)
and the explicit form of f in (3.13) that (b) holds for f as in (3.13). The condition (C1)
is no new condition. The conditions (C2) and (C3) follow from the isomorphism (3.12)
together with the respective statements for fi,..., f,11 and f. Note that

(?Zf = (0,f) - (t1 — wprg — t(wpr — Oprs1.2)h)

and that the latter factor is clearly invertible in the k-algebra (3.12). As fand f,, satisfy
condition (x) by the claim, the condition (C4) follow from it by setting ¢; = 0 and ¢ = ¢
and using a similar isomorphism as in (3.12). U

Remark 3.13. (a) The proof shows that the polynomial [ in (C3) for the polynomials
fi,--., fr and f also works for fi,..., f,41 and f as well as for fi,..., f, and f
(b) The proof shows that the polynomial f can be choosen as f = f + h for some
linear polynomial h € k[wy, ..., wy], see the statement of the claim in the proof.
(c¢) If M =2, then we can also choose the polynomials in (3.8) as

Gi=f=f+w +w and g 1=ty — wyws + twf.

Indeed, the proof uses the strongly k(, t5)-rationality of A/(g,+1), the existence of
the epimorphism (3.9), and the isomorphism (3.11) as well as that g, 1 specializes
to fri1 from (3.7) via t — 0. The last two properties are obviously still satisfied
for the new choice of g, 1. We can replace the epimorphism (3.9) by the morphism

Alz]o.g @k F/(G+ @1, 9r41 + @) — By Flzlos/ (f +ta+t+@+q +1) — F

where the first map is the quotient by the ideal (w; — 1) and the second map exists
by (C4). The strongly k(t, ts)-rationality of A/(g,.1) follows directly from

A/ (gr11) = B @y k(t, ta)[wy, wo] /(ta — wi(wz + tw™)) 2 B @y k(t, ta) (w1, -

4. BASE EXAMPLES

To apply the machinery of affine degenerations from Section 3, we need explicit equa-
tions of (rationally connected) hypersurfaces with no decomposition of the diagonal.

4.1. Schreieder’s hypersurface examples. In [Sch19b, Sch21], the author constructs
examples of singular hypersurfaces with non-trivial unramified cohomology classes, in
particular these examples have no decomposition of the diagonal. Starting from these ex-
plicit hypersurfaces, Schreieder and the first named author [L.S24] manage to increase the
dimension of the hypersurface examples via a degeneration argument, see Theorem 2.10.
In this subsection, we recall these constructions and show that they fit into our affine
degeneration framework, leading to the following result.

Theorem 4.1. Let k be an algebraically closed and uncountable field. Let n',m > 2 be
integers such that m is invertible in k. Then for every integer N satisfying

, n'—1 / l
3SN<n +2" =24 ) (7;) {J

1=0 m
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and any integer d > n' + m, there exists an irreducible polynomial
f ekl ..., xnN, 2]
of degree d satisfying condition (xx) and such that
Tor®™™ (Spec klx1, ..., xn, 2]/(f),Speck[zy, ..., xn, 2] /(f,D.f)) = m. (4.1)
In particular, f satisfies the assumption (C'1)-(C}) in Theorem 3.12 forn =N, r = 0.

We start with the singular hypersurface examples in [Sch21], see also the discussion in
[LS24, Section 6].

Example 4.2. Let k£ be an algebraically closed field containing an element © € k, which
is transcendental over the prime field of k. Fix integers m,n > 2 such that m is invertible
in k and consider the polynomial

n+1 m
g::ﬂ.<1+2x( ]> — (=) "v120 ... 7y € KXy, ..., 4. (4.2)

For an integer N satisfying n +1 < N < n + 2" — 2, we consider the polynomial

for=9g(xy, ... z)+ Z cj(@, .o an) g (=1 0@y 2 2™ € K21, 2N, 2], (4.3)
where ¢ is as in (4.2) and we set ¢; := (—x1)% (—22)%* ... (—z,)" € k[z1,...,x,] for the
unique g; € {0,1} satisfying j = Y, &2, We note that deg fo = n + m and that
c(xy, ..., o) = 21,

In fact, fy is the dehomogenization of the homogeneous polynomial F' appearing in
[LS24, Equation (6.3)]. Thus, [L.S24, Theorem 6.1] implies that fy is an irreducible poly-
nomial and

TOl"Z/m (Speck[mla e 7IN72]/(f0)a SpeCk[l‘lv -3 TN, 2]/<f0782f0)) =m

as 0, fo = (—1)"mx; - - 2,2™7 1. The irreducibility can be seen also via a direct computa-
tion: If f would be Ieducible, then we can write it as

fo - (CllilfilJrl + -+ CL())(bl/JZZJrl + e 4 bo) c l‘&{?[fl, - ,QL’N,Z]

for some integers [, I’ with [+’ = m and polynomials a;, by € k[zy,. ..,z N, z] not contain-
ing the variable x,,.1. From this one deduces that x; divides agby yielding a contradiction.
In particular, fy satisfies the conditions (C1)—(C3) in Theorem 3.12 for n = N and r = 0.

The following lemma shows that fj also satisfies the assumption (C4).

Lemma 4.3. Let the notation be as in Example J.2. Then for any field extension F/k
and any element q € I, there exists an F-algebra epimorphism

F[x17 ce 71'Nazaw]/(f0 +4q, (_1)nmx1 e 'xnzm_lw - 1) —» F. (44)

Proof. Let F/k be a field extension and let ¢ € F. It clearly suffices to construct the
epimorphism in the case that N =n+ 1. If N > n + 1, consider first the quotient by the
ideal (2,49,...,2x). If ¢ € F is defined over k, then the existence of an epimorphism (4.4)
is straightforward, as k is algebraically closed. Indeed, there exists clearly an k-algebra
epimorphism

Elz1, ... @ngr, 2, w]/(fo + q,w0. fo — 1) — klzpa]/(2n +71(n+ 1) 4+ q) — F,
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where the first morphism is the quotient by the ideal (z;y — 1,...,2, — 1,2 — 1) and
the second homomorphism exists as k is algebraically closed. Since tensor product is
right-exact, the F-algebra surjection (4.4) exists for ¢ € k.

Thus, we may assume now that ¢ € F'\ k. Let { € k be such that Cf%lw = —1, which
exists as k is algebraically closed. Then the quotient by the ideal

(g —Cxy, 23— 1, ., 2pp1 — 1,2 — 1) C Flay, ..., Tpt1, 2, W)
yields an F-algebra homomorphism
F{th <oy T, z]azf0/<f0 + Q) — F[xl]xl/(ﬂ-(n - 1)m + 1+ Q) = F7
where we used for the isomorphism that 7(n — 1) +q # 0, as ¢ ¢ k. O

Starting from the above examples, Schreieder and the first named author construct a
series of hypersurface examples without a decomposition of the diagonal via the “double
cone construction”, see [Moe23] and [L.S24, Section 5], which we briefly recall here.

Example 4.4. Let k be an algebraically closed field and let N, m,d > 2 be integers such
that m is invertible in & and 2m < d. Suppose there exists an irreducible polynomial
f € klzy,...,xn, 2] of the form

f=0b2" 4> a!, (4.5)
i=0
for some index jy € {1, ..., N} and some polynomials b, ag, . . ., @y, € k[Z1,...,Tjy, ..., TN|

not containing the variable z;, and of degree degb = d —m, dega; < d — @ such that

TOI"Z/m (Speck[wla e ,xNaZ]/(f)7 SpeCkhl’ SR >IN7Z]/(f7 8Zf)) =m.

For example, the polynomial fy in (4.3) satisfies the assumptions for jo = n + 1.
Let K/k be an algebraically closed field extension of transcendence degree 2 and let
A, t denote a transcendental basis of K/k. Consider the K-scheme

X = {f(z1,...,7on,2) +wo + (Azjy + D)wy =t —wpw; = 0} C AR,
where x1,..., 2y, 2, wo, w; are the coordinates of AX . Note that X is as a K-scheme
isomorphic to
X 2 Spec K[y, ..., on, 2, wo, wy ]/ (f(z1, .., 2N, 2) + wo + (Axj, + 1twy )

m
>~ Spec K[z1,. .., TN, 2, wo, wy ']/ (bzm + Y ai(wozj, — A7) +wp + tij0> ,
i=0
where the second isomorphism is given by the transformation z;, — (wox;, — A™1).
In particular, if dega; < d — 2i for all i € {0,...,m}, then X is isomorphic to an open
subscheme of an affine degree d hypersurface in A% 2, namely the one associated to the
irreducible polynomial

F=02" 43 ai(worjy — AN+ wo + thxy, € Ko, ..., o, 2,w0). (4.6)
i=0
The irreducibility follows from setting zj, = 0, as then degree of the polynomial with

respect to wy is 1. By degenerating X via t — 0, it follows from [L.S24, Proposition 5.9]
that

TOIZ/m (SpeCK[xla -3 TN, Z,U)()]/(f), SpeCK[Il) -3 TN, 2, 'LU()]/(‘];, Wo - 8Zf)) =m,
see also [LS24, Proof of Theorem 7.1]. Note that f is again of the form (4.5).
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Observe that f automatically satisfies the condition (). Indeed, since b is a non-zero
polynomial over an infinite field &, there exists o := ())& n € EN=1 such that
b(a) # 0. Then the quotient by the ideal

(Z - 1>$jo’xi - #]0)
induces for any field extension F'/K and any ¢ € F' the following F-algebra epimorphism
F[xlv'"vavz>w0aw]/(f+Q7wazf_ 1) - F[wﬂ]/ (f(ala"'aaNal) + wo +Q) = F,

where we set o, := —A.

Repeatedly applying the “double cone construction” to the polynomial fj in (4.3) yields
polynomials of degree deg fy in a polynomial ring of larger Krull dimension.

Remark 4.5. Let n,m > 2 be integers such that n,m > 2. Then for N = n + 2" — 2 the
polynomial fy from Equation (4.3) reads

9n 9
fo=g(x1,...,z,) + Z ci(z,. .. ,xn):vnm+j + (=) "zz0. . 22" (4.7)

j=1
in k[xy,...,Tpion 9, 2], where g,c1,...,con_o € k[z1,...,2,] are some specific non-zero

polynomials, see Example 4.2. In particular, we see that the “double cone construction”
is applicable for jo € {n+ 1,n+2,...,n+ 2" — 2}
A quick analysis of the change of the polynomials a; under the “double cone construc-

tion” f — f shows that we can apply the construction from Example 4.4 in total

2n2_2 {n—degch B ”il <n> { [ J

j=1 m = \l) Lm
times, see [L.S24, Proof of Theorem 7.1 and also Lemma 5.3]. To Justify the bound, we note
that the degree of a,, is increased by m in the construction f — f from Example 4.4. Thus,

for each jo € {n+1,n+2,...,n+2" — 2}, we can repeat the “double cone construction”
at most |(n — degc;,)/m] times without changing the degree, as the deg fo = n+ m.

We summarize the results of the above examples (Example 4.2 and Example 4.4) before
turning to the proof of the Theorem 4.1. Let k be an algebraically closed and uncountable
field and let n,m > 2 be integers such that m is invertible in k*. For every integer N
withn+1 < N < n+ 2" — 2, there exists an irreducible polynomial

fek[xl,...,:vN,z] (48)

of degree n+m satisfying the conditions (+) and (4.1). Indeed, if n+1 < N’ < n+42"—2,
then the polynomial f; in Example 4.2 is of degree n + m and satisfies the claims of the
theorem, see Lemma 4.3 for the condition (xx). For N > n + 2" — 2, we write N as
N =n+ 2" — 2 4 s for some positive integer s, which satisfies

<5 ()

by the assumption on N. Thus we can apply the “double cone construction” s-times to the
polynomial fy in (4.7) to obtain an irreducible polynomial f € k[xq,...,zy, 2] of degree
n + m satisfying the condition (%) and (4.1), see Example 4.4 and Remark 4.5. Note
that for the “double cone construction” we used an algebraically closed field extension of
transcendence degree 2. Since k is algebraically closed and uncountable, we can identify
k with that field extension via an abstract isomorphism of fields.
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Proof of Theorem /.1: The construction of the polynomial f involves the existence of a
polynomial in (4.8) together with Theorem 3.12 (b). Let N,d be integers satisfying

, n'—1 / l
d>n"+m and 4<N<n/+2% —24 ) (n) {J
= [ m

Then there exists an integer 2 < n < n’ such that

—1
< [
n+l1<N-1<N<n+2"-2+Y (?) {J
1=0
Note that d > n' +m > n+ m. If d = n + m, then there exists by (4.8) an irre-
ducible polynomial f € k[xy,...,xy,z] of degree d satisfying condition (xx) and (4.1).
So, we can assume d > n + m, then there exists by (4.8) an irreducible polynomial
f € klzy,...,xn_1,2] of degree n 4+ m satisfying condition (xx) and such that

Tor?/™ (Spec klxq, ... ,xN,l,z]/(f),Spec klxq, ... ,:L’N,l,z]/(f, 6’Zf)> =m.

Note that this uses Lemma 2.7 (2) and (5). Applying Theorem 3.12 (b) to the polynomial
f with 7 = 0 and added degree d —n —m and 1 added variable, there exists an irreducible
polynomial f € k[xy,...,zn, 2], denoted by f in Theorem 3.12, of degree d = n +m +
(d — n — m) satisfying condition (+x) and such that

Tor”™ (Spec k[z1, ..., xn, 2]/(f),Spec k[z1, . .., zn, 2] /(f,D.f)) = m,
i.e. the polynomial f satisfies the claims in the theorem.

It remains to show the theorem for N = 3. Since k is an uncountable field, there exists
7, p € k which are algebraically independent over the prime field of k. We claim that for
any d > 2 + m the polynomial

3 31\™
f= pxg + <1 + x{’"] + $£m]> — 11Ty + 12y + 21222 € klxy, 29, 23, 2]
satisfies the properties stated in the theorem. Indeed, a direct computation shows that
if f € klzy, z2, x3][2] would be reducible, then it has to be divisible by 1z, which it is
clearly not. Thus f is irreducible. We note that f degenerates via p — 0 to a polynomial
fo of the form (4.3), thus it follows from Lemma 2.9 that

Tor”/™ (Spec klzy, x9, w3, 2] /(f), Spec klzy, x2, w3, 2] /(f, 0. f)) = m,
see also [LS24, Corollary 6.2]. The condition (+*) follows by a similar argument as in
Lemma 4.3, which shows the claim and thus the theorem. We provide the details for the
convenience of the reader. Let F//k be a field extension and let ¢ € F. If ¢ € k C F, then
the quotient by the ideal (1 — 1,25 — 1,z — 1) induces an F-algebra epimorphism
Flay, w9, 23, 2, w]/(f + ¢, ma1m92™ rw — 1) — Flas]/(pa§ 4+ 3™7 + 25 + q).

Since prd + 3™ + 2§ + ¢ is defined over the algebraically closed field k, there exists a
surjection

Flas]/(pa§ + 3" may +q) - F,
namely the quotient by any maximal ideal contaning the ideal (pz4 + 3™m + 2§ + ¢). So
we can assume g € F'\ k, then the quotient by the ideal (z — 1,23 — 1,29 — (zy) for ( € k
satisfying ¢ [l = —1, defines an F-algebra epimorphism

Flxy, 29,13, 2, w]/(f + ¢, mz1292™ w — 1) = Flzy,w']/(p+ 7+ 21 +q, 220 — 1) 2 F,
as p+m+q#0. O
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4.2. A special quartic fourfold. We provide three examples of affine complete inter-
sections, namely a quartic fourfold, a (2, 2, 2)-fourfold, and a (3, 3)-fivefold, which also fit
in our framework of affine degenerations from Section 3, which are used in the proof of
Theorem 1.2 for the case of small Fano index r < 2, see also Proposition 5.3. These are
based on a special quartic fourfold example from [LS24, Example 4.6], which is birational
to the quadric surface bundle example in [HPT18a]. Throughout this section, let k£ be an
algebraically closed field of characteristic different from 2.

Example 4.6. Consider the irreducible polynomial
h = yi + 212905 + Toys + 21 (1 + 27 + 23 — 21y — 209 — 20125) € k21, 22, Y1, Yo, Us].

The argument sketched in [LS24, Example 4.6] shows that the Z/2-torsion order of the
affine scheme

X := Speck|xy, z2,Y1, y2,ys]/(h)
relative to the closed subscheme W := {xjx9y; = 0} C X is equal to 2. In fact, the
argument presented there can be adapted to show that

Tor®? (Spec kl1, 22, y1, v, ys)/ (), Spec kw1, w2, y1, y2, ysl/ (h, 212201 92y3)) = 2.
We would like to emphasize that this relies on some vanishing results for unramified
cohomology classes, for instance [Sch19b, Theorem 9.2].

By replacing y; = x121, y2 = 29, and y3 = x123 and dividing the resulting polynomial
by x1, we find that X is birational to the affine hypersurface associated to the irreducible
polynomial

fi= 212 + 2025 + 112025 + (1 + 2] + 25 — 201 — 229 — 2019) € k|11, 29, 21, 20, 23] (4.9)
In particular, we see from the above explicit change of coordinates that
Tor?? (Spec k[x1, 22, 21, 22, 23] /(f ), Spec ka1, T2, 21, 22, 23]/ (f, ®122212023)) = 2. (4.10)

To see that the polynomial f fits in our framework of affine degeneration, we check the
condition (#x) by a similar argument as in the proof of Lemma 4.3.

Lemma 4.7. For any field extension F/k and any q € F, there exists an F-algebra
epimorphism
F[ZEl,J]Q, 217227237w]/<f + q, w823f - 1) I F7
where f € klxy, xa, 21, 29, 23] is the polynomial in (41.9).
Proof. Let F'/k be a field extension and let ¢ € F. If ¢ is defined over k, then there is an
k-algebra epimorphism
k21, @2, 21, 22, 23, ]/ (f + ¢, 2wy 2025 — 1) —> k[z1]/ (2] + 25 — 24 q) — k,

where the first morphism is the quotient by the ideal (z; — 1, x5 — 1, z3 — 1) and the second
morphism exists as k is algebraically closed. Thus the lemma follows for ¢ € k C F' by the
right-exactness of the tensor product. Thus, we may assume ¢ € F'\ k. Then, the quotient
by the ideal (x1 + x5 — 1,21 — 1, 29, 23 — 2) yields the claimed F-algebra epimorphism
Flay, o, 21, 20, 23, w]/(f + ¢, 2wz12925 — 1) —> Flzg, w]/(21 + ¢, 4wy (21 — 1) + 1) = F,
where we used that g # 0, 1. O

We recall the explicit birational equivalence of the (affine) quartic fourfold in Exam-

ple 4.6 with a (2,2,2)-complete intersection from [HPT18b, §3.1], which is based on a
construction of Beauville [Bea77].



24 JAN LANGE AND GUOYUN ZHANG

Example 4.8. Consider the polynomials

Pri= =+ +aa—2, pri=y it o —2, psi=ynss — Yzt L+ 20 (411)

in klyi,ye, 21, 22, 23, 24, 25), see [HPT18b, Equation (3.3)]. For comparison use the iden-
tification (xq,...,x7) = (Y1, Y2, 21, 22, 23, 1, 24, z5). Then there exists an isomorphism of
k-algebras

K[y, Yo, 21, 22, 23, 24, 25) 25/ (D1, D2, D3) =2 k|21, T2, 21, 22, 23] 25/ (f),

where f € klxy, 9,21, 22, 23] is as in (4.9). In particular, the affine (2,2,2)-complete
intersection {p; = py = p3 = 0} C A] is birational to the quartic fourfold {f = 0} C Aj.
Indeed, the following sequence of isomorphism provides the claimed isomorphism:

k[y1, Y2, 21, 22, 23, 24, 2525/ (—Y1 + 25 + 2324 — 2,y1 + Yozz3 + 25 — 2, Y125 — Yo2q + 1 + 22)
> klz1, 22, 23, 24, 25) 25/ ((z% + 2324 — 2) 25 + (25 + 2324 + 25 —4) 237tz + 1+ z§>
= k[z1, 29, 23, 24, 25 25/ (z§124zf + (25 + 231 24) 25 + 232425 + 25 + 1+ 22 — 225 — 47:3_124)
= klxy, o, 21y -0y 25) 2/ (xl — 2324, Tg — Ty — 25, 2125 + Tozs + Tozzzg + (25 — 1)% — 4931)
X kg, w0, 21, 22, 23) 25/ (mlzf + To25 + 117225 + (12 — 11 — 1) — 4x1) .

We could not verify the condition (C1) for any two of the three p;’s. It seems that the
polynomials py, pe, ps in (4.11) do not fit directly in the setup of Theorem 3.12. Instead,
we consider a different affine chart of the projective closure of {p; = py = p3 = 0} C AT,

Example 4.9. Consider the k-algebra k[y1, y2, 21, 22, 23, 24, 25] and the polynomials pq, p2, ps
from (4.11). We perform the following change of coordinates

L -1 -1 -1 -1 _—1 -1 -1
(931>--w$5a956>1'7) = (?J2Z4 Y R1R4 3 R2%4 5 R3Ry 524 s Y1Ry 5 R52y )

Then the quadric polynomials py, ps, p3 from (4.11) read

q1 ‘= — Xy +$§ + x4 — 2[E§ € k[xlu R ,Z‘7],
qo = $6I5+ZE1J]4+ZE%—2ZE§ € k[x17“"x7]7 (412)
3 := ey — 1 + 2 + 22 € klx1, ..., 27

The above constructions imply that the affine (2,2, 2)-complete intersection given by
q1, @2, q3 satisfies the assumptions in Theorem 3.12 for m = 2.
Corollary 4.10. Let q1,q2,q3 € k[z1,...,27] be as in (4.12). Then the following holds:

(i) The k-algebra k[xy, x3, x4, x5, 6, 7|/ (1, q3) = k[xs, x5, T6, 7] is strongly k-rational;
(ii) X := Speck[z1,...,x7]/(q1,q2,q3) is an integral k-variety of dimension 4.
(iii) Set W = {zox425 = 0} C X, then Tor™?(X, W) = 2;
(iv) For any field extension F/k and q € F, there exists an F-algebra epimorphism

F[I’l, s 7377aw]/(Q1>qQ + C]a(]&waqu - 1) — I

Proof. Statement (i) is obvious and statement (ii) follows from [HPT18b]. The isomor-
phisms in Example 4.8 and the change of coordinates in Example 4.9 imply that

k[xlax% 21, 22, Z3]w123/(f) — k[xla s 7$7]$4$5/(Q17 q2, Q3)7

-1 -1 -1 -1 -1 -1
(J:lanaZl)ZZ)Z?)) 7 ('I4 ,l‘7l‘5 +.’I)4 ,1‘2:E5 71;3'7;5 ,ZL’4$5 )
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is an isomorphism of k-algebras, where f is as in (4.9). Via this isomorphism statement
(iii) follows from (4.10). We turn to the proof of statement (iv). Let F/k be a field
extension and let ¢ € F. Note first Flzy ..., 27]/(q1, 92 + ¢, g3) is equal to
Flxy, 13, 75, T6, T7] /(2675 + (22 + 22 + 2677) (222 + 2675 — 73) + 75 — 222 + ).
Thus the quotient by the ideal (zo—1, z3—1, x5, z7—1) induces the F-algebra epimorphism
F['rlu s 7x77w]/<QI7 42 + 4, qs, 21321,0 - 1) - F[JIG]/(—JZ(; + Q> = F7

which shows statement (iv) and thus completes the proof of the corollary. U

We conclude this section by constructing an affine (3, 3)-fivefold whose relative Z/2-

torsion order is divisible by 2. By applying the results from Section 3 to an affine (2, 3)-
complete intersection isomorphic to the affine quartic fourfold in Example 4.6.

Example 4.11. From the explicit form of the polynomial f in (4.9), we see that there
exists an k-algebra isomorphism

k[mlv'rQ; 21, 22723]/(f) = k[.fCl,IQ,xg, 21722723]/<f17f2)
where f1, fo € k[x1, 29, 23, 21, 22, 23] are the polynomials
f1:=x3— Z?Q,, fo = xlzf + @zg + zywoxs + (1 + x% + x% — 2wy — 229 — 23129). (4.13)

Note that the k-algebra B := k[, 2, 3, 21, 22] 4,2,/ (f2) is strongly k-rational and that
Blzs]/(f1) is a geometrically integral k-algebra of Krull dimension 4, as it is a localization
of a geometrically integral k-algebra. Moreover, we have for any field extension F'/k and
any element ¢ € ' an F-algebra epimorphism

B Ok F[23]823f1/(f1 + Q) = k’[ﬂfl,l‘g,(ﬂg, 21722723]£B1J12Z3/(f1 + q, fZ) —- I (414)

given by the ideal (z3 — a, kg — 23,21 — 9 — 1, 21 —/— 123, 20 — 2), where o € k* is chosen
such that o? + ¢ # —1,0. In particular, we find that f; + x4 € B[z3,24] and x4 € Blz]
are admissible with respect to B[x,] and satisfy condition (x) by Example 3.10.
Thus, we can apply Theorem 3.11 and find by (4.10) that the affine scheme
X' = Spec k(t)[x1, 22, T3, T4, 21, 22, 23] e12o / (t — xa(f1 + 24), f2),

is a geometrically integral k(t)-variety of dimension 5 satisfying
Tor™ (X" Xy k(t), W' Xy k(1)) = 2,
where W’ := {z1292123 = 0} C X’ and k(t)/k is a purely transcendental field extension
of transcendence degree 1. In fact, the k(t)-scheme
X = Speck(t)[x1, x2, T3, T4, 21, 22, 23]/ (t — 24(f1 + 4), [2)

is an integral k-variety by a similar argument as in Proposition 3.6 and hence of dimension
5. Moreover, X is Cohen-Macaulay by [Eis95, Proposition 18.13] and contains an open
dense geometrically integral subscheme. Thus X is geometrically integral and it satisfies

TOFZ/Q(X Xk:(t) m, w Xk(t) W) =2
for the closed subscheme W := {z292123 = 0} C X.

Corollary 4.12. Let fi, fo € k[x1, 22,73, 21, 22, 23] be the polynomials as in (4.13) and

let K := k(t) be the algebraic closure of a purely transcendental field extension k(t)/k of
transcendence degree 1. Then the following holds:

(i) The K-algebra B := K|y, %, 3, T4, 29, 23]/ (t —x4(f1 +24)) is strongly K -rational;
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(i) X := Spec B[z1]/(f2) is an integral K -variety of dimension 5;
(iii) Set W = {x 292125 = 0} C X, then Tor®*(X, W) = 2;
(iv) For any field extension F/k and q € F, there exists an F-algebra epimorphism

Flry, 29, 3,24, 21, 22, 23]821f2/(t —zy(fi+ ), fo+q) — F.
Proof. The first statement follows directly from the isomorphism of K-algebras
B = Kz, 33,33, T4, 22, 23] [ (t — w43 — 25 + 24)) = K[21, 22, T4, 22, 23], -

The statement (ii) and (iii) are proven in Example 4.11. To prove statement (iv), let F'/K
be a field extension and let ¢ € F. Then the quotient by the ideal

<x4— 1,20 —2,1 — 21 + 29,21 — 1, 23 — \/1——t>
yields for ¢ # 0 an F-algebra epimorphism
Flx1, 29,23, T4, 21, 22, 23)0., £/ (t — Ta(f1 + 24), fo + q) —> Flz1]/(v1 +q) = F.
For the ¢ = 0, the existence of such an F-algebra epimorphism follows from (4.14). O

5. APPLICATIONS AND MAIN RESULTS

In this section we apply the machinery developed in Section 3 to the base examples in
Section 4 in order to construct certain affine complete intersections. Taking the closure
of these complete intersections in different compactification of affine space A" enables us
to prove the main results stated in the introduction.

5.1. Complete intersections. We start with the most straightforward compactification
of AN, namely PV. In the following proposition, we construct affine complete intersections
with given (relative) torsion order. Their projective closure can be controlled via the
theory of Grobner basis and graded monomial orderings, see Proposition 2.4.

Proposition 5.1. Let k be an uncountable, algebraically closed field and let n,m > 2

be two integers such that m € k*. For s > 1, consider an s-tuple (dy,...,ds) € Z%, of

positive integers satisfying d; > n + m. -
Then for all integers N and M satisfying the inequalities

s n—1 .
3—1§M§Zdi—n—m and 4§N§n+2”—1+z<@>{jJ, (5.1)
i=1 j=o0 \J/ Ltm
there exists polynomials gy, ...,q9s € k[z1,...,ZN,Y1,...,ym| of degree degg; = d; such
that the scheme

X :=Specklxy, ..., N, Y1, yml/ (91, -, Gs)
is an (integral) k-variety of dimension N + M — s and satisfies Tor” ™ (X, W) = m, where
W :=A{l-0,,91 =0} C X for some non-zero polynomial | € k[xq, ..., zx].
Moreover, if s < M then the leading monomials of g1, ...,gs are relatively prime for
some graded monomial ordering.

Proof. Let s > 1 and let (dy,...,ds) € Z%, be a tuple of positive integers such that
di > n+m. We can assume without loss of generality that each d; > 2, as dy > n+m =4
and for any k-algebra A we have a k-algebra isomorphism A[z]/(z) =2 A. Let N, M,d be
positive integers satisfying the inequalities in (5.1).
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Since N satisfies the bounds in (5.1), Theorem 4.1 shows that for every integer d' >
n + m there exist non-zero polynomials

feklry,...,xy] and [ € klzy,...,2N] (5.2)

such that f is irreducible of degree d' and satisfies condition (xx) with z = x; as well as

Tor™/™ (Speckler, ...l /(f), Speckler, ... anl /(- 0 f)) =m.  (5.3)

In particular, the properties (C1)—(C4) in Theorem 3.12 are satisfied for f and the integers
n =N —1and r=0. We will use the existence of such f several times throughout the
proof.

If s = 1, then we set d’ := d; — M and note that d > m + n by (5.1). Consider
the irreducible polynomial f € k[zy,...,zy] of degree d’ from (5.2). Then, we define a
polynomial g; € k[z1,...,xn, w1, ..., wyl of degree dy by setting g1 := f, if M =0, or by
applying Theorem 3.12 (b) to f and with » = 0, added degree M and M added variables
and setting g; := f , if M > 0. In both cases we know that the affine scheme

SpeCk[xlv ey TN Y1, - 7yM]/(gl)

is an integral k-variety of dimension N 4+ M — 1 and satisfies Tor”™(X, W) = m, where
W:={l-0,,91 =0} C X for [ as in (5.2). This proves the proposition for s = 1.
Assume from now on s > 2. We prove the proposition by distinguishing three cases
depending on M.
Casea. If M > 2s5—2, weset d’ := min{d,,dy+- - -+ds—M}. Note that n+m < d' < d;
by (5.1). Since each d; > 2 by assumption, we have

2s —2< M4+d —d, <dy+---+d,.

Thus there exist (not necessarily unique) integers M, ..., My € Zs9 such that 2 < M; < d,
and My + -+ M, =M +d —dy. Weset My :=dy —d. Let f € klxy,...,zN]| be the
irreducible polynomial of degree d’ as in (5.2). By applying Theorem 3.12 (b) to f with
added degree M; and M; added variables if M; > 0, we can assume that there exists
an irreducible polynomial f € klxi,..., 2N, Y1, .., yn, | of degree di, which satisfies the
properties (C1)—(C4) in Theorem 3.12. Then we repeatedly apply Theorem 3.12 (a)
to f with added degrees ds,...,ds and My, ..., My added variables in order to obtain
polynomials

(S k[xh -y TN YL, - - 7yM]7 g2 € k[yMlJrh s 7?JM1+M2]7

(5.4)
gs € k:[yMH-MQ-i-la cee 7yM1+M2+M3]7 ...y gs € k[yM—Ms—i-la s ayM]

of degree deg g; = d; such that the scheme

X = SpeCk[xla---7$Nay17--'7yM]/(gl7--'795)

is an integral k-variety of dimension N +M —s (see (C2)) and satisfies Tor™ ™ (X, W) = m,
where W = {l-0,,91 = 0} C X for some [ € k[z1,...,xy] (see (C3)). In fact, [ can
be choosen as in (5.2), see Remark 3.13. The claim about the leading monomials follows
directly from (5.4) by choosing the graded lexicographical ordering, see Example 2.1. Note
that this uses implicitely that the degree of g; does not change under the construction in
Theorem 3.12 (a), see Remark 3.13.

Case b. Assume s < M < 2s — 2. Define the integer s’ := M + 2 — s and note
that 2 < s’ < s by the assumption on M. Similar to Case a, we apply Theorem 3.12
(a) repeatedly s’ — 1 times with added degrees ds,...,dy and 2,2,...,2 added variables
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starting with the polynomial f € k[xy,...,zx] of degree d' := d; as in (5.2). Thus, we
obtain polynomials

g1 € k[l’l, ey TN Y1,y - ,yQS/,Q], go € k[yl, yg], ..., gy € k[y25/737y23/72] (55)
of degree deg g; = d; as well as deg, g1 = d; such that

X' :=Specklzy,...,xn, Y1, Y25 2]/ (91, -, gs)

is an integral k-variety of dimension N + s —2 = N + M — s (see (C2)) and satisfies
Tor?/™(X', W') = m, where W' := {l - 9p,q1 = 0} C X' for I' € k[x1,...,xx] as in (5.2)
(see (C3)). By Remark 3.13 (¢), we can assume that

dy
gs = A — Y2s'—3Y2s'—2 + by2§/_3 S k[yZS’—?n y25’—2]~ (56)
for some elements a,b € k*. We define additionally the polynomials
dy dy i
Gs'+1 7= Yos'—1 + Yoy oy Gsr42 1= Yog + y2s’tia sy Os = Ysps—2 yf+8/_3 (5.7)
in klyas—1, ..., yn of degree deg g; = d;. Then there is an obvious isomorphism of affine

k-schemes
X :=Speck[xy, ..., N, Y1, yml/ (91, -+, Gs)

= SpeCk[zla - TNy Y15 - - 7923'—2]/(917 cee 798’) = X/a

where g¢y,...,¢gy are as in (5.5). In particular, X is an affine k-variety of dimension
N + M — s. We note that the isomorphism sends W’ C X’ to W :={l-0,,91 =0} C X,
which immediately implies that Tor™™(X, W) = Tor®™(X',W') = m. The relative
primeness of the leading monomial of ¢, ..., g for the graded lexicographical ordering in
Example 2.1 follows from the explicit forms of ¢1,...,gs in (5.5), (5.6), and (5.7).

Case c. If M = s — 1, then consider the polynomial ¢; := f € k[zy,...,2y] as in (5.2)
and define the polynomials

g2 =1 + ho(1,...,2N), g3 :=y2 + h3(1, ..., xN), -y gs = Yn + hs(T1, ..., 2N)

in klxy, ..., 2N, Y1, .-, Yn), where ho, ... hg € k[z1,...,xy] are arbitrary polynomials of
degree deg h; = d;. Then the claims in the proposition reduce in this case via the obvious
isomorphism of affine k-schemes

SpeCk[xh"‘7xN7y17“'7yM}/(glﬂ'"798) gS:[)eCk;[le?"'7'£UJ\/{|/<-]C‘) = X’

to the same statements about X', which are known by Theorem 4.1. 0J

As a first consequence, we obtain a new lower bound on the torsion order of com-
plete intersections in projective space. Recall that any (smooth) complete intersection
of dimension at least 2 in projective space satisfies h* = 0, see e.g. [SGAT, Exposé XI,
Théoreme 1.5]. In particular, its torsion order is infinite or it has trivial Chow group of
zero-cycles (CHy(—) = Z), see Lemma 2.8,

Theorem 5.2. Let k be a field and let n,m > 2 be integers. Then the torsion order of
a very general complete intersection of multidegree (dy,...,ds) and dimension D > 4 is
divisible by m, if dy > n+m and the Fano index

r::D—i—s—i—l—i:dng”jan_:l(?) HLJ—m. (5.8)

i=1 §=0
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Proof. Since the torsion order of any k-variety is divisible by the torsion order of its base
change to any field extension L/k and the notion of very general is stable under field
extension by Lemma 2.13 (ii), we can assume without loss of generality that the field &k
is algebraically closed and uncountable.

Let (dy,...,ds) € Z%, and D > 4 be positive integers satisfying d; > n + m and

s n—1 .
Dts+1=>d<2"+Y <n> VJ —m.
i=1 j=0 \J/ tm

Then we easily find integers N and M with

] m

such that D = N + M — s. Note that NV and M can be freely chosen in their respective
range and that we have the bounds

s n—1 :
SSMSZdi—n—m and 4§N§n+2"—1—|—z<n.> {jJ

j=1 7=0

n—1 s
4:4+S—5§N—|—]\/f—s§2”—1+z (n) {]J +Zd7;—m—s,
j=0 \J/ LT 5=
where the upper bound is equivalent to the inequality (5.8). By Proposition 5.1 with N
and M as above, we know that there exist polynomials

fi,- - [s €klxy, ..., en, YL, - Y]

of degree deg f; = d; such that the leading monomials of fi,..., fs are relatively prime
for some graded monomial ordering and the affine k-variety

X = SpeCk[xlﬂ"'7:1:N7y1’"‘7yM]/(f17"‘7f8)

has dimension D and satisfies Tor”/ "(X°, W?°) = m for some closed subscheme W° C X°.
Let X be the projective closure of X° in PY*™. Then it follows immediately that X is
a (projective) k-variety of dimension D satisfying

Tor”/™(X, W) = m, (5.9)

where W C X is the unique closed and reduced subscheme satisfying X \ W = X°\ W¢ in
X. Infact, W=XNHU WX, where H = PVNTM\ ANTM g the hyperplane complement

of AN+M  PN+M and T7o™ is the closure of the locally closed subscheme W° C X in X.
Moreover, Proposition 2.4 implies that

X:Projk[an--->$N7y1a--'7yM]/(f1ha'"7f£l)a

where fI' € k[xg,..., 2N, Y1, ..,y is the homogenization of the polynomial f;, see Def-
inition 2.3. Thus X is an integral complete intersection of multi-degree (dy,...,ds) in
PNTM — PP+s guch that the Z/m-torsion order relative to some non-empty closed sub-
scheme is equal to m.

Let X4, 4, be a very general complete intersection of multidegree (dy, ..., ds) in pD+s
over k. We aim to show that m divides Tor(Xg, . 4,) by using (5.9). By Lemma 2.13
(iii), up to a base change to an algebraically closed field extension of k the variety X, 4,
degenerates to X. Since the torsion order is stable under base changes to algebraically
closed field extensions, see Lemma 2.7, we can assume that Xy, 4 degenerates to X. The
intersection of D general hyperplane sections through a closed point of W C X yields a
closed subscheme W of the total space of the degeneration, which has relative dimension
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0 and whose restriction to X is contained in W. Thus, we conclude from Lemma 2.9
applied to the total space of the degeneration with closed subscheme W that

TOI'Z/m(thm’ds, Wdl,...,ds) = TOI'Z/m(X, W) (5:9) m,

where Wy, 4, = W N X4, 4, is a non-empty zero-dimensional closed subscheme of
Xa,...a.- In particular, we find that m divides the torsion order Tor(Xy, . 4,) by Lemma 2.7,
as the torsion order of X, g4, is infinite or CHo(Xg4, . 4,) = Z. O
Proof of Theorem 1.1: Let r,m € Z>; be positive integers. If m = 1, then the statement
of the theorem is trivial, so we can assume that m > 2. We aim to deduce the theorem
from Theorem 5.2. Up to reordering (dy, ..., ds) € Z%,, we can assume that d; > log,(r+
m) +m. We set n := d; —m and note that -

n > [logy(r +m)] > [log,(3)] = 2.

Note also that the dimension of a complete intersection X of multidegree (dy, ..., ds) with
positive Fano index r > 0 is at least

dimX > > d; —s>dy — 1> [logy(1+m)] +m—12>3.
i=1
We observe that dim X = 3 if and only if s = 1, m = 2 and d; = 4. Note that the
statement for quartic threefolds has been proven in [CTP16], see also [Sch21, Theorem
1.1]. Thus we can assume that dim X > 4. Since

n—1 .
T§2”—m§2”+z<@> {]J—m,

j=0 \J

Theorem 1.1 follows directly from Theorem 5.2. O

5.2. Complete intersections of small Fano index. Starting with the examples in
Section 4.2, we obtain additional affine complete intersection of small Fano index.

Proposition 5.3. Let k be an uncountable algebraically closed field of characteristic dif-
ferent from 2. Let (dy,...,ds) € Z%, be an s-tuple for some integer s > 1. Then for all
integers M satisfying -

s<M<d+---+ds— 3,

there exist polynomials fi,...,fs € klz1,...,x430m] of degree deg f; = d; whose leading
monomials are relative prime for some graded monomial ordering such that

X = Specklxy, ..., xarm]/(frs-- s fs)

is a (integral) k-variety of dimension 4+ M — s and satisfies TorZ/Q(X, W) =2 for some
non-empty closed subscheme W C X.

The construction of fi,..., fs is very similar to the construction in Proposition 5.1
replacing the base example from Section 4.1 with the examples from Section 4.2. We
provide some details for the convenience of the reader.

Proof. Up to reordering the d;’s, we can assume that d; > dy > -+ > d,. If d; > 4, then
the proposition is a special case of Proposition 5.1 with n = m = 2 and N = 4, except
it M =dy+---+ds — 3, then take N = 5. So we can assume from now on that each
d; € {2,3}. We distinguish three cases.
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Case a. Assume d; = --- = dy = 2 and s > 3. Define sy := 2s — M and note that
3 < sg <s. Let q1,q2,q3 € k[z1,...,27] be the polynomials as in (4.12) and define the
polynomial

Qi = Tati + 5’5§+i € klry, ..., Tagg)
for i € {4,...,s0}. Then we have an isomorphism of k-algebras
k[xhxi’n R )x4+80]/<q17 q3,44 - - . 7QS0> = k[l’l, T3, . .. 7'1;7]/(6117 Q3)

Thus, it follows from (4.10) that the assumption (C1)—(C4) of Theorem 3.12 are satisfied
for q1,q3,q4,...,q9s, and f = go with z = x9. Applying Theorem 3.12 (a) with added
degree 2 and 2 added variables (s — sg) times yields quadratic polynomials

f1 € k[l’o, Ce ,1}4+23750], f2 =q1 € k‘[l’o, Ce ,33'4+50],

fi=aq €klxo,..., 25, fsorj € kTatsor2j—1, Tatsor2j]

fori € {3,...,s0} and j € {1,...,s — so} such that the affine scheme
X = Speck:[a:o,...,x4+M]/(f1,...,fs)

is an integral k-variety of dimension 4+ M — s and Tor?/ 2(X, W) = 2 for some non-empty
closed subscheme W C X.

Note that the leading monomials of the polynomials ¢y, ..., ¢, with respect to the
graded monomial ordering given by zo > x3 > -+ > w445, > x; are

LM(q1) =23, LM(g) =13, LM(gs) =22, LM(g)=23,

for i € {4,...,s0}; in particular the leading monomials of ¢, ..., gs, are relatively prime.
It follows from Theorem 3.12 that the leading monomials of the polynomials fi,..., fs
are relatively prime with respect to the graded monomial ordering given by

Tog > X3 >+ > Ty > T,

see also Remark 3.13 (¢). Thus, we can assume now d; = 3.

Case b. Assume d; = 3 and M # 3s — 3. We aim to apply a similar argument as in
Proposition 5.1, which we spell out for the convenience of the reader.

Let f € k[xy,x9, 21, 22, 23] be the polynomial of degree 4 as in (4.9). It is shown in
Example 4.6 and Lemma 4.7 that the polynomial f satisfies the assumption (C1)—(C4) of
Theorem 3.12 for r = 0. Define

sp:=max{e € {0,1,...,s =2} : M —s—e >0}

and set My := M — s+ s; € Z. Note that 25y < My < dy +ds+ -+ ds,+1. Then there
exists integers My, ..., My, +1 € Z>9 such that

My + -+ M, 1 = M.

By applying Theorem 3.12 (a) s;-times to the polynomial f with added degree ds, . . ., ds, 11
and Mo, ..., M, 1 added variable, we find polynomials

f~ € k['rlax%zlaz%z&yl? v 7yM0]7 f2 S k[yla v 7yM2]7

(5.10)
f3 € k[yMQ—i—la s >yM2+M3]> SR f81+1 S k[yMo—Msl+17 Tt 7yM31+1]

of degree deg f =4 and deg f; = d; for i = 2,...,s; + 1 such that
X = SpeCk[mlax%ZhZsz?nyh s 7yM0]/(.f’ f27f3a .. '7f81+1)
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is a k-variety of dimension M, + 4 — s; satisfying Tor?/ 2(X, W) = 2 for some non-empty
closed subscheme W C X. Moreover, the polynomial f is of the form f = f + h for some
linear polynomial h € k[yy, ..., ya], see Remark 3.13 (b).

For each j € {s; +2,...,s — 1} define the polynomial

d; o
25" + 24 if j =51+ 2,
fi=1"% : (5.11)

Zii1-s, + Zjr2—s, otherwise.

in k[zo, 24, 25, . .., Zs11-s,]- Then we have
Spec k?[l'l,l'g, Zly vy Rstl—s1r Y1y -+ - ,yMO}/(‘];, fg, f3, ey fs—l) =2 X

Moreover, as f = f+ h in klxy, 29,21, 22, 23,91, - - -, Y|, Where f is as in (4.9) and
h € k[y1, ..., ym,) is some linear polynomial. We see that

X= SpeCk[l’l,ZBQ,Qfg,Zl, vy Restl—s15 Y1y - 7yMo]/<f1> .- '7fs)a

where fa, ..., fs,4+1 are as in (5.10), fs,42,..., fs—1 are asin (5.11), and
fi:= :clzf + wgzg + 91;1:1:3 ds 4 (1+ 1’1 + x2 2wy — 2wy — 2x129) + hy,  fs =23 — :r;gzgs !

Note that 3+s+1—s1+ My = 4+ M and that the leading monomials of the polynomials
fi,-.., fs are relative prime for the graded monomial ordering

T1 2> 21 >Tag>T3 > 20> > Zsglosy Y1 > Y2 > > Yy,

which concludes this case.

Case c. Assume d; = 3 and M = 3s — 3, in particular d; = --- = d;, = 3. By Corol-
lary 4.12, there exist cubic polynomials ¢, ¢a € k[x1, s, ..., x7] such that the assumptions
(C1)—(C4) of Theorem 3.12 are satisfied. By applying Theorem 3.12 (a) (s —2)-times with
added degree 3 and 3 added variable each time, we obtain polynomials

fl?' e >f8 € k[wla s 7$3S+1]
of degree deg f; = 3 such that the affine scheme

X = Speck|xy,...,x3501)/(f1,-- -, [5)

is an integral k-variety of dimension 2s + 1 and satisfy Tor?/ >(X, W) = 2 for some non-
empty closed subscheme W C X, which completes the third and final case. [l

Theorem 5.4. Let k be a field of characteristic different from 2. Then the torsion order of
a very general complete intersection X C PN of multidegree (dy, ..., ds) € 754 s divisible
by 2 if N > 4+ s and the Fano indexr .= N+1—d; —--- —ds < 2.

Remark 5.5. Theorem 5.4 covers the complete intersection of s; cubic hypersurface and
5o quadrics in P3s1+252+1 in particular the complete intersection of s quadrics in P?*1,
These cases are not contained in Theorem 5.2. The special case of a (2,3)- fourfold,
originally due to Skauli [Ska23|, was recently reproved by Fiammengo—Luders [FL25]
using the methods of [PS23, LS24]. The input from [HPT18a] here is replaced with the
stable irrationality result of cubic threefolds due to Engel-de Gaay Fortman-—Schreieder
[EGFS25], which builds on [Voil7].

Proof. We prove the theorem by essentially the same argument as in Theorem 5.2. Since
the torsion order and the notion of very general behave well under field extensions, we
can assume that k is algebraically closed and uncountable. By Proposition 5.3, there
exists an affine complete intersection X° of multidegree (dy,...,d,) in AY such that
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Tor?/ 2(X°, W°) = 2 for some non-empty closed subscheme W° C X°. Moreover, the
leading monomial of a set of defining equations of X° are relatively prime for some graded
monomial ordering. Let X be the closure of X° in P¥. Proposition 2.4 shows that X is
a complete intersection in PV of multidegree (di,...,ds) such that

Tor’/?(X, W) = Tor™?(X°, W*°) = 2

for the non-empty closed subset W C X satisfying X \ W = X°\ W° C X.

Let X4, . 4, be a very general complete intersection in PV of multidegree (di, ... ,ds).
Since the base change to an algebraically closed field extension does not affect the torsion
order by Lemma 2.7, we can assume that X, 4, degenerates to X by Lemma 2.13 (iii).
By choosing dim X hyperplane sections through a closed point of W in the total space of
the degeneration, we can assume that there exists a non-empty zero-dimensional closed
subscheme Wy, 4. C Xg,, . 4, specializing to a closed subscheme of W. Thus, Lemma 2.9
implies that

-----

2 | TOI'Z/2(Xd1,...,dsa Wdl,-.‘,ds>'
In particular, we find that 2 divides Tor(Xy, . 4,) by Lemma 2.7, as Tor(Xy, _4,) = 00

s

or CHy(Xy, . 4.) = Z by Lemma 2.8, O

S

Proof of Theorem 1.2: The case r < 2 is exactly Theorem 5.4. We turn to the other case.
Let d; > 4 be a integers and set n := d; — 2 > 2. A small computation shows that

n+4J

2"+:§<?> EJ —2=2"+4(n—1)2"2 - BJ —2:(n+3)2”_2—{

see e.g. [LS24, Lemma 7.4]. Thus, Theorem 5.2 with m = 2 implies the theorem. U

5.3. Hypersurfaces in products of projective spaces. We aim to compactify AV
to a product of projective spaces. This leads to new bounds on the torsion order of
hypersurfaces in products of projective spaces and subsequently also statements about
the irrationality of such hypersurfaces.

Proposition 5.6. Let k be an uncountable algebraically closed field and let n,m > 2 and
s > 0 be integers such that m € k*. Then for any (s + 1)-tuples

(Mo, My, ..., M,), (do,dy,....d) € ZH
satisfying do > n+m, d; > M; + 1 for alli € {1,...,s}, and

n—1 .
4§M0§n+2"—1+z<n,> VJ (5.12)
j=0 \J/ tm
there exists an irreducible polynomial f € k[Yo1, -, YoMos Y115+« - s Y1.Mys Y215 - - - Ys. M) Of

multidegree (do,dy, . ..,ds) such that
TOTZ/m (Spec k[yO,lu cee 7ys,Ms]/(f)7 SpeCk[yO,lv s 7y57Ms:|/(f’ ayo,MO f)) =m

Proof. Fix (non-negative) integers n, m, and s as in the statement of the proposition. Let
My, My, ..., M, dy,dq,...,ds be positive integers satisfying dy > n +m, d; > M; + 1 for
each i € {1,...,s}, and (5.12).

Since dy > n +m and M, satisfies the bounds in (5.12), Theorem 4.1 shows that there
exists an irreducible polynomial f € k[yo1, ..., Yo .nm,] of degree dy satisfying

Tor™/™ (SpeC klyots - - yoase]/(f), Specklyo,, - - - yonsel/(f5 Oy f)) =m
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and condition (x+) with z = yo;. Hence, the proposition holds for s = 0 and we can
assume now that s > 1. Note that the conditions (C1)—(C4) in Theorem 3.12 are satisfied
for f and the integers n = My — 1 and r = 0.

By repeatedly applying Theorem 3.12 (b) to f with added degrees d; — 1,...,ds — 1
and M, ..., M, added variables, we obtain an irreducible polynomial

fe ElYo s -+ s YoMos Y115+ YLMy > Y215 - -+ 5 Ys M
of multidegree (dy, ds, ..., ds) such that

TorZ/m (SpeCk[yO,la cee >ys,Ms]/<f)v SpeCk[yU,lv SR 7y57Ms]/(f7 ayo,MD f)) =m,
which finishes the proof of the proposition. U

Theorem 5.7. Let k be a field and let n,m > 2 be integers. Then the torsion order of a
very general hypersurface in PMo x ... x PMs of multidegree

(do,dl,...,ds)Z(n+m,M1—|—1,...,MS+1)

1s divisible by m, if

n—1
4§Mo§n+2"—1+z<7> VJ
1=0
Proof. Since the notion of very general is stable under field extension by Lemma 2.13 (ii)
and the torsion order of a k-variety is divisible by the torsion order of its base change to
a field extension, we can assume without loss of generality that the field & is algebraically
closed and uncountable.
Let My, ..., M, € Z>, be positive integers such that

n—1
l
4SM0§n+2”—1+Z<n> {J
= \l)|m
For any (s+1)-tuple (do, ..., ds) € Z;l with dy > n+mand d; > M;+1fori € {1,...,s},
Proposition 5.6 shows that there exists an irreducible polynomial

fo € k[y0,17 s YoMy Y115 -5 YL My Y2,15 - - 7ys,Ms]
of multidegree (dy, dy, ..., ds) such that the Z/m-torsion order of the integral k-variety

X ={fo =0} Cc AM x ... x AM:

relative to some closed subscheme W° C X° is equal to m.

Let Y := PMo x ... x PMs be the product of projective space and view AMo++Ms -y
as a standard open subscheme. Let X C Y be the closure of the locally closed sub-
scheme X° inside Y and let f € k[yoo,---sYoMos Y105 - - - » Y1015 Y2,05 - - - Ys.ar,) De the
(multi-)homogenization of f°. Then it follows immediately that

X={f=0cYy=P"x...x P,

is an integral hypersurface of multidegree (do, dy, . . ., ds) satisfying Tor?/ "(X, W) =m for
some closed non-empty subscheme W C X, in fact W is the unique closed und reduced
subscheme such that X \ W = X°\ W° C X.

Up to a base change to an algebraically closed field extension, which does not a effect
the torsion order (Lemma 2.7), we can assume that a very general hypersurface Xy, a4,
of multidegree (dy, dy, ..., d) in PMo x ... x PMs degenerates to X, see Lemma 2.13 (iii).

Consider the total space X of the degeneration, which is a hypersurface in the product
of projective spaces PMo x ... x PMs gver some discrete valuation ring. The intersection of
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X with My—+---+ M, —1 general hyperplane sections through a closed point in W gives a
closed subscheme of relative dimension 0, whose intersection with W is non-empty. Thus
we can assume by taking a suitable closed subscheme of it that there exists a non-empty
closed subscheme W C X of relative dimension 0 such that the intersection with X is
contained in W.

Applying Lemma 2.9 we find that

Tor”™(Xgo....a0 WO Xgy....q.) = Tor™™(X, W) = m, (5.13)

where WN Xy, 4. C Xg,,. 4, is a non-empty zero-dimensional closed subscheme.

A simple computation using the Kiinneth formula shows that H 1’0(Xd07_”7d5) = 0, which
uses that My > 1. Thus Lemma 2.8 shows that Tor(Xg, 4,) =00 or CHy(Xy,  4,) = Z.
In the latter case, Lemma 2.7 and (5.13) show that the Tor(Xy,. . 4,) is divisible by m. O

Proof of Theorem 1.3: Let the assumptions be as in the statement of Theorem 1.3. We
set n :=log,(M;) and note that n > log,(4) = 2. Moreover,

n—1 .
M1:2"§2”+n—1+z<7,b> VJ

j=0 \J/ L
Thus the statement follows directly from Theorem 5.7. 0

5.4. Hypersurfaces in Grassmannians. To illustrate the flexibility of the method, we
consider also hypersurfaces in Grassmannians over C. Recall briefly some standard facts
of Grassmannians, see e.g. [EH16, Section 3.2]. Let k be a field and I, n € Z>, be positive
integers such that [ < n. We denote the Grassmannian variety, whose closed points
parametrize [-dimensional vector subspaces of k", by Gr(l,n). Throughout this section,
we fix a Pliicker embedding

tpr: Gr(l,n) — IP,SZ)_I =:P,

which is a closed embedding. Let U C P be a standard open affine chart of the projective
space IP. Then it follows from the construction of the Grassmannian that the scheme-
theoretic intersection V := U N Gr(l,n) C P is isomorphic to A™=V_ In fact, V is the
intersection of dim U — dim V' hyperplanes in U see e.g. [EH16, Proposition 3.2].

Lemma 5.8. Let the notation be as above. Then for any integral affine hypersurface
X° c V= AD of degree d, there exists an integral affine hypersurface Y° C U = Al
of degree d such that the scheme-theoretic closure X of X° in Gr(l,n) is isomorphic to

X Z2Y xp Gr(l,n),
where Y C P denotes the scheme-theoretic closure of Y° in P = p(i)-1,

Proof. Since V' is the intersection of hyperplanes in U, we can write the global sections of
U as k[U] = k[V][y1, .., YdimU—aimv]. In particular, there exist morphisms of k-varieties

ty:V—=U and py:U —V

such that py oty = idy. We claim that the fibre product Y° = U Xy X° satisfies the
property claimed in the lemma. Note that Y° is an integral affine hypersurface of degree
d, as k[U] = k[V][y1; - -, YdimU—dim v]-

Consider the morphisms

n
1

f:Y° 2 X° s Gr(l,n) and g: Y° — P =Pl )71,
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where the unspecificied arrows are the natural inclusions. Then it follows from the univer-
sal property of the fibre product that the scheme-theoretic image Im f of f is isomorphic
to the fibre product

Im f = Img xp Gr(l,n).

Note that Y = Im g. Thus it suffices to show that Im f is equal to the scheme-theoretic
closure X of X° in Gr(l,n).

The equality of morphisms py oty = idy implies that as sets f(Y°) is equal to the set-
theoretic image of X° in Gr(l,n) via the natural inclusion. Since Y° and X° are reduced

schemes, we find that Im f is equal to the scheme-theoretic closure X of X° in Gr(l,n),
see e.g. [GW20, Remark 10.32]. O

The lemma together with the examples of affine hypersurfaces in Theorem 4.1 shows the
following theorem about the torsion order of very general hypersurfaces in Grassmannians.

Theorem 5.9. Let n’,m > 2 and [,n > 1 be positive integers such that | < n and set

N = (7) — 1. Fiz a Plicker embedding Gr(l,n) < PY of the Grassmannian Gr(l,n) over

C. Then the intersection of Gr(l,n) with a very general hypersurface of degree d > n'+m
in PY has torsion order divisible by m, if

m

n'—1 /
4 <dimGr(l,n)=1l(n—-1) < ' 14 > <7;

) VJ +d—m. (5.14)

J=0

!
satisfies the bound (5.14), there exists by Proposition 5.1 an affine hypersurface

X° C Al(n—l)

of degree d > n/+m such that Tor?/™ (X°,W?) = m for some closed subscheme W*° C X°.

Let X C Gr(l,n) and Y C PV be the k-varieties constructed in Lemma 5.8. We denote
by W C X the unique reduced closed subscheme of X, whose complement is equal to
X\ Wein X.

Let Y, be a very general hypersurface of degree d in projective space PV over k. Up
to replacing C by an algebraically closed field extension, we can assume by Lemma 2.13
(iii) that Yy degenerates to Y. Let X, be the intersection of Yy with Gr(l,n), which is
embedded in PV via the fixed Pliicker embedding. Then X, degenerates to X, which uses
that Gr(l,n) < P is defined over Z. By choosing I(n—1) —1 general hyperplane sections,
we can assume that there exists a non-empty closed subscheme of the total space of the
degeneration of relative dimension 0 such that the intersection with X is contained in W.
We denote the intersection of that closed subscheme with X, by Wj.

Then Lemma 2.9 implies that Tor®™ (X4, Wy) = m. We aim to deduce that m divides
Tor(X,), which could be co. By Lemma 2.8 and Lemma 2.7, it suffices to prove that
H°(X4,Q%,) = 0. Consider the long exact sequence associtated to the conormal short
exact sequence of the (Cartier) divisor X, in Gr(l,n)

I HO(GI(Z,H), Q(l}r(l,n)) — HO(Xd’Q}(d) - Hl(Xd’OXd<_d)) e

Proof. Let n',m,[,n be integers as in the theorem and write N := (”) — 1. Since I(n —1)

It is well-known that the integral cohomology ring of a Grassmannian is generated by
the Schubert classes and thus only non-trivial in even degree. In particular the first term
in the above exact sequence vanishes. The vanishing of the last term follows directly
from Kodaira’s vanishing theorem applied to ample line bundles of the form Ogy ) (j) on
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Gr(l,n) for j > 0. Note that Ogyn)(j) is the pull-back of line bundle Op~ (j) and thus
ample if j > 0, see e.g. [GW20, Proposition 13.51]. The ideal sheaf exact sequence yields

HY(Gr(l,n), Ocr(um (—d)) — H'(Xy, Ox,(—d)) — H*(Gx(l,n), Oce(m(—2d))

and the outer terms vanish by Kodaira vanishing for the ample line bundle Ogy . (7)
with j = d and 2d. Thus we have H%(X4,Q%,) = 0 by exactness, which implies that m
divides Tor(X) by the above argument. O

Remark 5.10. The assumption on the base field being C is mostly for simplicity and the
argument also works over arbitrary fields up to the computation of A'(X,) = 0.

Proof of Theorem 1./: The statement follows from Theorem 5.9 together with the equality

() g e [2]

=0
see e.g. [LS24, Lemma 7.4]. Indeed, let d > 4 and set n’ :=d — 2 > 2. Then

n'—1

o n'\ |Jj , o , o n' ,
2V =1+ > |, LJ—l—n—2 —14+(n" —=1)2 —|=|+n
= \J 2 2

= (0 +3)2" 240 — V‘J —1

> (TL/ + 3)271/72.

Hence, the theorem follows from Theorem 5.9. 0
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